Chapter 12

Electromagnetic radiation
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Blackbody radiation (cgs units)

Planck functions (brightness of a blackbody)

BV(T)=2?;}3 hlv ergem 2s !Hz lsr!
(oo(i7) 1)

B,l(T)=2:§2 ht: ergem” ?s lem ™~ lsr
(o))

B(T)= 2h<:2~v3 .

B,(T)dv= B,(T)dA= B,(T)dv

Rayleigh—Jeans law
h/kT < <1
v

B(T)= 2<~>2kT

(¢

Wien’s law
h/kT>>1

S tefan—Boltzmahn law

o ¢]

total emittance = nJ B(T)dv=0T* ergcm 2%s!

0
51,4

T2 = 567x 1077 ergem ™ 2deg *s™!
c

where o=

Wien displacement law

Maximizing B, : Maximizing B;:
Vm=359x 101°T Hz Vo= 10.3 x 101°T Hz
In=051T"! cm An=029T"1 cm
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Mean photon energy
(hy = Ao BAT) & :<¢(4>><r(4)
fo (BAT)/hv)dv  \((3)/\I'(3)

where {(n) = Riemann zeta function; I'(n) = gamma function.

>kT =2.7012kT.

Radiation curves

Planck-law radiation curves. (Adapted from Kraus, J. D., Radio
Astronomy, McGraw-Hill Book Company, 1966.)
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Synchrotron radiation (cgs units)

Single electron in a magnetic field
Total radiated power:

P=1.6x 10"2B?f?sin?a ergs™!,

where
y=01-p?)""2=E/mc,
E = total energy of particle,
p=vjc,
B = magnetic induction in Gauss,
o = pitch angle, angle between B and velocity vector.

Synchrotron lifetime:
- 3 x 108
* yB2B%sin?q
Spectrum:
P(v)=2.3x 10"22BsinaF(v/v,) ergs 'Hz™ ! (a> >1/y).

ve=4.3x 10°By?sina  Hz (critical frequency).

F()=x J TS SNC R——

X

K5 3(¢) is the modified Bessel function of fractional order 5/3.

A plot of the function F(x) or, equivalently, the dimensionless
synchrotron spectrum. F(v/v.) reaches its maximum value of 0.918 at
v =0.29v.. (Adapted from Tucker, W. H. & Blumenthal, G. R. in X-
ray Astronomy, R. Giacconi & H. Gursky, eds., D. Reidel Publishing
Company, Dordrecht, 1974.)

10 T T I T

08 —

o6H =3

F (x)—»

04t —
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General distribution of electrons
dV o dey dQ, n(y,a)P(v), the spectral emission per unit volume

where n(y, o) dy dQ, = density of electrons with Lorentz factor between y

and y + dy and pitch angle between o« and « + do; dQ, = 27 sin o dot; P(v) =

single electron spectrum.

Power law distribution of electrons
n(y,a) = Ny *g(a)/4n,

and for local isotropy g(a) =1,

dpP
T2 1.7 x 107 2! Na(s)B(4.3 x 10°B/v)¢ "2 erg sl ecm ™3 Hz 1.
03 T x I T
als)vss
02 -]
'
Ol - —
20s—1)/2 3s+19 s+5H
v () (42) ()
als)=
8\/7r(s+1)l“(s;7)
| 1 | |
OO I 2 3 4
S~

note: I'(x) is the gamma function.

*

(Tucker, W. H. & Blumenthal, G. R., op. cit.)

© Cambridge University Press e Provided by the NASA Astrophysics Data System



272

Compton scattering (cgs units)

Compton
electron

Incident photon Atomic
hvy = am, c? electron

Compton
scattered
photon Av'

Compton shift

€l gyt

vy, mec

(1 —cos¥H).

Energy of scattered photon
m,c?

W = cos 0+ ()’

o= hvy/m.c?.

Energy of the struck electron

T=hv' —hv,,
a(1 —cos 6)
T= ,
Ao 14+ a(l —cosb)
Tmax = L .
1+ (1/20)
Relation between the scattering angles, ¢ and 0
1—cosf 0
cotp=(1 +a)—m=(1 +<x)tan—2—.

Klein—Nishina cross-section for unpolarized incident radiation

do 1 3/1+cos? 6 {4 a2(1 — cos 0)?
40~ | T+ a(1 —cos ) 2 (1+cos? O)[ 1 + a(1 — cos 0)]

cm? electron ' srt.

