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AHHOTALM

Hassanne xuuru «/leknuu no HeGecHofl MexaHUKe» JajeKO He OT-
paxaeT Bcero ee cojepXaHuA. ABTop, KpYNHeHMA HeMen KUl aHAJHTHK,
COCpPeJOTOYMBAET CBOE€ BHHMAHHE Ha HOBEHIINX MaTeMATHYECKMX MeTo-
Jlax, KOTOpHIE MOXKHO HCIOJb30BaTh, B YACTHOCTH, B OGHIMX 3ajayax
HeGecHOdl MexaHuKH. JIHaNasoH NPHMEHSIOUIHXCS CPEACTB YPe3BHIYANHO
WHPOK—OT TEOPUH AMODAHTOBBIX NMpPUOHHKEHHE A0 QopManbHBIX CTe-
NEeHHBIX PAJOB, OT TeopeMbl ImabGepra o 6asHcax B HOJMHOMHAJBLHBIX
upeanax no rteopemu IlyaHkape o BosRpameHuH.

B kuure omucaHbl HEKOTOpble BONPOCH NOBeAEHHS pemeHuit Aud-
(epeHuHaNbHEIX yDABHEHHUI B 11€JIOM, H3JIOXKEHO pellleHHe 3ajaud Tpex
TeJ MeTojoM pAA0B 3yHAMaHA, AAaHBl METOAH HAXOXKJEHHS NMEPHOAHUE-
CKMX peulenuit fudPepeHNUaNbHBIX YDPABHEHHH, a TakkKe PacCMOTPEHHI
HeKoTOpHIe 00liie BONMPOCH YCTORUHBOCTH PaBHOBECHHX pemenuii. Oco-
Goe BHMMAaHHE YJe]eHO PacCMOTPeHHIO cHcTeM aMHNbTOHA M NpHJIOXKe-
HHIO BCeX MOJYYEHHBIX DPe3yJbTATOB K 3ajauaM HeGecHOH MeXaHHKH. -
B psze MeCT KHHMrM aBTOp CTaBUT Nepej uYMTaTeJeM PfAJ BAXKHHX, HO
HE DelleHHHX JO CHX Hop npoGaeM. HsnoxeHHe AOCTYNHO HEe TOJBKO
HaydYHbHIM PaGOTHHKAM, HO H CTyHZEHTaM.

Kunra Gyner BecbMa mOJIe3HOH AJS BCEX JIMI, HHTEPECYIOMMXCSH
TeopHel AH(epeHHaNbEEIX YpaBHeHHH, o6imeli ¥ HeGeCHOH MEXaHHKOH.

" Pefakuus auTepaTyphl
10 MAaTeMATHUYECKHM Haykam



MocBamaercs namsitu
®panna Peasnxa,
BAOXHOBHBIIEI'O MEHS
HamuCcaTb 3Ty KHUrY






NPENUCJHOBUE °

TTo H3JI0KEHHBIM HHKe Bompocam HeGecHOH MexXaHHKH
s yutan Jekuuu Bo Ppankdypre-Ha-Maiine u B Baatumope, a
3areM TOBTOpUJ HX B ['érruHredHe W IlpuHCcTOHE, TpHUEM
nauGonee noppo6Ho B suMueM cemecrpe 1951/52 rr. B [ér-
tunrese. JI-p Mosep, nHaxoasimuiics tenepr B Heio-Mopke,
NOATOTOBHMJI TOTJA THIATeJbHble 3aMHCH JIEKUMH, KOTOpble H
TI0JI0KEHbl B OCHOBY 3TOTO H3JaHHS.

$1 He acTpoHOM MO CHEIHAJbHOCTH, MO3TOMY S He Ibl-
TalOCh YJAYYWHTh NPAKTHYECKHE METOJbl ONpejiesieHHss OpOHT,
KOTOpBble, KAaK H3BECTHO, XOPOWIO ONHCaHbl B Yy4yeOHHKAX.
Hao6opotr, B JaHHOH KHHIe peub HJET NPEHMYIIECTBEHHO O
Pa3BHTHH HEKOTOPBbIX YCTAHOBJIEHHbIX 3a MocJjepude 70 et
Hjell ¥ pe3ysbTaTOB, KacaiOUIUXCS NMOBEJEHUS pelieHud Au-
(epeHnyajbHbIX YPaBHEHHH B LleJIOM, INPHYEM, pasyMeercd,
Ba:KHOE MECTO 3aHHMAIOT NPUJIOKeHHs obuiefl TeopuH K CHC-
teMaM [amMuabTOHA, H 0COGEHHO K YpaBHEHHSIM JBHXEHHS
B 3ajjave Tpex Tes. Ho H 3jech 1 He CTpeM/lioCh K MOJIHO-
Te H3JOXKEeHHd K BhIOHpalo MaTepHaJi, MCXOJs H3 CBOMX JHY-
HbIX HHTEpPEeCOB, a TAKXKe C pacyeToM Ha BHHUMaHHe CJymia-
TeJlefl B paMkax KaxHofl JIeKIHH.

B mepmoii raase mnocsie BBOAHOTO pacCMOTPEHHS TEOPHH
npeoSpasopanus AHdPepeHHaNbHbIX yPABHEHHH H3Jaraorcs
BaxHble pe3yJbTathl K. @. 3yHaMaHa, oTHocsmuecss K 3ajaye
Tpex Tes. XoTd npomio yxe 50 JeT mocJe noJydeHHs 3THX
TEOpEM, OHH H3BECTHHl TOJIBKO Y3KOMY KpYry CreiHajuc-
TOB ¥ AJ JajbHEHlIero UX pPasBUTHS HHYEro He CAeJaHo.
Beaen 3a paboramu [Tyankape no teopud auddepeHunans:
HBIX ypaBHeHHI paGoThl 3yHAMaHa, HECMOTpPS Ha HX CrelHalb-
HbIf XapakTep, NpUHAAJEXKAT K 3SHAUMTENIbHEHIIHM HOBLIM
NOCTHKEHHAM B 3TOH o6jacTH. ‘



8 ITpeducnrosue

Bounee pannsist pa6ora ITyankape (Poincaré, «Méthodes
nouvelles de la mécanique céleste») Takke He OKasaJsia CTOJb
MJIOZOTBOPHOT'O BJIMSIHHSI HA MaTeMaTHUYeCKuii MHp, KaK 3TOrO
MOXHO ObljI0 Obl OXHJlaThL Gnarojapst 60raTCTBY 3akJIOUEH-
HbIX B Heil uaedi. M3 mnocsepyromero nokosenus nHauboJee

' ray6oKo pasobpajcs B 3THX MeTojax, KOHeuHo, bupkrod,
KOTOpPBbIH, KpOMe YDpOIIEHHS W3JO0KeHHs U KPOMe INpoBeje-
HUA 6oJiee TIIATeJbHBIX JOKa3aTe/bCTB, JO6aBHJ Takxke HO-
Bbie HHTepecHble TeopeMbl. Ero kuura «/lunamuueckue cHc-
TeMbl» B CBOE BpeMsl BJIOXHOBWJA MeHs Ha JaJbHelillee
M3yueHHe 3aTPOHYTHIX B Hefl BOMPOCOB; 3Ta KHHra HAaXOJHUTCSH
B TEeCHOH CBSI3M C TOH 4acTbl0 3aJaud, KOTOPOH IIOCBSIIEHb!
OCTaJ/IbHble JiBe TIJIaBhl.

Bo BTOpO#i rjiaBe paccMaTpHBAlOTCSl pasJiMYBRble MeTOAB!
HaXOXJeHHS 3aMKHYTHIX pelueHHH cucTeM auddeperimans-
HBbIX YpaBHeHHi ¥ OCOGEHHO OOCTOSTEJ->HO H3JIAraloTCcs TaKkKe
METOJX HEMOJBHKHOH TOUKH U HENOCPEACTBEHHO CBSI3aHHBIE
C HUM pesyJsibTaThl BUpKroga. 3jech uyame Bcero npejmnoJa-
FaeTcs, 4TO peub HAeT 06 aHaJAWTHYeCKHX JutdepeHuHab-
HbIX YpaBHEHHSX, H pe3yJ/ibTaThl NOJy4YaloTCsi CCOTBETCTBYIO-
UM npeoGpa3oBaHHWEM CTeNeHHbIX psIoB; aJsrebpaHuyecKHe

BBIBOJBI OTAEJAOTC IO BO3MOMKHOCTH OT aHaJUTHYECKHX.
Jlannoe uccJsieoBaHue NPOBOJUTCA TOJBKO AJ TaKHX AUG-
(epeHIMANbHBIX YpaBHEHHH, KOTOpPblE B CBOMX MpPABBIX YacTAX
HE COJIepXKAaT sIBHO HE3aBUCHMOrO NEepeMeHHOro f, XOTs BeCh-
Ma BaxkeH TaKXe W TOT cayyail, KOorja npaBblie 4acTH 3aBH-
CAT OT ! NepHOAMYECKH; OOGDBSCHAETCS 3TO TEM, UTO METOJBI
B 3ToM GoJiee oOmeM ciayyae NPHHIHNHAJILHO HEe OTJIHYAOTCSH
OT METOJIOB B- pacCMaTpUBaeMOM HaMM cayyae, U Hall cJaydaid
TIOKa3biBA€T -BCE OCHOBHBIE TPYAHOCTH.

- Tperbs riaBa mocBseHa 3ajaye YCTOHUHBOCTH M COJEp-
AUT HapAAy C KJIACCHYECKHMH pe3yJbTaTaMi JlsimyHoBa mpex-
Ie BCEro paccMOTpeHHe BONIPOCOB CXOAHMOCTH, CBA3AHHBIX
¢ HOpMaJibHOH (opMOH aHaJuTHYecKHX AHGdEpeHIHatbHbBIX
ypaBHeHHH BOJIH3W NOJIOXKEHUS DPABHOEECHS H C PA3JIOXKeHHEM
ofIIero peineHdsi B TPUTOHOMETpUUeCKHe psAabl. B aTo# cBsizn
661710 OBl BecbMa XKeJIaTeJIbHbIM NPHBECTH TaKXkKe MNOJNHOE AOKa-
3aTeNbCTBO YacTo ynomuHaeMmol TeopeMsl Ilyankape o pacxo-
AHMOCTH DSIOB B HeGeCHOH MEXaHHKe, HO MHE He YyJasoCh
HTOro cienats. Visnaraemast B RoBIle TeopeMa O BO3BPALIECHHH
3¢ NOJIHOCTHIO YKJAJBIBAETCH B PaMKH KHMIH; OHa, OAHAKO,
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JOJIKHA TNPHHECTH YHTaTeNl0 HEKOTOpPOoe YIOBJETBOpEHHE
nocJje psja MPeALIecTBYOUMX pa3oyapoBaHUM.

[MoppoGuble nTepaTy pHble YKa3aHHA YUHTATENb MOXKET HAa|TH
8 kaure BuntHepa (Wintner, «Analytical foundations of ce-
lestial mechanicss). IlpuBeieHHbl B KOHIE yKasaTelb JIHTe-
paTypbl COOTBETCTBYET XapaKTepy KHHUTH U SIBJAETCS IO3TOMY
BeCbMa HEMOJIHBIM; €ro IeJb — yKa3aTb UMTaTeNi0 HEKOTO-
pble JONOJHeHHs K TekcTy. B kaxkjgoM naparpade nasa
CKBO3Hasl Hymepauys cdopmyna. B rekcre mop (a; b) mogpa-
symeBaercst ¢opmyna (b) u3 § a; [c] o3Havaer cchIKY Ha
COOTBETCTBYIOIYI0 pafoTy B JIHTepaTYpPHOM yKa3saTeJe.

Térrunre, okraGps 1955 r.

