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Coordinate transformations

Components of a vector, r, in Cartesian (x, y, z), spherical (r, 0, ¢), and
cylindrical (p, ¢, z) coordinates.

Z
A
~
N
AN
N
~
N
N
N
|
9 |
r 1 Z
|
0 < 8 } y -y
\\ 1 7
¢ \,0 | ///X
~ |
_____________\l/

y

The following relationships exist between the Cartesian, Spherical, and
Cylindrical systems:

z=rcos? =z

r=(x2+ y?+ z2)V2 =(p2+22)1/2

0 = arc cos{z/(x*> + y* + z*)!/?} =arctan(p/z) 0<O<m
¢= arc tan(y/x) =¢ 0<p<2n
p=(x*+y*)l/? =rsin 6

x=rsin fcos ¢ = pCcos ¢

y=rsin 0 sin ¢ = psin ¢

Vector analysis

Vectors a and b defined in terms of the unit vectors i,j, k having the
directions of the positive x, y, and z axes respectively:

a=ai+aj+ak
b=b,i+b,j+b.k

The scalar product:
a-b=ab,+ab,+ab,
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The vector product:
axb= (aybz - azby)i + (asz - axbz)j + (axby - aybx)k
i

X z

i
a, a
b, b, b,
Vector identities:
a-bxc=(axb)-c=b-(cxa)=(bxc)-a
=c-(axb)y=(cxa):b,
ax(bxc)=(a-c)b—(b-a)c,
(@axb)-(cxd)y=(-c)b-d)—(a-d)b-c),
(@axb)x(cxd)y=((axb)-dc—(axb)-c)d.
The vector operator V:
V=i§x+j%+k%=grad
The divergence of a vector function F:

. 0F  OF OF

divF=V-F=j— +j — + k. —
Y l@x+J 8y+ oz’
oF, OF, OF,
V-F = ox +a—y+ F
The curl of a vector function F:
oF
curlF=VxF=ixa—F+jxa—F+kx—
0x 0y 0z
i i k
_ 0 0 0
lox dy oz
F, F, F,

Differentiation formulae:
Vipu=¢V-u+u-Vo,
Vxdu=¢Vxu+ Ve xu,
Viuxv)=v:-Vxu—u-Vxuv,
Vx@uxv)=F-Viu—@-V)v+u(V-v) —v(V-u),
Va-v)=u-V)v+ v-Vju+ux (Vxv)+vx(Vxu),
Vx(Vé)=curlgrad ¢ =0,
V.(Vxu)=divcurlu=0,
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Vx (Vxu)=curlcurlu=V(V-u) —V-Vu
= grad divu — V?u
V. (Vo x Vg,) =0

In these formulas u and v are arbitrary vectors and ¢, ¢,, and ¢, are
arbitrary scalars for which the indicated derivatives exist.

Surface integrals
Divergence theorem:

J‘V~VdV=# V.ndS
JJJU s

Stokes’ theorem:

re

n-(VxV)dS=§ V.dr

JoJS C

Green’s theorem:

j [¢1V2¢2 - ¢2V2¢1] dV = Jif n-(¢, Vo, — $,V¢,)dS,

where n is the surface outward unit normal.

9

Differential elements

Cylindrical coordinates
Line element:

ds = \/(dr? + r*d6 + dz?)
Area elements:

dS,=rdfdz, dSy=drdz, dS,=rdOdr
Volume element:

dV=rdfdrdz

Spherical coordinates
Line element:

ds = /(dr? + r*d0 + 1 sin? 0 d¢p?)
Area elements:

dS,=r*sin0d0d¢, dS,=rsinfdrd¢, dS,=rdrdo
Volume element:

dV=r?sin0drdfd¢
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Definite integrals

e ) !
l, fnt1e-at dt:w (n=0,1,2,...)
(oo ) 1-3...2n—1) /(=

t2" —at d[= —_— :0’ 1,2,...
I (&4 2n+lan <a> (I’l )
* oo n!