2
e . ) _
where ro=——7, classical electron radius =2.82 x 10 3 em.
m.c

€

Jj—g dQ = S?R r3(1 —2o+ 5202 —13.303 +--+) cm?electron™ .
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Klein—Nishina differential cross-sections

Differential cross-sections, da(6)/dQ, for the production of secondary
photons from Compton scattering. Curves are shown for six different
values of primary photon energy. (From Davisson & Evans, Rev.
Mod. Phys., 34,79, 1953.)
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Mod. Phys., 34,79, 1953))
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Klein— Nishina differential cross-sections (cont.)

Differential cross-sections, do.(¢)/d¢, for the production of secondary
electrons from Compton scattering. (From Davisson & Evans, Rev.
Mod. Phys., 34,79, 1953.)
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Inverse Compton scattering (cgs units)

Compton collisions between relativistic electrons and low frequency
photons.

Thomson limit
phvy < <mc?,

where y is the Lorentz factor for the relativistic electrons.

Total energy loss rate (Thomson limit)

dE :
——=40.cp?u=2.6 x 10" %2y ergs~! electron!

dt

b
where

u = radiation energy density,

T .
Oop= 3 r3, the Thomson cross-section,
o2
VO =
m,c?
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Spectra
Thomson, limit — power law electron distribution function and blackbody
radiation: when the initial radiation field is given by a blackbody
distribution and the density of electrons is given by a power law, viz.,
N(y) dy = Ny ~*dy (the density of electrons with a Lorentz factor between y
and y + dy), the spectral power density is:
dpP
dVdv

=42 x 1074°Nb(s) T3(2.1 x 101°T/v)s~ 12

ergecm s 1 Hz™ !,
with T in degrees Kelvin.

2.0 T T T

184 logb(s) vss -

1.6 -

1.4 |- —

1.2 —

1.0 - —

LOG o b (s)

0.6 - —

0.4 -

0.2 -

§ —-

(Tucker, W. H. & Blumenthal, G. R., op. cit.)
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Hot plasma emission (cgs units)

Bremsstrahlung from a hot plasma
For a Maxwellian distribution of electron velocities, the spectral emission
per unit volume:

; o
dPo(T) _ ¢ 8« 107387 ~12e~FKTN N, Z?gy(T, E)
dVdv

ergcm >s ! Hz !,

where '
N, = electron density,

N, =1on density (charge z),
E = hv = photon energy, and
gg is the Gaunt factor.

3 /4
go(T, E)z\/71n<£>, for E<<kT (InT=0577)

I'E

~ (E/kT)™ %4, for E~kT.
The total bremsstrahlung emission:

dP

d—;: 1.4 x 107 27TY2N,N,Z2gs(T) ergem *s™!,
where g5(T) ~ 1.2

dP

EVB =24x10"2"TY2IN2 ergem 3s7!

for a plasma with cosmic abundances, since the contribution from all ions
Y N.N,Z*=~ 14N?.

Non-thermal bremsstrahlung
For a flux density J(E)=J,E *ergcm %2s 'erg™! of non-thermal
electrons, the spectral emission per unit volume:

dP E—s—l
chI; =12 x 107°Z2N,J, ergem s 'Hz™ !
v S

X-ray line emission from.a hot plasma (electron collisional excitation)
For a Maxwellian distribution of electron velocities, the power emitted per

unit volume due to excitations of level n’ of ion Z in the ground state n is:
dPL 15 —1/2,—E /kTf - -3.-1
v - 27 x107'°T e i G NN, ergecm™>s™*,
where

E,, = energy of excitation,
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S = oscillator strength for the transition,
gnw = mean Gaunt factor 0.2 for kT/E,, < 1.

In some cases, a line is produced by a transition to a state other than the
ground state. In this case, the emitted power above is not equal to the
power in the line and the branching ratio to the state of interest must be
taken into account. For 1s—2p transitions in hydrogen and helium-like
ions, this branching is not significant.

Radiative recombination radiation
dPrr,, 2.8 x 1076T ~3/2¢Uz-1.a= EYkT
dVvdE n3

N.N,Z*

3 1

ergem s lergT!,

where
E=W+1I;_4,,,
E = energy of emitted photon,
W, = energy of free electron,
I, , = ionization energy of level n for ion Z.

(Adapted from Tucker, W. H. & Blumenthal, G. R. in X-ray Astronomy, R.
Giacconi & H. Gursky, eds., D. Reidel Publishing Company, Dordrecht, 1974.)