Kapa JI. 3ueens






' rasa nepsas
3AJAYA TPEX TEJI

§ 1. KoBapHaHTHOCTb NPoH3BOAHBIX Jlarpanxa

Ilo Jledi6uuny - Haur MHUp SBJsI€TCS HAHJYYIIHM H3 BCEX
BO3MOXHBIX MHPOB, H NOSTOMY 3aKOHbl TNIPHPOJBI MOMKHO
omucaTth 3KCTpeMasbHbiMH mnpuununaMu. Ilockoseky nndie-
peHIMaJbHble YpaBHEHHSI MeXaHUKH INPOUCXOASAT H3 BapHa-
IIMOHHBIX .3aJa4y, OHHA 00J1aflal0T WHBAapPHAHTHHIMH CBOHCTBaMH
OTHOCHTEJIbHO HEKOTOpbIX Tpynn npeoGpa3oBaHHi KOOPAHUHAT.
Tak kak 3T0 0OGCTOATENbCTBO HMEET OCOGEHHOE 3HaueHwe
B HeOecHOHl MeXaHHKe, TO BO BBOJHHIX naparpacdax Mbl pa-
30BbEM TEOPHIO TpeoOpas3oBaHuil ypaBHeHu#l OSitnepa—Jlar-
parxa u I'aMmuipTOHa B O0beMe, xKeJaTelbHOM JIS HauIMX
neseil. :

Ilycte n—HatypagbHoe uucdo M f=f(x, x, t) ecTb jaeil-
CTBHTEJbHAS (PYHKUHSA 2n -+ 1 He3aBHCHMBIX JAeHCTBUTE/BHBIX

TNIEPEMEHHBIX Xy, X, {; HHIEKC R TIpHHHMaeT 3HaueHud |, ...
..., N, a X, x 0603HAUAlOT BEKTOPhl C COCTaBJSIOUHMH
Xp, Xp. OrpaHuyuM 3HayeHHs1 ¢ 3aMKHYTHIM HHTEPBAJIOM

t,<t<t, u 3HaUEHHs OCTANbHBIX NEPEMEHHBHIX X, X—OTKphbl-
TbIM MHOXecTBOM G B mnpocTpaHcTBe 2n uaMepenuil. IlycTh

JJIS. COOTBETCTBYIOIINX 3HaueHM# x, x, { QyHKuHA [ onpege-
JeHa H 006JajiaeT HeNpepbiBHBIMH YacTHLIMH INIPOH3BOAHLIMH
NepBOro M BTOPOrO MOPSAKOB. PacCMOTPHM Tellepy, CJeayio-
- Ny 3ajayy BapHalUOHHOrO HCUMCJeHHsi: TpeCyeTcs: HaHTH
TaKHe HenpephLiBHble C HENpPEpHIBHBIMHA NPOWU3BOJAHBIMH Tep-
BOTO H BTOPOrO NOPSAKOB QYHKUHH X, = X, (£) (R=1, ..., n)
niepeMeHHoOH ¢ B HHTepBade f, << !, C 3aJlaHHbIMH KPaeBbIMH
YCIOBHAMH X, (t,) =ay, Xy (¢,) = by, 4TOOLl HHTErpan
ty

I= g F(x, x, t)dt

131
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. HMeJl 3KCTPEeMYM; NIpH 3TOM X, =dx, ({)/dt, a x, X JNOJKHb
Jexars B C.

~ Tlpeanonoxum, uto 3Ta 3ajaua uMeer pemienue. Torxa sTo
pelleHUe IPHHAJJIEKHUT MHO}KeCTBy JOTYCTHMBIX (YHKUHI CpaB-
HeHUs X, = x,, (a; £) (=1, ..., n), KOTOpHLIE BMECTE CO CBOHMH .
NPOU3BOJHBIMH MO ¢ HenpeprBHO AuddepeHuupyeMsl mo na-
pamerpy a B HHTepBaste —1 <a < 1; myctb x, (0; #) =x, (¢)
€CTh IpejnosaraeMoe pelleHHe 3KCTpeManbHOH sajaun.. O6-
pasyeM Tenepb, HCHOJAb3ys (PYHKIMH CpaBHEHHS$, HHTErpaJ

I(a)-gf[x(a, 1), x(a 0, fldt  (=1<a< 1)
f1 -

[Tpu atom [ (a) B cayyae a=0 umeer skcrpemyM I, u mo-
sTomy npousBopHas dl (a)/da obpamaercst B HyJb OpH a =0,
st ynoGersa oGo3HaunM uepes fy,, /‘J.C 4acTHble [IPOH3-

k

BOJIHEIE TIO X, Xy OT f kak ¢ynknun 2n 4 1 He3aBHCHMEIX

nepeMeHHbX X, xl, t; nuddepennypoBanie Mo napaMepr @
6ynem ormeyarh mrpuxoM. Torza

tag n

I' (@)= \ D) (e (3 O+, i (a; )]d. (1)

t1 k=t

C npyro#i cTopomsl, Bb{pé}KeHHe
s=s(a; t)= Zf xh(a t)

nput=1=%ut==, paBHO HYJIO B CUNy YCJAOBHH X, (a; ;)= a,,
Xn (a; £,) = by, moaromy

C s tz L ' . ,
87 =\ > l-&t—"x,;(a; B+ oxi(a; t)]dt. (2)
*r
t1 t1 k_l .
Ecan BBecTH npousBojneie Jlarpanxa
df‘;‘h
Lth": th‘—“d—t‘
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u BbiuecTh (2) u3 (1), To moayuurcs copmyna

tg n

I'@= 3 %L fdt,

t1 k=1
B KOTODYIO YK€ MOJCTaBJEHBl X, =X, (a; ?), X, =dx,/dt.
B cuny mnpoussombHocTH BhIGOpa X (0; f) W B cHay Henpe-
peiBHOCTH Ly f u3 ycaosus I' (0) =0 crnepyer, uto ¢pyHKuuH
Xp=%,(0; £)=x,(f) (=1, ..., n), pnaomue pelenne
BapHalMOHHOH 3ajaud, JOJIKHBI YJIOBJETBOPSTH Hudeper-
LHalbHBIM ypaBHeHHAM Oiinepa —Jlarpanxka, a HMeHHO

Lef=0 (k=1, ..., n).

Hccnenyem Teneph cBOfiCTBA NpOH3BOJHBIX Jlarpamxa
npu npeoGpa3oBaHusX KoopAHHAT. BBenem BMecto Xy, ..., X,
HOBble KOOpJAHHaTH £,, ..., §, HOJCTAaHOBKOH

xh =xk(E, t)’ (k'-:l, eo ey n). (3)
ITpun stoM x, (E, £) siBaAsiioTcs (GyHKuusMH n -+ | He3aBHCH-
MBIX OEpeMeHHbIX &y, ..., &,, { C HempepbIBHLIMH IEepPBBHIMU

M BTODhHIMM 4YacCTHBIMH TNPOH3BOAHBIMH. DyjieM cuuTaTh, Yto
B paccMaTpHBaeMOH 061acTH He paBeH HYJIO (pyHKIHOHAJb-
HBIA OMpeJleIuTe/b 1-r0 NOpsiiKa

axk ;I: 0’

0%,
TaK 4T0 npeoGpa3oBanue & B ¥ OyIeT OJHO3HAYHO OGPATUMBIM.
Cama nepemenHasi ¢ He npeoOpasyercsi, H pyHKuuH X (&, f)
He MMEIOT HHKAaKOTO OTHOIIEHHS! K paHee BBEJICHHBIM (YHK-
udaM x,(a; ¢). Ecanm, B wactHocTH, X, =x, (a; t), TO £, =
=&y (¢; f) Takxke cTaHoBsiTCA (YHKUHSMH OT a, f, U U3 (3)
caellyeT, uTo

n .
Xp =X + 121' Xez & 4)
rle 4epe3 X, Xz;, OOO3HAUEHBl YAaCTHbIE INPOU3BOJHBIE OT
. p htr XRY

xy (&, £). Tlogcranosku (3), (4) genator f(x, x, £) QyHKuue

£, €, ¢, 1 ToOrAa
o

I'@=\ 2 tLs,fdt,

i k=1
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OTKYyJa, KCNOJIb3Ysl HENPEpHIBHOCTb, HAl/IeM, UTO BbipaXKEHHE
n .
A= Z x;{Lx f
k=1 k

MHBapHaHTHO Npu npeoOpasoBauuu (3), (4). .
AureGpavyeckiM NnyTeM 3Ta. HHBADHAHTHOCTb YCTaHaBJIH-
BaeTcs caeAyiomum obpasoM. M3 (3) u (4) caeayer

. - n

y 14 ’

=0’ xkél‘:‘ thly Xp = Z xkEtEh
=1

TaKHM 00pasoM,

n n
fél =§1 (kaxkél + f;chxkél) = Z f;ckxkip

k=1

n n . n
7 ? - 14 —
E‘ fél&t = Z f&kxhélsl =§1 kaxk =S.

k, =1

Orcioga ciefyer, u4to S SIBJSETCS HHBAPHAHTOM, HOITOMY

ds < (df;;ck ’ ',>
d—t=k21 W_xkdl-f&kxk

- TaKXe HHBAapHAHTHO.
I/IHBapI/laHTHbIM ABJISIETCSI TaK2KE BbIpaXKeHHE

n
r_ 7 ’ S
=3 ayi 1, 30
a 3HayuT, H
;_ds
F-oa.

[lpu oGoux AoKasaTesbCTBaX He HCMOJL30BAJIOCH Npejrno-
JIOXKEHHE, UTO X, =X, ({) sBJfETCSH pelIeHHEM 3KCTpeMasb-
HOH 3ajiauH.

BeasieicTBre npoussosia B BhiGOpe X HMeeM

kgi Xz Lef=Lyf ~ (=1, ..., n)
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5TO paBEHCTBO, B YaCTHOCTH, BhINOJHseTcs npu a=0, T. e,
OpH - Xp = X (£). Mbl NOJAYYHWJIH CBOACTBO MPOU3BOJHEIX
Jlarpanxa npu npeo6pa3oBaHUH KOODJHHAT, M3 Hero, B Ya-
CTHOCTH, CJIe/lyeT HHBAPHAHTHOCTb Ju(rpepeHIKa bHbIX YpaB-
HeHuidl dinepa—Jlarpanxka. Ecau o6o3HaunTh uyepes

Xz = Xz, | =M

(YHKUMOHAJIbHYIO MATpMILy NOACTAaHOBKH (3) M ecan L, =
= L,f ectb oGpa3doBanHas u3 L,,[ crpoxa, To

L= L.

Uro6hl copMyanpoBaTh CBOHCTBO HHBApHAHTHOCTH A 6e3
BBEJICHHSI napaMeTpa «, HCIOJNB3yeM HOBOe 06G03HaueHue:
ecyH @ sABAsiercs: QyHKUHEH HECKOJbKHX HEe3aBHCHMBIX Iepe-
MEHHBIX, Cpeldi KOTOpBIX BCTpPeyaercss H f, To GyJeM NOHH-
MaTb Noj 8¢ AudgepeHLHaN ¢ INpH HOCTOSHHOM {, CJejoBa-
TeJbHO, npu ycaosuu df =0. Torga aas crosbua x, o6paso-
. BaHHOTO H3 Xj,, MOJy4Yaercsi B COOTBETCTBHH ¢ (hopMmysoii (3)

¢dopmyaa
3v = M3E,

TaK 4T0 L, npeoGpasyercsi KOHTparpefHeHTHO K 3x,, H G-

JHHEHHOe BbipameHHe L, 0X SIBJISIETCS WHBAPHAHTHBIM.
Hccaenyem teneps Bonpoc, B KakoH creneHu ompejiesifieTcs
¢ynkuys f cBouMH n npousBojHbIME Jlarpamxa L.f B sB-

HOM BH]JE

n .
kaf.= fap — Zl (fa'ckx,x‘ + fscka'c,x‘) _fa'cht’ (5)

‘=1 ©
rje npaByl0 YacTb HYXKHO pacCMaTpHBaTh KaK (YHKIHIO
3n-+1 He3aBUCHMBIX Il€pEMEHHBIX X, J.C,, 36'1, t. Ecan gas
aByx dymkuuit g (x, x, t), h(x, x, {) nomapHO COBHAjaIoT,
KaK QyHKUMH TeX. ke 3n-- 1 nepeMeHHbIX, # MNPOH3BOAHBIX
Jlarpanxa Ly, g, Lx h, To nist pasHocTy 5THX GyHKUEH f=h— g
ypaBHeHHS Lth=0 00paiaroTcss B TOXKJAECTBA OTHOCHTEJbHO

X, X, X, ¢{. B uactHoctn, Tak kak B (5) paBeH Hy.Jio0 KO3+
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duupentT npu X, T. e. fo.c : =0, To f HMeeT cJaenylOmMHUA BHA:
R™L
. . nj .
f(x’ X, i)= fO (x’ t) +k;‘i fk (x, t)'xk‘
Ecnn Hectu 5TO BhipameHue B (5), TO M3 CpaBHeHHS KO3(-
(QUUHEHTOB CJ/iellyeT, uTo

foxk::fkti flxh,:kal (k=1, N (X l=], ey n).

Ho 310 ects HeoGXoaumble H JOCTaTOUHBIE YCJIOBUSI IJISI CY-
LIeCTBOBAHUS (GYHKUMH U (X, f), NOJHBIA JuddepennHan Ko-
TOpOH paBeH

dv=f, dt+k21 fr dx,.