tne—at dt=,.;+_1 (n = 1,2, . )
Jo a
(* 0 ) © 2 n 12

-’y = 1 —Ax dx=[—

u—Ooe > J—me g <A>
(o © /sin x \? T

xe % dx=1/2 — ) dx=—
Jo o \ X 2

A )
effx=—o | e * dt, error function

Jr do
x T . (m )
C(x)=j cos(z t2> de, S(x)=f sm(2 t2> dt, Fresnel integrals
0 0

: * e _
Ei(x) =J " dt, exponential integral

- 0

e8]
I(x)= J t*"le~'dt, gamma function
0

L{F(t)} =j e *F(t)dt, Laplace transform
0

The Fourier transform

The Fourier transform of f(x) is:

F(s)=J‘Oo f(x)e 20> dx

and

f(x)=j00 F(s)e'?™*s ds.

— o0

There are two other equivalent versions:
F(s) =J f(x)e™™dx,

o]

1 .
f(x) =%J‘ F(s)e™ ds

- 00
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and

o0

1 .
F(s) ZWj—m flx)e™ ™ dx,

1 © .
f(x)= @i j F(s)e™ds,

which are also used.

Useful definitions

The convolution of two functions f(x) and g(x) is:

f(u)g(x—-u)du=f*g=J g flx —u)du=g=xf.

— o0 — o0

The autocovariance function of f(x) is:

S ® () = f S ) da
The autocorrelation function of f(x) is:

Jw f*u) f(u+ x)du

-

P(x)="—= ,
J ) f*(u)du

— 0

7(0)=1.
The cross-correlation of two functions g(x) and h(x) is:

fx) = f " g — x)h) du

— a0

The power spectrum of a function f(x)is:

J‘OO f(x)e-—iZHxs dx

The normalized power spectrum is the power spectral density function:
[Fe)”

2

=[F@)*

|F(s)|* ds

[B(s)]* = r

— o0

The equivalent width of a function f(x) is:

r f(x)dx
70)

The filtering or interpolation function, sinc x:
sin 7x

Wf ==

sinc x =
X
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Fourier transform theorems

Theorem f(x) F(s)= jw f(x)e 2™ dx
Similarity flax) |—3~| F(s/a)

Addition f(x)+ g(x) F(s) + G(s)

Shift f(x —a) e~ i2masF(s)

Convolution f(x)*g(x) F(s)G(s)

Autocovariance ) ® f(x) |F(s)|?

Derivative f'(x) i2nsF(s)

Derivative of convolution:

d
i /@) *g0)] =11 (x) xg(x) = f(x) # g'(x)

Parseval:

N |f(x)|*dx = jw |F(s)|* ds
Multipli;a—ti)n: -

g dx - J " FH9G(s) ds

Sampling theorem:

A function whose Fourier transform is zero for |s| > s, is fully specified by
values spaced at equal intervals not exceeding 3s. ! save for any harmonic
term with zeros at the sampling points.

(Adapted from Bracewell, R. N., The Fourier Transform and its Applications,
McGraw-Hill Book Company, 1978.)
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Fourier transform pairs

- i , - :
@ = [ Btae > 2 | Bio) = [ foe a
1 @l _27" Th 2F
oT vy T
rccti =1 <T/2) Tsinc—=T Tg
TOT T 0(lt] >T/2) 2 ol 0 Y
—-— = ) ar ar
2 2 it an
T T
1— . . T-
v _ 7 of (0(ol<2)
sine — = — Trect — = 7
-3r|-T0 77|37 T 2 T (] > D) 0z
-2T 2T 1 T T
ol 2
1 It] ol sin— _4_7r T 4_”
1-=r <D Tsind — = T | —2 T T
T 2n afl’
-T 0T 0 (s 27 2 27 0 27
T T
11 2T —
: | N
4 awal)?+1 " n
“TOT (e T o1
: T—T
) TV2n
71
e’ o) 2R Te T’ 1N
TO0T _lol
Te—T
5¢-T) et (Complex)
T
cos Wyt al & — wo) + K + wo)] | l |
-~ W 0 Wy
sin @o? I (8w - o) - & + w0 (Imaginary)
1
- 2T 2nj
o(t—k — Sw-— o
"~ ?: (=KD T ,-Z; (==
1 < 27ij % > .
= _ e T = kol T ; o
1=27] 0 | 2T | r,;__, P |4z 0 |4_,,
3T -T T 3T I°T T
_om _2r 2r 6r

T T T T

(From Korn, G. A., Basic Tables in Electrical Engineering, McGraw-Hill, New
York, 1965, with permission.)
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Special functions

Spherical harmonics

21+ DY —m)! .