Maxwell’s equations (Gaussian units)

42 10D
V-D=dnp, VxH=—"4-2",
¢ ¢ Ot
v.B=0, VxE+B_g
c Ot

Constitutive relations for an isotropic, permeable, conducting dielectric:
D=¢E, J=0oE, B=uH.

Macroscopic media:

1
polarization: P=—(D-E),
4z

1
magnetization: M=— (B —H).
4z
Vector and scalar potentials:
10A
B=VxA, E=-V¢p-—-—.
c ot
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For homogeneous, isotropic media, Maxwell’s equations become:

0% 10 AN
vz¢:§&_¢___(v.A+%_¢>_Jﬁ.
c Ot g
ue 02

vea =t 2
c? ot?

c

4
A+V<V-A+fﬁ %> ™y
c Ot

Lorentz gauge:
(V- A+t %> ~0.
c Ot
Coulomb gauge:
V-A=0.

Conversion table for given amount of physical quantity

Physical Rationalized
quantity Symbol  MKS Gaussian
Charge q 1 coulomb 3 x 10° statcoulombs
Charge density p lcoulm™3 3 x 103 statcoulombs cm ~3
Current I 1 ampere 3 x 10° statamperes
Current density J lampm ™2 3 x 10% statamperes cm ~ 2
Electric field E Ivoltm™! 1/3 x 10~ “#statvoltcm ™ ?
Potential ¢,V 1 volt 1/300 statvolt
Polarization P lcoulm™2 3 x 105 statcoulombs cm ™2
Displacement D lcoulm™? 127 x 10° statvolt cm ™!
Conductivity o Imhom™! 9x 10°s7?
Magnetic

induction B 1 weber m ™2 10* gauss
Magnetic field H lampere-turnm ™!  4m x 10~ 2 oersted
Magnetization M 1 weber m 2 1/4n x 10* gauss

(Adapted from Classical Electrodynamics, Jackson, J. D., John Wiley and Sons,
1962.)
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Standard definitions in radiative transport theory

Quantity Symbol Units (cgs)
Specific intensity or

radiance I, ergcm~2s ! Hz lgr!
Brightness B,=—1I, ergecm 2s ! Hz lsr!

Flux density

Mean intensity

Radiation density
Emission coefficient

Emissivity

Linear absorption
coefficient

Mean free path

Optical depth

F,= flv cos HdQ

1
J,=—|1,dQ
L[

1 4
uv=~fIVdQ=iJv

c C
Iy

47
& =—"Jv

P
(isotropic emission,
p = density)

o, = ho,

(n =number density,
g, = Cross-section)

1
I, =—
av

ergcm~2s 1 Hz™ !
ergcm - 2s 1 Hz ™!

ergcm Hz™!

ergecm s !Hz tsr?

erggm s 1Hz™!

cm

cm

dimensionless
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Spectrum nomogram

Electromagnetic spectrum nomogram.

WAVELENGTH WAVENUMBER WAVELENGTH
FREQUENCY ENERGY ]
-2 o -l _
x{ 0" T A He 00T ™ | g8rev HMTO
0= T
| 1.5
10'T 101 oo+ 1o
lolg_._
-4
% T 108+ Ak T'o
n;: ~~Cuka |--FeKa
> lolS__(EHZ)
+
an 71 103
10 10 103+
|OIT__
2| 100R _ T3x10°hz g [10%cm™ | i2gev. |2
S 10 10 102+
> 1
w --Hell IOl(i__
34 1 51 Lat
2{ 10 T-Lya 10 0+ 10
* 10"+ (PHz,
= T 1
--Ha
4
10T 10" T I+ T!
IOI4_J._
T |
0%+ 10°t o'+ GOz ——T10
1 LASER
@ 131 +
10
S+ 2+ - +102
10 10 52+
|o|2——(TH2)
1
L IOT'J—Z\ Hz IOl_._crn-l eV #m_L|o"’
Bibliography

Radiation Processes in Astrophysics, Tucker, W., The MIT Press, 1975.

Radiative Processes in Astrophysics, Rybicki, G. B. & Lightman, A. P.,
John Wiley and Sons, 1979.

Classical Electrodynamics, Jackson, J. D., John Wiley and Sons, 1962.

Astrophysical Formulae, Lang, K. R., Springer-Verlag, 1980.

© Cambridge University Press e Provided by the NASA Astrophysics Data System



© Cambridge University Press e Provided by the NASA Astrophysics Data System