Orcroza cregyer

dv
f=a

du(x, t)

hix, x, t)=g(x, x, )+=5=,

rjie npu nosHoM JaudpdepeHIUPOBAHUH 1O ¢ NepeMeHHBIE X,
paccmarpHBaloTess Kak (yHkuuu or f. Takum o6pa30M ecs

K@ilbl IPOH3BOIILIe Jlarpamka B BHje GYHKIHIA OT X, X, X, £, TO

(yHKUHSA f(x X, t) onpefiesiseTcsi € TOYHOCTBIO JI0 HpOHSBOJIbHOI/I
aJIMTUBHOH (DYHKLUH, ABJSOMEACS NOJHON NPOU3BOIHON 10 ¢

OT QYHKUHH U(X, ), He cojepxaied x. Bnpouem, aoGasite-
Hue TakoH (yHKIMM H3MeHsieT HHTerpad / TONBLKO Ha BeJH-
YHHY, HE 3aBUCHILLYIO BCJEJCTBHE KpPaeBbIX YCJOBHH OT Bbi-
Gopa X, (¢).

§ 2. Kanonundeckue mnpeoGpasoBaHus

IlpousBoauble Jlarpanxka cogepxar, corsaacio (1; 5),
BoOOIIE TOBOpS,, BTOpHIE NMPOH3BOAHble (YHKUHE X, (f), U co-
OTBETCTBYIOWAA CHCTeMa £ Ju¢depeHiHaibHbIX ypaBHeLHil
Oiinepa—Jlarpanxka ecTb CHCTEMa YpaBHEHHH BTOPOro IO-
psanka. Hanumewm ee B Bufie cucreMbl 2n audipepenuyanbHbix
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ypaBHeHH# nepeoro nopsiaka. Ilosoxum jgas storo

yh‘—“f;ck(x’ Xy t) (k=1, oy ﬂ), (1)
OTKYJa ¥, MOXHO BBIDA3HTb KaK (DyHKUHH OT Xy, ..., X,, ¢
H HOBLIX HE3aBHCHMBIX TEDEMEHHBIX Yy, ..., Y,. DTO BO3-

MOXHO, €C/IH NPEeANOJOXKHTb, YTO OTJIIHYEH OT HYJf onpe,ne-
quTeNb N-rO NOPAAKA:
Ny 0. (@)
:x‘kx‘

Teneps .
kaf=ka (xl x.)’ t)—!}h’ , (3)
rlie TOYKa Haj y, O3HayaeT NOJHYIO HPOU3BOAHYIO IO ¢,
H JuddepenunanbHbie ypaBHeHHﬂ dunepa—Jlarpanxka o6pa-
HAIOTCS B A ,
Yn="lx, (%, % -8) (k=1 ..., n), @)

uto coBmecTHO ¢ (1) xmaer cucremy 2n auddepeniuanpHBIX
YPaBHEHUH NePBOro NOpsjKa Al 271 HEH3BECTHBIX (yHKUHH
X, (), Yy, (t). UTo6el yCcTpaHHTH aCHMMETPHIO 3TOM CHCTeMBI,
BBeJEeM (YyHKIUIO

E=3 hu—i(x 5 0, )

B KOTOpO# 3n-1 nepeMeHHbIX X, yk, xh, t paccmannBaloTca
Kak HesaBHcHMble. Toraa

dE '= 2 (Sch dyk—l- Yy dity— sy dx—f, dxg)—f,dt.  (6)

Tak Kak Bc.ﬂencmne (1) x apaserca ¢yskguei x, y u t,
T0 E=E (x, y, t) Takxke 6y11e’r ¢byHKIHe#R TONBKO OT X, Y, ‘.

Ho B cuny pasencrsa (1) KO3(pHIHEHTh TIPH dx, B BhIpa-
)Kenuu (6) B3aHMyO ymm’romaxorcn H MBI NOJIy4YaeM

dE ?gi ()ék d!/h—th dxh)—ft dt

2 3akas N 1032



18 Ia. 1. 3adaua mpex mea

Kak moaHeifi audpdeperunan or E(x, y, ¢). Orcioga pasa va-
CTHBIX TMPOH3BOAHBIX E Kak ¢yHKUMH OT X, y, ¢ mojydarorcs
3HAuUEHUA

Eq=—fn Ey=% (k=1 ..,n (D

u (3) nepexojutr B

Lyf=—Ex,—tpe’ - ®
Urak, w3 (1), (5) u ﬂHd)d)epeHuHabeHblx ypéBHeHHﬁ Dite-
pa—Jlarpamxa ciefyer, 4To

xy=Ey, Yo=—Es (k=1, ..., n),

a 370 W ecTh JudbepeHIHaNbHEE ypaBHEHHS [aMHIbTOHA. |
W3 npeanonoxenuss (2) ciaejayer, 4TO He paBHbl HYJIIO
(YHKIHOHAJNBHBIA ONpeJe/HTeNb lyk. |, B kKOoTOpPOM YY) 9B-
X
: ) 1. .

Agi0TCsT GYHKUMAME X;, U oGpaTHasi BeJHUMHa ONpeJeJIuTesNs

|)Ekyl|, a u3 dopmya (7) 310 chaelyeT H JJdA ONpPEJEJHTENA
| Ey,y, |-. OOpaTHO, nycTh Tenepb Aana QyHKIHN E(x, y, t)
H NyCTb ONpeIeNUTE/]b '

| Eypy, | 0. - 9)

Anagnoruuso (5) onpeenum
f=2 %ah—E (x, y, 1) (10)

L
1 GyJem onsiTh CYATATh, UTO 3n4 1 niepeMeHHbIX Xg, Yg, xh, t
He3aBHCHMBL. OTC!O}Ia TOJTy4HM .

n

=2 xhdyk+yhdxh Exkdxh Eykd!/k) E,dt.

OmnpefieniM Temepp y Kak (yHKUHIO X, X, ! ypaBHeHHAMH
PO

Xp=Ey,  (k=1, ..., n),

4TO, 110 NpejnosoKenHo (9), ABasercst AonyctumbiM. Temepb f
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6ymer byHKuMel TOMBLKO X, X, {, YTO AACT HaM

n

df = h;‘* (Y A%, — Ex, dx,) — E, dt.

CanenoBartedqisHo,

th=_Exk’ f&h?yh (k=1’ e n)’ (11,)

OTKYyJa onsiTh noayuyaetcsa paseHcrso (8). Hakonen, (9) no-

KasblBaeT, YTo ()yHKIHOHAJbHbIH ONpe/ieJITeNb kayll A Xy
Kak (yHKUUEl y, H OOpaTHBUI eMy OnpeieHTe/b ka | or-

JUYHBL  OT HyJas, mnosToMy B coorBerctBud ¢ (11)

310 GyJeT UMeTb MECTO W JJIsi ONpesesHTENs |f [. Ha-
%y
o6opor, u3 (9) u ypaBHenuil I'aMuJbTOHA MOXKHO CHOBA IO-

ayunts (1), (2) u ypaBHeHHs diinepa— Jlarpanxa.
W3 2n ypaBhenu#t [aMuJbTOHA nOJOBHHA, a HMEHHO

= —Ex,, HemocpeicTBeHHO nonyyaercss M3 ypaBHEHHH

Su.nepa Jlarpanxa, B TO BpeMsi KaK jpyras IOJOBHHA MO-
XeT OBITh MOJMyYeHA TOJNBKO C MOMOILBIO MOJICTAHOBOK (1), (5).
BecbMa uHTepeceH TOT ¢akT, uTo BCe 2n ypaBHeHu# I'amuiib-
TOHa MOXKHO HHTEPNPETHPOBATh KaK ypaBHeHHs Jijepa—
Jlarpamxka. Urc6sl moKas3aTh 3TO, BO3bMEM BMECTO IPEXHEro
nepeMeHHOro x u3 § | nepemennsie X, y H paccmorpum (yHK-

uuio f or dn+1 He3aBHCHMBIX nepemeﬂﬂblx Xps Yrs xh, Y b

onpefiensemMyto paseHctsoM (10), mpuueM nmepeMeHHhIE Yy Gak-
THYECKH SIBHO B (YHKIMIO [ HE BXOJAT; COrJIaCHO Omnpefieie-
HHIO nponsso,zwblx Jlarpanxa uMeeM

df . .
kaf=f-'xk- T’?‘:' _Exk—"yk’

i, (12)
L-yhf = fuh’f a xk*‘Eyk,

OTKYJia, TIPHPABHUBAsA NpaBble YaCTH HYJI0, Mbl JeHCTBHTENbHO
nosyyuM ypaBHeHHs 'aMuJbTOHA.

PAJ



20 - - ra. 1. Sudaua ‘mpex mea .0 -

3ro npeoGpasopanue BLIFOAHO TEM, YTO. IOJYYEHHHIE pe-
3yJbTAaTH MOXKHO IpPHMEHHTh AJIs Npeo0pasoBaHHs IPOH3BOJ-
Heix Jlarpanxka. Mccaenyem tenmepb NMOACTAHOBKH BHAA

o=xE n 8, m=unE ) (=1 ..., n),13)
npuyeM &, ..., &, Ty, ..., N,—HOBble NepeMeHHbe, a f
ocTaeTcsi HeH3MeHHBIM, JlIsi cOKpalleHus 0003HaYKM 21 Be-
JUUHH Xgy « « oy Xpy, Ypp ++ +y Yo UEPE3 24, ..., Z5, H COOT-

BETCTBEHHO 4epe3ly, ..., Ly, 0603HAUMM BEJHUHHH &j, . . ., &y,
Ny » . Tn, TOra Bmecto (I3) MoxkHO HamHcath
Kopoue: o S
: =2, 8y (k=1,..., 2n).
Ecan

A==l 205 [, B=2xy=] %],
(14)
(S,_—.—.ye= "ykEl ”’ EY =Yy,= “ Yhy “
~— MaTpHUM N-TO TOPSIAKA .. ’
M=z=llag |
-MaTpuua nopsifka 21, TO a
' ‘ A B v
m=¢ s|- R

npuueM Mol GyzieM npeanosarath, uto |IM|== 0. Mer xoruM
Tenepb YCTAHOBHTb, NPH KaKHX MPEANOJNOXEHUAX A8 NOA-
cranoBky (13) mpoussojusie Jlarpanxa NpUHUMAIOT B HOBEIX
nepeMenHHX onaTh Gopmy (12), ¢ He ompejeneHHOH eme
¢yukupmeit E (&, m, t) Bmecto E(x, y, t). Hrak, paBeHcIpa

Lif=—Eq—M Lnf=8—E,  (k=1,...,n) (16

JO/IKHH  YJOBJETBOPATHCH  TOMIECTBEHHO  OTHOCHTEJILHO
¢, G, t, npuueM ¢yuxuus f sanaercs paeencrsom (10). Ilpu
9THX YCJOBHSIX mpeoOpasopanue (13) OyaeM HasbiBaTh KaHO-
HHYyecKHM. ' | . .. . B

Ecan moJioXuTh

2@ & o=Sbn-EGn D
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TO HPOH3BOJHBIe JlarpaHXka oT ¢ JaloTCs HEeNnoCpeACTBEHHO
npaBbIMH qacmmn(l6) C.neAOBaTe.ano COrJlacHO pe3yJsibTaTaM
§ 1, umeem

f= <P+d”("

TOXJIECTBEHHO OTHOCHTEJBHO {, {, 7, ecay f BhpameHna uepes
3TH mepeMenHble. B coorserctsuu ¢ pasenctsamu (10), (17)
3TO O3HAyaeT, YTO

) n n.
dv (€, ¢ a .
U—Sit_) =E_E+Z xryrf'lZ‘Elnt=

r=1

=E-£+3(3 xrslyr—mﬁ&
= : :
3 (3 xrmyr>m 2‘, st (18)

=1 r=i

CJIeL[OBaTeJIbHO N
n

2 quyr ‘nl’ v'l)l 2‘. xﬂuyﬁ
- r=

v, =E—E +»2 XktYpe

OTH paBeHCTBa onpeuenmoT BCe 2n+l YAaCTHRIX NPOH3BOJ-
HbIX mepBoro nopsiika ¢gyskuuu v (G, ¢). Iloecaennee u3 3THX
PaBEHCTB JIaeT BOSMOXHOCTb onpefenutb = (yskuuio E.
OcTanbhble BCJAEACTBHE Ugr = U c, AAAYT HEOOXOAUMbIE H zo-

CTaTOYHbIE 'YCJIOBHSI HHTErPHPYEMOCTH:

n : n -
21 (xra,shy, + Xz Yrz,) = Z (xrehe Y + Xrzplrip)

2 (xTE['ﬂhyr + ‘xrsgyr"h) ekl 24 (xrnhﬁlyr + xr"lkyril)’

n ) n

rgi (Xrm ny Y7 + Xrnlyrnk) = rgi (,\fmw,‘lyr + x”'ky"u)
(k=1,,.., 0, I=1, ..., n)
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anecb e, =1 npu k=1! u e, =0 npu k£ I[. Ucnoansys
MaTpHLll, ONpeJeNeHHbLIE  paBeHCTBaMH (14), smn ycaoBus
MOXHO 3anucaTb B (opme

C'A=AC, DA-E=9BC, D'B=93'D, (19)

npuuem € ecTb epuHHyYHas MaTpuua nopsigka n. Ecau noso-
XKHTb 3aTeM

- 0

to ycaoBus (19) ¢ nomompio (15) mMoXKHO 3anucaTh B BHJE
OJIHOTO ypaBHEeHHS:

IOGS

MM =3 (20)

CaenoBarte/ibHO, 3Ta dopMyJsia JaeT HeoGXOAUMOE H JI0CTaTOu-
HOe yCJIOBHE TOro, uTo npeoGpasoBanue (13) He u3MensieT ra- -
MHJIbTOHOBY (hopmy '(12) npousBoaubix Jlarpamxa; oueBUaHO,
'YTO HalJIeHHble YCJOBHUS /1 TaKOrO KaHOHHYeCKOoro npeoGpa-
30BaHHf He 3aBUCAT OT Buia ¢yHruuu E (2, ¢). Halitu o (G, ¢)
N0 ee 27 YAaCTHBIM NPOH3BOJHEIM Uz U, MOXHO TOJIBKO C TOU-
HOCTBIO JO HpOPISBOJIbHOPI anJIMTHBHOM (bynxuuu or ¢, no-.
3TOMY TaKas alJuTHBHasi (YHKOMsi BOHJET Takke H B vU,,’
a 3HauuT, H B E; HO npu oGpa3oBaHWM NPOM3BOAHBIX Eg,

E,, sta ¢yHKuus npomajaer, TaK 4TO mnpasbie HacTH (16)
omnpejiesieHbl MOJHOCTBIO.