P"(cos 0) = (—1)™ sin™ 9[( )mP,(cos 9):| m<l

d(cos 0)

1 d Lo
I)I(COS 6) = ﬁ [(m) (— sin? 9)1]

Y,7"(0, ¢) = (—1)"[Y,"(6, )]*
(I —m)!

P ™(cos 0)=(—1)" (+m) P™(cos 0)
1
I=0 Y=
° )

3
I=1 Y1°=\/<E>cos9
Yl= _\/<Si> sin § €'¢
Y
5
[=2 Y2°=\/<E>(3cosz(9—l)
15 .
Y, =— \/ <§_> sin 6 cos €'¢
T
15 .
Y22 = \/(f) sin? 0 e2'¢
n
7
I=3 Y3°=\/<F>(500530—3cos0)
T
Y= —\/(%) sin 0(5 cos? § — 1)e'*
T
Y= \/ <;(2)—5> sin? @ cos 0 ¢
T
Y= _\/<§> sin? § e3?,
Y
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Bessel functions

1.0‘

06—
Jy(x)

0S5 04— Jyx)

0.2

§=o0 n+2s
(-1 [,
,(x) = — = Jo_ (X} +d ., x) = (2n/x) d,, (x)

sln + s)!

Jo (x) = (2/7x) % cos(x —m/4)

(Adapted from Chantry, G. U. J., Long-wave Optics, Academic Press,
New York, 1984.)

Numerical analysis

Taylor series
(x — xo)?

S0 = flx0) + f'(xo)x = Xo) + f (o) 5+ -

(x —Xxo)"

+ f"(x,) +R

(X _ xo)n+1

T (xo <{<x)

R,=f""D(Q)

Quadrature
Trapezoidal rule

b
J' f(x)dx=h<%+y1 +y2+-..+yn_l+%>_Rn

R,=15(b—a)h’f"(x;) (a<x,<b)
h=0b-a)/n, y.=fla+kh), k=0,1,...,n.
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Simpson’s rule (n even)

b h

f f(X)dx=§[yo+4(y1+y3+---+yn-1)
“ +2(y2+y4++yn—2)+yn]_Rn
R,=45(b—a)h*fP(x;) (a<x,<b), h=(b—a)/n.

Six-point Gauss—Legendre

Lbf(x)d _b;a :1Wif<zi(b——a)2+b+a>

0 6 2
j f(x)dx:2z 1+z)2f<1+ +a—1>

where
z;=—2,=0.2386191861
z3=—2,=0.661209 3865
Zs= —2c=0.932469 5142
w;, =w,=0.4679139346
wy=w, =0.360 761573
ws=we=0.1713244924.

Linear interpolation

(X1 = X) Y+ (X — Xp) Vi 41

y= fOI'xk<x<xk+1.
Xk+1 — Xg
Approximations
Maximum
absolute
f(x) Approximation Parameters error
loglox a1t+a3t3 al =0.863 04 6 X 10_4
(1//(10) < x < J(10)) t = (x — 1)/(x + 1) a;=0.36415
X
arctan x — 5x1073
1+ 0.28x
(—1<x<1)
erf x 1= (ayt + ayt® +astde ™ p=0.47047 2.5% 1073
0< x < a0) t=1/(1 + px) a, = 0.3480242

a, = —0.0958798
a; =0.7478556

(Adapted from Hastings, C., Approximations for Digital Computers, Princeton,
New Jersey, 1955.)
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Curve fitting (linear least-squares)
n

yx) =Y a;¢;(x), approximating function

o; = standard deviation of the ith observation y;,
N = number of observations.

0 . .
Minimizing 2, o x* =0, yields the following set of normal equations:
ay

N

N n 1
Z [% J’id’k(xi):l = Z (aj Z |:? ¢j(xl-)¢k(xi)]>, for k=0 to n.

=1

(For the case of a least-squares fit to a straight line, see Chapter 17.)
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