Matpuua IR, koropast ynoBaeTBopsieT ypaBHeHHio (20),
Ha3bIBaeTCS CHMIVIEKTHYecKOl. [lepexonsl K ompejesuTensiM,
uveem |[MP|J|=|J|=1, u notomy |M[>*=1. Bupouem,
MOXKHO ellle I0Kas3aTh, 4To | |= 1, uro, oiHako, He Gyxer
B JlaJIbHEHIEM HCHOJIb30BaHO. -Bo BcsKOM ciryuya€, ais CHM-
IJIEKTHYECKOA MaTpHubl I onpepenutenn |IM | # 0, nostomy.
cymecTByer obparHast Martpuua IR M3 (20) toraa caenyer

M) M= (M) (MIMW) WM™ =
nostomy Marpuua IR takxke Oyjer cuMmnyiekTHueckoid. Co-
OTBETCTBEHHO IIOKA3bIBAeTCsl, YTO €CcAH MaTpHupl Y, H I,
CHMILICKTHYECKHE, TO UX npousBefeHde I, M, TakKe sBIAETCS
CHMIIEKTHYeCKOH Marpuuell. 3HauuT, CUMIUIEKTHUECKHE MaT-

PHLBI 06pa3yOT OTHOCUTEJLHO YMHOKEHHS I'PYINY, IBJSIOULYIO-
csl CHMIJIEKTHYecKo# rpynnoii. Ho, corsiacHo HailleMy pe3yiib-



$ 2. Kanonuueckue npeobpasosanus 23

TaTy, npeo6pasoBanue z =z (§, {) OyleT KaHOHHYECKHM Torja
H TOJbKO TOrpa, eciau (QyHKIHOHAJbHAR MaTpHLA 2Z;= iR}
Oyler cumnJiektnueckoil ToxkaecrtsenHo no { u {. Caejoa-
TeJsIbHO, 0OpaTHoe npeoGpasoBaHue Gy AeT BCerja KaHOHUYECKHM,
H, BooOlle roBopsi, KaHOHHWYeCKHe NpeoOpa3OBaHHs INPH
COOTBETCTBYIOIIMX NpEANOJOXKeHHsIX 00 obmacTsx omnpejee-
HUSl NepeMeHHBIX o0pasyioT rpyumy.

-B uacTHOCTH, KaHOHHYeCKoe npeoGpa3soBaHHe nepeBoum
* CHCTeMy nmbq)epeuuuanbﬂmx ypaBuenudl I'amusibToHa oNATH
B cuctemy [amuibroHa. MoxHO notTaBHTb OGosiee OOHLYIO
3ajlayy O HAaxOXKAEHHH BceX OGpPAaTHMBIX IpeoGpa3oBaHHM,
obnajalomux 9THM cBokicTBoM. IIpu 3TOM Jiyume paccmor-
peTh  BMeECTO umptbepeﬂunanbﬂblx ypaBHeHu#l COOTBETCTBYIO-

Li{He BbIpaKeHUs x,;—Euh, yk—l—Exh, KOTOpble MOXHO 3aly-

caTb B BHJe cTos0LA z-—\gEz, rae nox E, nonumaercst croJi-
Oen E, , E,,. llpu nojcranoBke z =2 (§, {) ¢ (QyHKIHOHAIb-

HOH MaTpuuel z; =9I NOJYyYHM
Ey, =Y E, 21, Ec=WE, z=Mi+z. (21)

CuaiefoBaTesbHO, .
M (2 — SE,) = L+ Mz, — MIIM 2 E

Yrolbl mpaBasi uacTb INOCJEHEr0 ypaBHEHHS HMeJsa ra-

MHJIbTOHOBy cpopmyC SEe mpu coorseTcTBYylOIEM BhIGOpE
E (, ¢), 5Ta QyHKUMS AQMKHA YLOBJETBOPATDH YCIOBHIO

E; = 3N 3M T E — 3Nz,
Ecau nosoxuth ele
STRIIIM =P =(pr), —JFWP=0=(qn),

TO YCJIOBHSI HHTEIDHPYEMOCTH NPHMYT CJEeAYIOLIHH BHA:

2n

2 (PreEr +th )y = z (PlrE’-’r‘*“hr t)h
r=t

re={

(k=1,...,2n, I=1,...,2n).
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Ecnu 3TH ycs0BHSI BBINOJHSIIOTCS npn Jo6om Bblﬁope (byHK-
nuu E (z, t), To npexze Bcero

2n 2n
2 pkr‘_EtriL: Z plrEﬁrtk’
r=1 r=1
2n . 2n

D phrtiEtr= ) Plrt;Etn

r={ r=1
C/1e[10BaTeJbHO, o .
Pu=0, pu=p, (k=*I1), Prrty = Pyt
E=1,...,2n, l=1,..,2n r=1,...,2n,

¥ notomy ‘B oTiMuaeTcs OT eJUHHYHOH MAaTpPHIBI TOJBKO
€KaJipHbIM MHOXHTeJEM, KOTOophifi He 3aBucut or (. Hoa-
KHB ObITb TaKXKe BLIIOJIHEHB M OCTaJbHEIE YCJOBHUS

2n 2n
’ 2 (q}trzrt)tl‘-: Z (qlrzrl)tk' (22)
r=1 r=1 :

Ecan nosoxuTe AJsi COKpaumleHHsl J2;=u, TO B CHIY

PO=-MWI'=(2) I

ypasHenHe (22) nepexonm‘ B

2n 2n .
N (2rtyr + 2rtyttne) = 2 (et 2 iy,
r=1" r=1

CJIeJOBaTebHO, B MaTpHYHOM 3anmcu
M IM = (W' IM)’,
Bcnencmne J'= —& orciopa nomyuaercsi dopmyaa
M'IM, + MIM = 0.

Kak Bunno, marpuna IM'3IM He 3aBHCHUT OT £, U TO XKe ca-
moe moayuyurcsi ans B, I[loaToMy. HeoOXOZMMBIM H JOCTa-
TOYHBIM YCJIOBHEM [Vl HalijileHHbIX MNpeoGpasoBanuii Gyxer

S MIM=AF ()
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co ckajsipHeoH noctosHHOR A== 0. IlosiBjieHHe NPOU3BOJILHOIO
MHOXHTeNs N ofycsoBauBaeT o6ollieHHe KaHOHHMYECKHX DO
CTaHOBOK M CHMILIEKTHYECKHX TPYDI; TaK KaK jJsl Creuualb-
HOH NOJCTAaHOBKH X =¢§,- Y= Ay ycsoBHe (23) BBINOJIHEHO, TO
NOJIy4aeTcsl, YyTO BCe HaHJieHHhle MOJACTAHOBKH COCTaBJAIOTES
M3 KaHOHMYECKOH M YTNOMSHYTOH TpHBHaAbHOH. [losTOMY
B JIAMIbHEHIIEM Mbl OFpaHHYHMMCS ~PaCCMOTPEHHEM TOJIBKO
KaHOHHYeCKHX NOACTAaHOBOK.

§ 3. Ypasuenne FamuapToHa — SIKOGH

.O6paTtnMcs Temeppb K .3ajaye- Npe/ICTaB/ICHHs! BCEX KaHO-
HHYeCKHX TOJICTAHOBOK B MapameTpHueckol dopme. Paccmor-
PHM Tpexnie Beero cayuait

|B]= |y, | % 0. (b
Torna n ypaBmeHuH x, = X, (£, n; t) omnpexensiioT KaK

$yskuny x, §, f, H COOTBETCTBYIOWHH (yHKUHOHANBHEIA Onpe-
lleJIHTEJIb lﬁkxll TaKXe OTJIHYeH OT HyJad. Bocnoaedyemcs

ypaBHeHHeM (2; I8), KOTOpOe JiaeT HeoGXOIUMOE H IOCTATOYHOE
yCJIOBHE JJIs1 TOrO, u4TOOL! MOJACTAHOBKA OblJia KaHOHHYECKOH;
u BbipasuM v (C, f) KaK OyHKUHIO . X, §, t. Ecau nonoxurs

i U=U(C, t)=W(x’.E, t)!
TO . -

Z =@+ 2, (kaxk + wckEh)

g (2; 18) paeT mpu cpaBHeHHn KO3(bUUHEHTOB COOTHOWEHHS

yh,=wxh’ ‘T]h=~—-w;k (k=1, ...,n), E=E+wt- ‘ (2)
Us ycnosus |my, | 0 nomyunm, uto o
‘wshxll + 0. Lo (3)

Ecau, HaoéopOT, w . sBasercss ¢QynKuued x, &, f, yrosue-
TBOpﬂ}OUJ.ePI ycJ0BHI0 (3), TO pellleHHe BTOPOTO ypaBHEHHs 2)
JaeT x Kak QyHKuuio or £, 7, f{, ¥ TOTJa nepBoe H3 ypaBHe-
HHH (2) nocJjie COACTaHOBKH JiaeT y kKak ¢yHKuuio or &, 1, £.
[Ipn sToM BhimONHEHO U ycaoswue (1). BnpoueM, npu Bhinonne-
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HHH YyCcJa0BHA (3) MOXKHO. NOJYYHTb, HA0GOpOT, H3 TepBOro
ypaBHeHuda (2) & kak ¢yHKUHIO X, Y, {, TOr@a BTOpoe ypaBHe-
HHE JacT Nocje IOACTaHOBKH 7 Kak (yHKuHio x, y, t. Ecau
onpeneauts eimie E TpeTbuM ypasHenHeM (2), TO paBeHCTBO
(2; 18) Gyzer peimosHeHo. MTak, nosyuenHoe npeoGpasoBaHue
SIBJSIETCS KAHOHHYECKHM U YJ0BJeTBOpsieT ycJoBuio | B | # 0.
CucreMa (2); naeT Bce KaHOHHYeCKHe npeobpasoBaHHsi, AJs
kotopuix |B|== 0, npuuem E onpejpensierca TpeTbuM Ypas-
HEHHEM. -
B kavecTBe npuMepa PacCMOTPHM OYHKIHIO

n

w=..2 XpEns

h=1

ycaosde (3) 87eChb BBHINOJHEHO M Npec6pasoBaHHe Xj = — My,
yp=E&, (k=1, ..., n) 6yleT KaHOHHYECKHM C (DyHKIHOHAMb-
noil marpuuefi M = —J=J . EcrecrBenno, cymecTsyior
KaHOHHUYecKHe npeobGpasoBanus H ¢ |B|=0, Hanpumep TOXK-
JeCTBEHHOEe NpeobpasoBaHue z = {, Jjisi Kotoporo I sBjsercs
eJHHHUHOH MaTpuued, B 3TOM cJyyae MOXHO B NpeAno-
JIOXKEHHH ' : ‘

| Af=]xnzy | # 0

IPOBECTH DPACCMOTPEHHE, aHAJOTMYHOe MCNOJNb30BAHHOMY M
caydas || =0, onsako mnpolne NpPHBECTH 3TOT CJyuad
K yXe DacCMOTPEHHOMY IpH MOMOLUIM TIOACTaHOBKH £ = — 7¥,
1= §*. Torja QyHKUHOHaJbHAsi MaTpHL@ OT Z KaK pyHKuuH {*

Oyzer paBHa '
l - ,
D —€

agecb Bmecto B crour — A, u Qopmyanl (2) Gyayr copa-
BelJMBbIMH, €CJM B HHMX BMecTo &, 1 HCNOAb30Bath £, 7*.
Ortcioa noJyyaioTcsi paBeHCTBa

Yrp = Wy, Ek=w7)k (k=l’!"’n)7' E=E+wt’ (4)

MY =

npuueM w=w (x, , {) u
Iw"? x| \ s 0.
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Takum 00pa3soM, Mbl NOJNYYH/IH BCE KaHOHHYECKHe npeoGpa3o-
Banua ¢ |A| 0. B wacTHoCTH,

n
w= 2 XM
. k=1

COOTBETCTBYET TOXKJECTBEHHOMY npeofpas3oBaHHI0 2z ={. Mmi
He OyleM paccMaTpuUBaTh cJydad, Korja o6a onpeaesurels
[A| u |B] paBee 0; 3aMeTHM TOJBLKO, YTO Kaxkjoe KaHO-
HHYECKOe NpeoGpa3oBaHHe MOMKHO COCTABHTb U3 JBYX TaKuX
ke ¢ |Af=0 nn |B] 0. )

Hama pnaneuefimasi nejb — BO3MOXHO 0oJiee ynpocTHTH
C ‘TIOMOILbI0 COOTBETCTBYIOILEI'0 KaHOHHYECKOrO npeoﬁpaaona-
Husi cucteMy [ammibTona

an=E,. i= —Eq (k=1,...,n) (5)
HawuGonee npocroit Bua npeo6pa3oBanHasl cuicTeMa TamibTOHA
t=En, m=—Ey (E=1,...,n)

Gyner umeTh B ToM cayuae, ecau E (&, v, £)=0. Honyctum,
YTO 5TOr0 MOXKHO JIOCTHTHYTH C HOMOINBIO HEKOTOpOro npe-
o6pa3oBanusi, 1ss1 Kotoporo | A | #= 0; Torxa ycaosue (4) BbINoJ-
HEHO, H JUIsl 1pou3BojsuIel (GyHKIHH w = w (¥, M, {) noJaydaercs
ypaBHEHHE B YaCTHBIX Npou3BOAHBIX ['amMuibTOHA — f1KOGH

E(x, w,, t)+w,=0, (6)

npuYeM, KpoMe TOro, |We,y | 0. HaoGopor, ecan MoOxHO
HaliTh pemenne w(x, v, f) ypaBnenus (6), KoTopoe elle 3a-
BHCUT OT 7 TNapaMeTpoB 1, ..., M, TaKuM o00pasoM, YTO
OnpeieIuTeNb |W,,y, | OTJIHYEH OT HYJIs1, TO ONPE/IE/IHHOE Y PaB-
HenusiMu (4) KaHOHHYECKoe npeoOpasoBaHHe IPHBOJHMT 3ajaH-
Hylo cucremy I'amusbrona (5) K BHAY

£,=0, 1,=0 (k=1,...,n). )

Huddepennnanpurie ypasnenus (7) ToTyac e HHTEr pupyloTes,
u &, M, CTAHOBSITCS KOHCTAHTAMH MHTerpHpoBanHsi. Takum
06pa3oM, pelleHHe OOLIKHOBEHHBIX JH(XpepeHIHabHbIX YpaBHe-
uui [aMBJIbTOHA NPHBOAUTCS K pelleHur0 AuddepeHnHasbHOro
'ypaBHEHHst B UAaCTHhiX NpOu3BOJHEIX [aMuibrona — fIkoGu.
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OnHako npe STOM He CJeAyeT 3aGbiBaTh, 4TO HEOGXOIUMO
B31Tb He oflllee pellleHHe ypaBHeHHs (6), a TOJBKO pelleHHe
C n napaMeTpaMH Yy, ..., 7,, KOTOpOe YIOBJIETBOPSIET YCJIO-
BHIO |Wyy, |+ 0. DTO Takke sB/seTCS YNPOIUIEHHEM, TaK
KakK 1oJiHoe pellieHne juddeperHaibHBIX ypaBHeHui [aMuJib-
ToHa (5) TpebyeT npexje Bcero 2a NOCTOSHHBIX HHTErpH-
_pOBaRHs. v -

Beerna au cymecTtByer BooOlle Takoe KaHOHHYECKOe
npeoGpa3oBaHye, KQTOpOe 3ajaHHYI0 CHcTeMy (5) mepeBOAMT
‘B HOpManibHylo (opmy (7)? Kak Gyxer jpanee mokasaHo, Ha
3TOT BONPOC CJEAYeT OTBETHTH YTBEp/UTEJNbHO. '

PaccmorpuM cHauana BooGuie cucteMy judibepeHnuab-
HbIX ypaBHEHHH NepBOro Nnopsiika :

a=g@ ) (k=1,...,m)

. -

C m HEH3BECTHbHIMH (YHKIMAMH 2, =2, (f). [na 3ajaaHHEIX
HayaJibHbIX 3HaYeHHH {=r, z2=_ 1Mo TeopeMe CyIIECTBOBaHHUS
00s13aTe/IbHO CYIIECTBYET €JHHCTBEHHOe pelieHHe z =z (C, 1),
€C/IH BbINOJMHEHb! ycioBHSl JIMnmmna u 06JacTh M3MEHeHHS
NepeMERHbIX B JIOCTATOYHOH Mepe orpaHnyeHa. 3aKpenuM t H pac-
CMOTpHM {, f KaK HesaBHCHMble IepeMeRHble. B cuny guddepen-
[HaJbHBIX ypaBHEHMH npu z=2((, ) uMeeM

Zpe=&r (2, 1), @)

H, CJIe/IOBATENbHO, TAKMKE
o m ) o . o
th;l—';'—zgmrz,{l (k-——l,...,fn, l’—-——'l,-..,m).
r={ .
Ecn nonoxuts elne S
Ze= ”ZR(l”=m}1 gz=”ghq” =@, .

TO OTCIONA s (b}inxunoﬁanbnoﬁ Matpune! I Kak GyHKUMH ¢

' TIPH [OCTOSIHHOM { ToOJryuaercsi OJHOPORHOE JIHHeHHoe jud-
¢epeHnuaibHOe ypaBHEHHE NMEPBOTO NOPSAKA

M, = GM. I

Tak kak coornowenue z (§, ©) =§ CTpaBef/INBO TOXJECTBEHHO
OTHOCHTeJIbHO §, TO I =€ s f=r+.
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B cHCTeMe l‘ammb'rona z—SgE HMEEM rm = 2n, H

- @=3E, =3 (Eza)
C/1e[0BaTeIbHO, MaTpHla

8@ = Ezz
cumme'rpmma Torpa u3 (9) caenyer cnmmerpna MaTpHLE!
om 3@593? mIm,

U coomomenne
'S?mt =M’ Sm) = 9)?:3 ?IR = —M:IM.

TaKHM oﬁpasoM, M'IIM ne 3aBHCHT OT f; Tak Kak M= €
Aasi =7, TO CIpaBefIHBO PABEHCTBO

MWIM = I

ChnenoBarenbHo, npeo6pas3oBanue z =2z (L, f) 6y11e'r Kanonnqec-
RuM. B cooTseTcTBHE C (2; 21) # (8) oHo mepeBoAuT, ¢ Apyro#

CTOpOHbI JaHHYIO CHCTeMY B C 0. Ecau ¢ mocratouno 6.us3-
KO K ‘v, onpefeantens |U|=|x:| oTamuen or myas, Tak
KakK oH jjisi ¢t =t paseH 1. [lostomy npeoépaaoBaHne 2=z, 1)
MOXeT ObiTh IOJIyYeHO pelleHHeM JH(dpepesIHaJbHOrO ypas-
HEHHs] B Y4CTHRIX NpousBofHbiX ['amuibrona — fIkoGu (6)
BMecTe ¢ ypaBHeHHsIMH (4).

Ecan He ypaercss npsiMo HalTH HHTerpasa w (X, 1;, t) nud-
depennmanbroro ypapuennsi I'aMuibTona — SKo6H, To HHOrjA
3ajiayy MOXKHO YIIPOCTHTb CJeyiomuM oGpasoMm. Ilycth ¢yHk-
uus Tamuibrona E (x, y, f) COCTOMT M3 JBYX C/laraeMbix: -

E (x, y,-t)—-F(x, y, )+ G(x, 4, t)

H HyCTb COOTBETCTBYIOUIEE NEPBOMY CJIaraeMoMy ypaBHeHne.
I"amuabTona — SIko0K ,

F(x, w,, t)+w;=0
uMeeT nn'rerpa.u w(x, M, t) € |Wey 0. Hpn COOTBeT-
(:'rByrom,eM KaHOHHYECKOM npeoépasonarmu (4) uMeeM Torza

E=E+tw= F+G+w,
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U 3ajjaHHas cucreMa (5) NepeXomHT B CHCTEMY
£, =Gy, M= —Gg, (k=1, ..., n),

rae G HyxXKHO paccMaTpuBarh Kak ¢yHKUuio or &, v, f. [pu
H3BECTHBIX YCJOBHSIX STy CHCTEMY MOXHO NPSIMO PelLIHTb;
B TIPOTHBHOM cjyuae (YHKUHIO G MOXKHO ONSATH MOAXOASALIUM
00pasoM pasjioOXHTb H TeM CaMbiM NPOBECTH npolLiecc mnpe-
o0pasoBanusi ellle pa3. BecbMa B03MOXHO, uTO NOAOGHEIM
crnoco6oM yjacresl passioxkHTh. pynkuuio E (x, y, t) Ha KoHey-
Hoe MM OeCKOHeYHOE KOJHYECTBO TaKHX CJaraeMbiX, 4YTO
COOTBETCTBYIOLIME MM ypaBHeHus! ['aMunbToHa — SIKOGH MOXKHO
Oyner Kaxablii pa3 paspemntb. Eciu faxe npu GecKOHEeUHOM
KOJINYECTBE IUAroB STOT IpoilecC He OyAeT CXOAUTHCS, TO
MOKeT BCE-TaKH CJYYHThCS, YTO NpeKpalleHHe 3TOro Hpoiecca
Ha Onpejle/leHHON CTaJMM JACT HaM NpHeMJeMoe TPUGIHKEHHOe
" pelueHHe. )

B npejuiecTByIOIHEX HCCIENOBAHUAX TEOPEMY CYIUECTBOBA-
HHsl 1S HesIBHBIX (DYBKIHH MBI HCIIOJIb30BaJsIH Ge3 TOYHOrO ofipe-
AesieHust 00JaCTH H3MEHEeHHS NiepeMeHHbIX. Bblio TOABKO oTMe-
YEHO YCJIOBHE, COTJIaCHO KOTOPOMY HEKOTOpble ()YHKIHOHAJb-
Hble OnpeJIeJIUTeNH JO/DKHb! ObITh OTIHYHEIMH OT HYJIS1; pesyabTa~
Thl MIME@JIM TI03TOMY TOJBLKO JIOKAJbHbIH XapakTep. B kakjaom
KOHKDETHOM cJiyyae J/isl IOJYYeHHS -COOTBETCTBYIOMIUX BeJH-
YHH HEOOXONMMO IIPOBOJMTL JONOJIHHTEJHHO 0c060e paccMo-

TpeHHe.
§ 4. Teopema cymecrBosauusi Kowmu

Paccvorpum  cucremy  juddpepeHnHanbHBIX  YpaBHEHHH
IepBOro TOpsijiKa

xh=fh (k=1"7"im)) (1)
npuyeM m 3ajaHHblx  GyHKuUMHE  f, = f, (x) .aBucAT oT
Xy, «..y X, B He 3aBucat or {. Ecom f, yacsnerBopsior

B JeHCTBHTeNIbHOH OKpecTHOCTH x=£ ycaoBusaMm Jlanmmna,
10 cucteMa (1), Kak H3BeCTHO, MMeeT NPH 3aJlaHHOM HayaJlb-
HOM 3HauyeHuH x(t) =& epuHCcTBeHHOe pellenve x (f). Ilpen-
NOJIOKHM Tellepb, 4TO f, SIBASIOTCS peryJsfpHEIMH aHaJH-
THYECKHMH (YHKUHUSIMH NEpPEeMEHHBIX Xy, ..., X,, B HEKOTOpoOi
KOMILJICKCHOH OKpecTHOCTH X =§. Hameli mneablo siBasiercs
ZI0Ka3aTeJIbCTBO CJefyIoIeH TeopeMs!:
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[ycts Bce ¢ynkuud fy, ..., f,, peryJaspebl B o6GiacTH
|x, — & l<r(k=1,...,m)u no abGCOMOTHOH BeJHUHHE
|[fi]<M. Torpa B onpejensieMoM HauaJbHbIMH YCJOBHSAMH
x,(z)=¢&, (k=1, ..., m) peillenun cucrembl ypaBHeHu# (1)
X, (f) SBASIIOTCA pEryJsipHBIMH aHAaJHTHYECKHMH (YHKUHAMH
OT { B KOMIJIEKCHOH OKPECTHOCTH TOUKH 7T

r .

= <Gm
1 YJOBJETBOPSIOT B 3TOH OKPECTHOCTH HEPaBEHCTBAM
[xp (1) =&l <r (k=1, ..., m).

3ameHa BeNMUHH X, fn, ¢ BeauunHamu &, +rx,, Mf,,
v+ M rt coxpausier cucteMy (1) HeH3MeHHOM, B TO BpeMsi KaK
nocrosiuube &, r, M, © npepamatorcsi B 0, 1, 1, 0. Takum
o6pa3oM, TeopeMy HOCTATOYHO JOKA3aTh TOJBKO JJs1 3TOrO
yacTHOro caydas. UroOel pewiuTh ypaBHenus (1) ¢ Hayajb-
HbIMH YCJIOBUSIMH X, (0) =0, BO3bMEM pAA

xk=xk(t)=n2;1ak’nt" (k=1, ..., m)

¢ HeompefiesieHHBIMH Ko3hduunenTaMu U OyjeM 3aTeM Cpas-
HHBaTh KO3((HIKEHTB NOcC/e€ NOACTAHOBKY B Juddepeniy-
anbHble ypaBHeuus. [as cokpalieHusi BOCNOJb3yeMCs NPH
3TOM CJeJyIOIUMH oGo3HayeHussMu. s ¢opMaabHO o6pa-
30BaHHOTO CTENEHHOro psijia

[ee)

¢ = 2 cktk’

k=0

0 CXOJAHMOCTH KOTOpOro HHYero TIi0OKka He H3BECTHO,
IOJIOZKUM .

,

tn=3 ol (Pa=en (1=0, 1, ...

Torna, oueBumno, (9),=(9,), H, Jnanee, (pdb),=(9,0n)n,
(9 4= 9)p = (Pn £ .¥n)n, €CE yepe3 § Takxke 0603HaUeH GHOp-
MaJbHBIH  crenenHoH pap no f. Ecau Tenepb NOJNOKHTHL

l . .
fk#;ah,z,....,zmxg oo xdm (k=15 ..., m),
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anqu HH}I@KC 'l nox 3HaKOM CYMMbI JOJI2)KEH YKasblBaTh
Ha CYMMHpOBaHHE 0O BCEM ILeJIbIM HEOTpHHATeJbHbIM 3Haue-

HusaM [, ..., l,, TO cpaBHeHHe KOI(DHUHEHTOB MOC/E NOA-
ctaHoBKH B cucteMy (l) macr caenyiomse paBeHCTBa:
3 1 ’
(n41)ar, nys= }l.. ar,iy 1, (e )=
n o l _ o
=Zak,z,,,,,,zm(x1}, cee xm), - (=0, 1, ... (D)
Orciona noAHOH HHAyKIHeH YCTAaHOBHM, YTO d,,. OYAYT
MHOrOWIEHAMH OTHOCHTENbHO @1, ....1, (r=1, ..., m)

c HeOTpHuaTeJinblMH palOHaJIbHRIME  KO3(h(]HIHeHTaMH. -
Jns - jl0ka3aTesibCTBA CXOJAHMOCTH o6pa3yeM Ma)KOppr-
IO u# PA. Ecnn

f S‘a, ol XL,

!
.g=§,3b‘1"'°' X e X

IBa (opMaJibHO 0Opa3sOBAHHBIX CTENEHHHIX - pfjia, KOTOphIe
He 00s513aTeIbHO CXOAATCH, TO DA g HasbiBaeTcs MaxkKOpH-
py!om.HM s f (obosnauaerca f < g), eciu

bi,

CJIe/loBATENbHO, BCE KOS(GHIUEHTH psifa g NOMKHH GbITh
JIeHiCTBUTEJbHBIMA M HeOTpHIaTeJIbHLIMH. l'IyC'rb fo < gx

la, oo, | <bu, o,

(=1, ..., m); paccMoTpuM Hapsajy ¢ cucremoi (I) Maxo-
pnpy:omyxo CHCTEMY
!/h=gh(!/) (=1, ..., m) o (3)

dta cucreMa Takxke MOXKeT ObiTh (OpMajbHO pelleHa ApH
HavaJbHbLIX 3HaueHusx y, (0)=0 c nomoukio psaAoB

=)= 3 Bt

Mer ytBepxKAaeM, uTO Y, (f) Takxke . asnﬂe'rca Mamopau‘rou
hibE: x,l (¢), 1. e. utO

[n, 3| <Bry  (B=T, ..., m; v=1, 2, 0. (4)
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Tak KaK KOI(QHUUHEHTSI by, 1, ..., 1, PAAA g, HEOTPHUATENbHEI,

TO H3 peKyppeHTHhX (opmyJ, coorBeTcTBylOUUX (2), Moay-
yaeM CJelylOlHe paBeHCTBA:

(n+1)pk,n+i=12bk.ll.....lm(ylxln oy, (=01, ...);

OTCIOfA 3aKJIoyaeM, uTo Bce By, y SIBJAAIOTCA JeHCTBUTE/bHLI-
MH HeOTpHIAaTe/bHbIMH uncsiaMu. JlokaxeM Temepb (4) Mmerto-
IoM NOMHOH HHAYKUuH. IlycTE yTBep:KJeHHe - ClpaBeJHBO
LJIS - MHIEKCOB v< 1, NpHYeM 3To JonymleHde A1 n=0
He HMeeT cMmbicaa. CriefoBaTesibHO, TOTAA xhn< Ypn ¥ U3
HepaBeHCTB

(r\l-{— 1) \ Gk, nt+1 I \<§i" Iak. 11,....1m-l I (xllln o xfnﬂr‘;)n‘<
<D0t st Wl o Y= (14 1) B nas

crenyer (4) Aans v=n-+41. OTEM caMBIM JOKa3aHO, 4TO
X < Y- ‘

- Tenepb J10CTaTOYHO HAHTH TAKYI0 MaKOPaHTy & AIA [y,
yTOOH! HOBasi CHCTeMa (3) HHTerpHpOBajiach JI0 KOHIA H AAA -
.ee pellleHH#i MOrJM OHITH JOKa3aHbl YINOMSIHYTHIE B TeopeMe
oueHkn. s npeanonoxenns | f, | <1 amsa [x; | < 1, ..o, [ %, |<
<1lwumns (popmynbr Kown .crenyer, xak u 11Jm _chyyast
OHOH ‘NIepeMeHHOH, HepaBeHCTBO

Iak'll~ -‘4lmlﬂ M

HoaTOMy CHelIHaJleOI‘O BHZA CTelneHHOH pﬂn, He 3aBHCSIIUH
oT &, .

EM =8 (%)= D .. x::ﬁ;hg (1~x)*

GyZeT MaxopaHTOH st Jieboro H3 psmos I (x) TaK Kak
npaBple YaCTH ypaBHeHHH

he 3aBucsIT or k, TO WX _pen_lenﬁa Yy () naroTcst oHAM CTe-
NEHHBIM' PAJOM Y = y(¢), VIOBJETBOPSIOUHM YPaBHEHHIO

y=({1—y™, y(0)=0.

;3 3akas Ne 1032
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[IpsiMoe MHTerpHpoBaHHuEe JaeT
I —(I—y)"t=(m+1)t,
y=1—[1 = (m+1)imh,

Ho cooTBeTCTBYIOUME CTeMEHHOR psA CXOAHTCs npH |#{ <
< (m41)Y u B 3TOM KpYyre

ly|<T—[1—(m+1)[¢]]Vem0 <1,

cJefoBaTesibHO, TeM Oostee |x, ()] < 1. Tak kak mosyueH-
Hble C [OMOLbI0 PEKYPPEHTHOrO COOTHOIIEHHS (popMaJjibHhle
CTeneHHble PAbl AJAA X (f) QopMalbHO  YAOBJAETBOPSIOT
cucreme (l) W 9TH creneHHble pAAB CXOAATCH NpH || <
<(m-+1)Y, To ¢QyHKIMH, NpEACTABJEHHbIE 3THMH CTENEH-
HHIMH pSilaMH, SIBASIIOTCS peLIeHHSIMH CHcTeMbl auddepeH-
IlHaJIbHBIX YpaBHEHHH. JTO JIOKa3blBAaeT TEOPEMY MOJIHOCTBIO.

W3 pekyppeHTHHIX (hopMys Ajsl KO3((pHIIHEHTOB PasJo-
EHHUs pelleHHH B CTeNeHHOH psAA HO CTeneHsM [ —t cie-
Jlyer, 410 BCe 3TH KO3(PHIHEHThb! JeHCTBHTE/IbHbI, €CJHH BCE
HauaJbHble 3HaueHus £, (R=1, ..., m) U cooTBeICTBYyIOLIHE
k03(dULMeHTE pa3vioKeHHs] QyHKUMH f,(x) AeHCTBATE/NbHH.
Bypem cuuTaTh, 4TO 3TO YCJIOBHE BHIIOJHEHO; NYCThb TAaKXKe t
JeficTBHTENbHO. PaccMoTpuM  HafifleHHble pelleHHst X (f)
cucrembl (1) ans fefcTBUTENBHHX {>t M JONYCTHM, 4YTO
Bce QyHKUMH X, (f) (R=1, ..., m) OyAyT peryJspHHMH Ha
OTKPbITOM CTIpaBa HHTepBaJie © < ¢ < 4,. ITycThb fanee Bcs KpuBas
x=x(f) npuHaAIeXKHUT NpH < <! < Iy TOMy OrpaHHYEHHOMY
3aMKHYTOMY TOY€YHOMY MHOXeCTBY P mnpocTpaHcTBa m H3-
MepeHuii, Ha KOTOpoM m (GYHKUHHA [, (X) KOMIJIEKCHEIX mepe-
MEHHBIX Xy, ..., X, peryaspHol. HyXHo Tenepb HOKa3aTk,
'YTO BCJEJACTBHE TEOPEMHl CYIIECTBOBAaHHSA X, (f) OyAyT pery-
JSIDHBIMH M B KOHEYHOH Touke f={1,.

Tak xak ¢yHkuun f, (x) peryasipHel Ha P, To, COIVIacHO
TEOpeMe O [OKpBITHH, CYIIECTBYeT TaKOe IOJIOXKHUTEbHOE
YHCJIO p, UTO f), (X¥) OYAyT Tak:Ke peryJspHEIMH JJs1 BCEX TO-
yek & MHOXKeCTBa P B 3aMKHyTOH KOMILIEKCHOH oGsacTH
[x,—&|<p (I=1,...,m); npu 3TOM p He 3aBHCHT OT &.
CyliecTByeT, jajlee, Takoe NOJOMKHTeJbHOEe UMCJIO0 M, TakKe
HE 3aBHCsUlee OT &, uTO B yKasaHHOH o6jacTH aGCOJIOTHAs
BesnuunHa |f, (x)|< M. BoiGepem tenepp uHca0 f=1%, Hu3
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uHTepBaNa <<t <f{;, KOTOPHH YyAOBJNETBOPSET YCJIOBHIO

P
tl_t2<(m+1)M’
H IpHUMEHHMM B 3TOM CJlydae TeOpeMy CYIILeCTBOBAHHS
K cucreme (1) ¢ &, =x,(ty) (k=1, ..., m) u t,, p BMecTO
t, r. OTCI0fa CJeyeT PeryJsipHOCTb pelueHHs X, (f) B Kpyre

_ S S
lt—t| < Grom
H, B YaCTHOCTH, B TOUKe f, 3TOTO KpYra, KaK Mbi H yTBEpX-
janu pauee.

O pancHeAmMx uejedl JajuM HalJeHHEIM pe3yJbTa-
TaMm B CJy4ae cHcTeMbl [ aMuJbTOHa

xk=Eyk(x’ y)’ yh=_Exh(x’ y) (k-—‘_—l,...,n) (5)
elle OAHy YAOOHyI0 ¢opMy, B KOTOPOHl BHIPasHM HEOGXONH-
Mbl€ OLEHKH 4YacCTHBIX NPOM3BOAHBIX OT E uepe3 OLEHKY ca-
moil ¢ynkuuu E. Ilpn 5TOM ME BoCno/mb3yeMcsi HEKOTOPHIMH
M3BECTHBIMH pe3yJ/ibTaTaMH TeopHH ¢yHKuui. MmeHnHo, eciu
g(2) eCTb (QyHKIHA OJHOrO KOMILIEKCHOIO IIEPEMEHHOTO Z,
peryisipHass B Kpyre |[z2—{|<2p H yJHoBiaeTBOpSsIOUIAs
B HeM oleHke |g(z)|<M, To no wuHTErpajbHOH Teopeme
Komu Gypem umern

rey 1 g (u) du
¢ O =gz \ G
c
ecad |2 —L|<p W ecau nytb uHTErpupoBanus C siBasieTCH
OKPYKHOCTBIO |# — 2|=p B IJIOCKOCTH u. Bech Kpyr sexut
uenukoM B objactH |u — (| < 2p, 1TO3TOMy HMeeT MecTo
OlleHKa -
g @I<Mp™ (lz2—C| <p).
Ecan Tenmepb npeanosioxuth, uto ¢yHKUMA [ aMHJIBTOHA
E(x, y) Oyner awmanuruueckofi B obnactu |x, — &,| < 2p,
|Ye — | <2 (k=1, ..., n) oTHOCHTENIbHO KaXKJOH H3 2n
NepeMEeHHbIX X;,..., Y, , H UTO B.3TOH 06/1aCTHU cripaBe/JIuBa OLleHKa

|E(x, y)| <M, 10 B obnactu |x, — & |<p, [4p — M| <o
(=1, ..., n) UMEOT MeCTO OlEHKH

| Ex, | < Mp™, [Ey |<Mp™ (I=1, ..., n).
Teopema cymecTBOBaHHS TOIla TOBODHT, HYTO peIIeHHs
X, (t), yp(t) cucremmr Tamusbrona (5) ¢ HauaMBLHEIMH yCJI0-

3%
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BHAMH X, (t) =&, Y (F) =7, peryJsipHH B Kpyre

p?
t— < Grrnm
H B 9TOM Kpyre

| (8) — 8] < by |9 (t) = M| <p.

Teopema 06 aHAJIUTHUECKOM NPOJOJNKEHHH DPelleHHH BJAOJb
OCH ! TNpUHUMAaeT AJsf CHCTeMH [aMH/IbTOHA CJIEAYIOULYIO
dopmy. Ilycrs pemtennst x,(f), yp(tf) (R=1, ..., n) cucre-
MH (D) 6YAYT peryaspHbIMH JJI © < ¢ < £; H IyCTh COOTBETCTBY-
omast Ayra KpHBOH, H3o0paKaiomledl peuleHHe B NPOCTPaH-
ctBe (X, Yy) 2n usMepenuii, NPHHAJVIEKHUT 3aMKHYTOMY OTpa-
HHYEHHOMY MHOXECTBY, Ha KOTOPOM ¢ynknua IamunbToHa
E (x, y) sBasiercsi peryJaspHoli; Torjaa x,(f), yx(¢f) pery-
JSIpHBl TaKkKe Aaa f=1¢,. IrO0T pesy.nb'raT MHL HCTIOTb3yeM
NpH- HCCAEJOBAaHUH 3aJlayd Tpex Tell.

§ 5. 3ajmaua n Tea

PaccMOTPEM B TpeXMepHOM aaxnnuonom npocrpaucme n
MaTepuaJbHHX Todek P, (k=1, ...y 1), TpuueM n> 1.
[lycTh HX KOOpAMHATH B HENOJABHMKHOH JIeKapTOBOH CHCTeMe
KOOpAMHAT OYAYT Xp, Y, 2, M NYCTb Macca TOYKH P, paBHa
my, > 0. BsaumHoe paccrosine ry, Mexay P, H P,
onpeensiercs: GopMyJoH -

=t — )+ (W — 9))*+ (2. — 2))° (M
(=1, ...,n; I=1,...,n). :

Has ynpomenuss Mt GyfeM uacto 0603HauaTh CHMBOJIOM ¢,
Ji00yi0 U3 TpeX KOODAHHAT X, Yy, 2 H CHMBOJIOM § KaKylO-
aubo H3 3THX 31 BO3MOXKHBIX KOOpAMHAT ¢, (k=1, ..., n);
janee, MH GyneM HHOrJa 0GOSHaYaTh uYepes .1m Maccy My,
KOTOpasi COOTBETCTBYeT TOuUKe ¢ KkoopAunatoil g. Ilpu Hap-
JiexKalleM BhIGOpe OCHOBHBIX eJHHHIL CHJIOBas (YyHKUHUS AAs
HBIOTOHHAHCKOI'O0 NPHTAKeHUs GyAeT HMeTb. BHUJ

mym
U= 2 ,il’ ‘ (2)

ypaBHEHHH ABHXEHHA B 3a_11aqe n TeJql MOXKHO 3anucarb
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B COKpAIIEHHOM BHJe CJIeAYIOUWHM O0Opas3oM:

mq=U,; 3)
agech uepes U, oOosnaueHa uacTHasi NPOH3BOAHAs OT U
no ¢. ODTH YypaBHEeHHS MOXHO 3dNHcaTb TakKke B BHJe
cuctemnl 6n audpepeHNMANbHHX YpaBHEHHH NEpBOro Mnopsii-
Ka ¢ 6n HeH3BeCTHBHIMH (YHKUUSMH ¢, U BPEMeHH [:
g=v, v=mU, (4)
OG6o3HauuM Tenepbh HayajbHBE 3HAUeBHs Uil JIeHCTBUTEb-
HOro f = T MH/IEKCOM T, KOTOpHIi He cJelyeT MPHHAMATh 32 3Ha-
yoK au¢depeHuupoBanns; Toraa 6n AeACTBHTE/bHBIX BEJHYHH
g = qr, V=707 OYAYT YNOBJIETBOPSATb YCJIOBHAM
re=pu>0 (Bl k=I1,...,n I=1, ..., n), _
rfe py, — NPOH2BOJIbHBL. 3ajaua 7 Tesl COCTOMT B ONHCAHHH
ofIiero NoBeJIcHHsl BCEX pelleHHH ypaBHeHHH JBHKEHHS I
POM3BOJILHO 3afaHHBIX HaualbHEIX 3HaueHuii. HecMorps Ha
yCHJIHS BbIJAIOWIKMXCS MAaTEMaTHKOB B TeYeHHE TNOCJEJHUX
200 ser, 3Ta 3ajaya OCTaeTCA HEpaspElleHHOH A cJyyast
n> 2 u o CerofHslIHero JXHd. ;

B 1858 r. Hupuxae [l] coobwua csoemy apyry Kpo-
HeKepy, YTO OH Haies OOUMH METOX PacCMOTpeHHs 3ajad
MEXaHUKH, H XOTS 3TOT  MeTOj He IPHUBOLHUT K INPSMOMY
HHTErpHpOBanuio JAuddepeHnuanbHbiX ypaBHEHHH JBHKEHHA,
HO JaeT IOCJefoBaTesibHble TPHOJIMKEHHS K pelleHHio 3aja-
uu. B fpyrofi Geceje OH cCKasag, KpoMe TOro, 4TO €My
yaanoch JI0KasaTh YCTOHYHBOCTb IJIAHETHOH CHCTEMbI. Hu-
puXJie BCKODe yMep, He OCTaBHB Nocje cefsi HHKAaKHX NHChb-
MEHHBbIX 'yKa3aHHWH 00 3TOM OTKDHITHH, NOTOMY Mbl HE HMe-
eM Gosiee NOAPOOHLIX CBefeHHii 06 31oM MeTojle. Befiep-
mTpace NPeNOJIOKMJ, YTO 3[€Ch LA peyb O PasJOXKeHUH
B CTeNeHHbie Psifisl, W MNONbITAjCH HAHTH COOTBETCTBYIOILEE
pelleHre 3ajayd 7 -Tes; 00 9TOM OH FOBOPHJ TaKXe CBOMM
yuennkam C. Kosanesckofi m TI'. Murrar-Jleppaepy [2].
[To npepnoxkenuio «Murrar-Jledpaepa, TOrjalIHuyg KOpOJb
Miseuun u Hopserun yupefus /[axe NPeMHIO 3a pelIeHHE
3ajlaud, KOTOpasi 3aKJIOYaeTcsi B HAXOXKJEHHH ~NPHTOJHBIX
VIS MOObIX 3HAUEHHH BPEMEHH Da3JsOXKeHHH B psi/ibl KOOPJAHHAT
B sajaue n Tea. Aty npemuio noayuna B 1889 r. Ilyaukape;
XOTsi OH TaKxKe He HallleJl pelieHHs] NOCTABJIEHHO# 3ajauH,
BCE Xe  ero HPEMHpOBaHHaﬂ pabota. [3] mosma opuruHajb-
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HbIX HjeH, KoTopble UMesH GOJbLIoe 3HAYeHHe JJif TOoCJefy-
IOUIEr0 PAa3BHTHSI MEXAaHHKH M OIJIOJOTBOPUJIH APyrHe pas-
nenbl Martemarvkd. Haxkomen, 20 ser cmyers 3yHaMaH pe-
WK 3Ty 3ajauy Anasd cayyas n=23. I'naBHas TPyAHOCTD
3ajaud CcoOCTOsJa B TOM, YTO HE YJaBalioch C IIOMOIIbIO
COOTBETCTBYIOIWIHX HEPAaBEHCTB JJIs HAyaJbHBIX YCJOBHH
HCKJIOUHTL CTOJIKHOBEHHSl JBYX Tes. 3yHAMaH obolues 3Ty
TPYAHOCTb, BBEAsl BMECTO BpeMeHH ! HOBOE HE3aBHCHMOE
nepeMeHHOe @ TaKuM o00pasoM, 4YT0 { H BCE KOOPJHHATHI
g KaK (QYHKIHE ® OCTAalOTCS PeryJIsIipHbIMH H NPH CTOJKHO-
BEHHH JIBYX TeJ; OH MOJYYHJ pasNoXeHuss Jisd ¢ Hu ¢
B psAjpl MO CTENEHSIM o, KOTOPble INpPEeACTaBASIOT BeCh
X0/l JBHXKeHHs. ITOT BaKHbIH M KDacHBBIA pe3ysbrar OyjeT
NOAPOGHO H3JIOXKEH B OCTaBLUEHCA YacTH INEpBOH TIJaBHL
HOast 7> 3 COOTBETCTBYIOUIKH pe3yJbTaT HeH3BECTEH.
[Ipexxne Bcero HaiifieM jaas mo6oro n > 1 jecats Kiac-
CHYUeCKHX WHTerpauos 3ajiaun n Tena. Hs (1) u (2) noayuum

Up=2 "5 (=) (k=1 .., m),  (5)
Ik
CJe10BaTeJbHO,
3 Ugy =0, | (6)
h=1

¥ VPaBHEHHsl JBHXKeHH: ¢4) nanyr
n * .
hﬁi MV =0, U = gy,

OTKYJa TOJYYaloTCsl UIECTh HHTErpPajoB JBHXKEHHS LEeHTpa
HHEpIMH:

> mh:xk =a, X mh!./k =b, 2 &=
r=1 h=1 k=1
X my (5, — tx) = a%,
h=1
. | @
kgﬁ my, (Y — ty) =b*,

n .
121 my, (2, — t2) =C*, J
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HJIA

n n
21 myx,=at+a*, D myuy, = bt+b*,
k= h=1

n
2 myz, = ct +C*r
k=1

C IeCThIO TNOCTOSIHHBIMM MHTErpHpcBanus a, a*, b, b*, c, c*.
Ecan py, 0603HavalOT Kakue-THO0 K3 NePEeMEHHBIX Xy,

ke r K

Y, 2p Tpu k=1, ..., n, TO U3 paBeHCcTBa (5) MOJYYHM

UgP —Up, qr= —pgr) (k=1, ..., n),

Ik
OTKy/Ja caefyer

k_Zl (UgppPr — Up,q,) =0.

VpaBHeHusi apHxKeHHs (4) AafyT HAM COOTHOILEHHS
n . L]
hgi My, (VpPp —Upgr) =0

Up = Qg Uy = P,
M3 KOTOPHIX NOJIYYAlOTCS TPH HMHTErpaJia MIIoajien:

3\

n . .
2 My (Yp2p = 21Yr) = &,

n

k§i My, (4%, — Xa2y) = B, ) (8)

th xhyh hxk) =Y,

C TpeMsl NOCTOSIHHBIMH HHTErpHpPOBaHHA a, B, 'y Hakoneq,
U3 ypaBHeHHH (4) noJyuaeTcs NpH CYMMHPOBAHHHM MO BCEM
KOOpJHHAaTaM COOTHOLLIEeHHe

; (mvo—U,q) =0,
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H3 KOTOPOIrO BbLITEKAET HHTErpaJ 3HEPruH

T—U=h _ (9)
C MOCTOSIHHOH HMHTErpHpOBaHHA /1, NpHYEM ‘
1 : 1
T=-2—2mq2=7.2mv2 (10)
q v

00603HaYaeT JKUBYIO CHJIy CHCTEMbl MaTepHaJBLHbIX TOUEK.
C noMowpbio HaHjeHHbIX gecsTH uuterpasoB (7), (8), (9)
MOXKHO HCKJIOUHTh H3 VypaBHeHU#l JBHxKeHus (4) HecaTh
KOODAMHAT ¢, U H IpPUBECTH JaHHYIO cHcTemy K 6n— 10
AuddeperiiHanbHBIM YPaBHEHUSM NEpPBOro 1opsijka.
3ameruM, uto Jesble wactd uuTerpasoB (7), (8), (9)
ABAAIOTCH anrebpanyecKUMH (yHKUHAME 6n -+ 1 nepeMeHHBIX
g, v, {. MOXHO NOCTaBHTB BONPOC, CYLIECTBYIOT JH €lle TakHe

a.nre6panqecxne HHTeraJlbI. Hnsa pasbsiICHeHHsI 3TOro BOIpPOCa
HYXXHO IIpe€XJ€ BCEro yTOYHUTEL HNOHATHE HHTErpaJa. HYCTL

fo=fuln 1) (k=1, ..., m) (11)

onsATh ABJAETCS CHCTEMOH m Au¢depeniUabHBIX ypaBHEHHH
NepBOro mNopsika, HO NpaBble YacTH STHX YpaBHEHHH Temepb

MOTyT 3aBHCeTh HE€ TOJBKO OT X;, ..., X, HO H OT [.
Henpepoisao = nudppepennupyemast ¢ynkuusi g (x, t) m-+ 1
HE3aBHCHMBIX Il€peMeHHbX Xy, ..., X, ‘M [ HasblBaeTcs

uarerpasioM cucremsl (11), ecnim oma ocraercsi NMOCTOSIHHOH
Ha KaXJOM pemeHHH x=x (f) cuctemnl (11). D10 O3Hauaer,
YTO OHAa Y/OBJETBODSET TOXKIECTBEHHO IO BCeM NepeMeH-
HBIM X, ! ORHODOXHOMY - JiHHeHHOMY AHu(depeHIHATEHOMY
YPABHEHHIO B YACTHBIX NIPOM3BOIHLIX INEPBOTO NOPAJKa

gt 2 I 5 )84, =0.

Ecim paiineno [ wurerpanoB g=g,, ..., g=g, CHCTeMbl
(I1), To OHM Ha3wBalOTCS HE3aBHCHMBIMH, €CAH (YHKIHO- -
HajlbHasi MaTpHIia, o6pa3oBaHHash M3 m -+ | YacTHBHIX NpPOH3-
BOIHBIX 3THX HHTErpajoB Mo X,, ¢, umeer paur [. [lanee,
MHTErpasl HasblBaeTcsi asireGpaHyecKHM, €CJH OH SABJISETCH
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anreOpanueckod ¢yHKuuel ot Xx,, f. Cne0BaTesbHO, BhILE
y Hac ObuiM HafifeHnl B cayvyae n > 1 Jecarh ajreGpaunye-
CKHX MHTErpajoB CHCTeMbl An(pepeHIHaNbHBIX YPaBHEHHH
3amaud n Ten (4); JNErKO BHJETh, .UTO OHHM HE3aBHCHMBI.
Bpync [5] nokasan HHTEpeCHYIO TeOpeMy: He CYIIeCTByeT
HH OfiHOro ajreGpaHyecKOro HHTErpaja CHCTeMbl (4), KOTo-
pbiil GblT Obl He 3aBHCHMBIM OT JIeCsiTH KJaccuueckux. OTciona
clellyeT, 4YTO KamkJblfi asnre6panuecKHil MHTErpaJl CHCTEMbI
(4) Oyner anreGpanyeckoll (yHKIHEH y:Ke H3BECTHBIX JAECATH
uuterpanoB. C Jpyroil CTOPOHB], B CHJIy TeOpeMbl CYIIECTBO-
Banus cucreMa (4) Jo/KHa MMeTh 67 HE3aBHCHMBIX HHTer-
pasoB, HO oHM mnpH 6n > 10 He Moryt ObiThb BCce ajre-
OpanueckuMH. Tak Kak Jl0Ka3aTeJbCTBO TeopeMbl DBpymnca
OueHb JJIMHHO, OHO He MOXKeT ObITb, K COXKaJeHHIO, 3/IeCh
TIOMEIIIEHO.

[IpuMennM Tenepb JOKa3aHHYI0 B NpeiblAyllleM [aparpa-
tde TeopeMy cymecrsoBauus Kowm k cucreme (4). Ilpu -
3TOM < ¥ HaYaJbHBle 3HAYEHHS ¢ =(§., V=0, OYAyT JeH-
CTBHTEJIbHBIMH, B TO BpeMs KaK JJis OnpeeJeHHsl BXOAALINX
B TeopeMy CYIleCTBOBAHWS - IIOJIOXKHTEJbHbIX [OCTOSHHBIX
r, M BeoG6XoJUMO NpPHHHMATb BO BHHMaHHe KOMIJIEKCHbIE
3HaueHHsl nepeMeHHBIX. [lo NpeANoJIOKEHHIO, HAayasbHble 3Ha-
YEHHSI 7hie =D > 0 (R =~1). Ilycte A ecTb BepxHsisi rpaHb
U npu ¢ =, crefoBaresbHO,

U:. <4;
Aanee, mycTb
' "~ Minp,, =p, Minm,=yp. (12)
kel k
Torza us (2) umeem
| B <U.<4,
Nno3TOMYy -
p>p?AL (13)

Uro0bl MOJYYHTH BEPXHIOIO OLEHKY alCOJIIOTHBIX 3HaYeHUH
nponsBojHblX U,, OLEHMM IpexJe BCEro CHH3Y 3HAYEHHs
|7y ] (B #1) Ana KomnjekcHbX q BOMM3H ¢.. Ecau oGosHa-
YHTb /U151 COKPAUIEHHS TPU BbIpAXeHHS (§ — Gr<) — (§; — Gix)
msa g=1x, y, 2 yepes ¢, 9, x, 70 HepaseHctBo llipapua
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COOTBETCTBHH C paBeHCTBOM (1) nmact ouedky
700 2> B — 200 (@ [+ 1D+ x )2 +
(e PP+ (14)
Teneps, ecin
lg—g:1 <7 (1)

s BCex ¢, TO ¢, §, y no abcomorHoil BenuunHe GyayT
MeHblle p/7, cieloBaTesbHO,

o2+l 41y P <34 <22,

U BeseficTBHe cootHowenult (12), (14) umeem Takke

[The [* >Pkl—79kzp+159 > 7 PR,
(16)
Irkll>—2_Pkl'

Baarozaps ouenke (13) mepaBenctso (15), naBepuoe, OyjeT
BBITIOJIHEHO, €CJIH

!q—q1|<—147, (17)
TOTJA JAaJnee IoJyuaeM
Ich-th<lq[—qnl+lqh—qkel+lqn—qml<
<-= +th 7sz

B coorserctBuu ¢ HepaBeHcrBamu (13), (16) Gynem uMeTb

qL—4n 64 2 64 10 4
T ‘\ <Phl 7 Pri =7 PRI < A (k=+1),

|miiUg, | = ‘ 2 7 @— )
Ik

<cA* (k=1, ..., n),

NpuUyYeM COOTBETCTBYIOLIAsi IOJIOKHTeNbHasl NOCTOSIHHAA ¢,
GyJZeT 3aBHCETb TOJBKO OT MAcCC. ¥ YUThIBasi PAaBEHCTBO ¢ = U,
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B COOTBETCTBHH C HHTETrpaJiOoOM 3HEpPruu 6y11€M, KpoMme TOro,
HMETb cJejyroliee COOTHOUICHHE:

S < Te=U.+h<A+h,

IU'°I<C2VA+h9
NpUYeM ¢, TaKKe 3aBHCHT TOJIBKO OT Macc. Ecau nonoxute

2

A= (18)
u notpe6oBaTh, KpoMe ycaoBHs (17), BHINOJIHEHHS HepaBeH-
CTBa

[v—v.| <,
TO 6yﬂeM HMEeTb CJleIlleU.lyIO OII,eHKy:
lv|<|ov—ue|+|ve| <7+ V A+,

Hrak, ecau mocrosiguble r, M, BXoAdluiue B TeopeMy Cylie-
CTBOBaHHUSI, ompejensiorcss paBeHcTBoM (18) m paBeHcTBOM

M=c, e+ 2o, VAT,
Tb peweHnue g (f), v(t) = q (¢) cucteMsl (4) peryJisipHo B Kpyre

r
=< < T =°
H, B YaCTHOCTH, B MHTepBaje © <! < ©-+3. Paguyc 3 3aBucur
T0JbKO OT A, h M oT Macc.
PaccMoTpuM KpHBYIO, H300paKalollyio pelieHHe B Ipo-

crpaHcTBe 6n KOOpAMHAT ¢, V=q npu >, Ecan £t —1 <3,
T0 ¢ (f) ABAsiloTcst perynasipHbiMu Qynkuusamy £, [lpu 3tom,
B YACTHOCTH, HE MOXKET NIPOU30HTH COyNapeHHs], TaK KaK HHaye
cunoBast ¢yHKuuss U crana Obl GeCKOHEUHOH, CJIeJ0BaTeJIbHO,
B COOTBETCTBHH C HHTErpasjioM 3HeprHH GeCKOHEeUHOH cTasa Obl
¥ KuHeTHYecKas sHeprust T, a BMecTe C HEO 10 MeHblIe#

Mepe OJlHa M3 COCTaBJSIIOUIHX CKOpOCTH ¢ (f), 4TO MpOTHBO-
peuuT HokasaHHOH peryJsipHocTH ¢ (t). OcyuiectsuM Tenepb
AHAJIATHYECKOE NPOJOJIIKEHHe pelleHHs I JeHCTBHTE/bHBIX
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t > <. Torpa nu6Go Bce 67  KoOpAMHAT JJsl BCEX KOHEYHBIX
NleHCTBHTE/IbHBIX MOMEHTOB BpeMeHH ¢ >t OYAYT peryJspHbIMH,
Au60 CyeCTBYyeT OCOGEHHOCTh ISl MOMeHTa ¢, > © IO Kpai-
Hell Mepe 15 OXHOH M3 Koopauuar ¢ (f), HO Bce ¢ (f) mpH
t<t < t, ocTalOTCsl peryJsipHbIMH. Mbl yTBepxjaem, uro U
npd BoapacramoueM f-—>f, craHer GoJbliue JIOGOrO IOJNOKH-
TEJLHOTO YHCJA H, CJeJ0BaTes]bHO, CTPEMHTCS K IIOJIOXH-
Tenbroll Geckoreuroctd. Ecau 6b 5T0 GbL1o He TaK, TO
cymecTBoBajia Obl Takasi TOJIOXKHTeJbHAass KOHCTaHTa A
W TaKasi CXOJSWAsCS K f; CHH3Y IOCIeJ0BATe/IbHOCTE MOMEH-
TOB BpeMeHn Ty >, LM KOTOpOH

Uz, <A.

Torxa BeGepeM 7T, > ¢, —38, IJe o — BelHYHHA, BBeJeHHas
B mnpefblAylleM ab3aile, X NpPHMEHHM TeopeMy CYILECTBOBa-
HHSI C pacCMOTpPeHHeM <t, BMecTo t. K3 3Toi Teopembl cJe-
AyeT, 4T0 BCe g (f) OCTAlOTCS -peryJIipHbIMH Takxke NpH ¢ = Iy,
YTO NPOTHBOPEUHT CMEIC/Y BbiGOpA MOMeHTa t;. W3 TosaBKO
YTO JIOKa3aHHOH TeopeMbl O cTpeMieRHH U-— oo npu ¢—>1;
cJle/lyeT, ecjii TPHHATb BO BHHMaHHE (2), uTO Hanmenbmee
u3 n(n—1)/2 paccrosnnit r,, (k<l) pna {— t; cTpeMurcs
K Hy.JIIO.

§ 6 Coynapenue

"IHecTs HHTETpaJOB JBUKEHHSA nentpa uuepuuu (5; 7)
FOBOPSAT O TOM, YTO HEHTP HHEpUHH P, CHCTEMbI n TeJ JBH-
XKercsl TpsMOJHHEHHO M paBHOMepHOo. BpesjeM mnapaJens-
HbIM TI€pEHOCOM HOBYIO MNOJBHIKHYIO CHCTEMY KOODJAMHAT
¢ nauvajioM B P, YpaBHeHHs [BuKeHHs (D; 3) TIpH 3ITOM
npeoGpa3oBaHuK KOOPAHHAT OCTaHYTCS HHBapHaHTHBIMH. [To-
3roMy B JlafbHeHleM Mbl OTPaHHYHMCSH: TOJBKO ‘cIyuaeM,
Korja P, JI€XHT B Hauaje KOODJHHar. :

3ynaMaHoM -Oblla J0KasaHa BaxkHas 'reopema, nosjHee
BBISICHHJIOCh, YTO 3Ta TeopeMa Obuia H3BecTHa Befiepmitpaccy,
HO He Oblla UM JloKa3aHa. Teopema r.jacur:

Ecnu nnst MoMeHta {=1{; BCe n Te&J CTaJKHBAKTCS
B OAHOH TOUKe, TO BCe TPH IOCTOSHHbIE n.nomazlen a, B, 1
paBHBHI HY.JIO.

Tak Kak HeHTp HHepUHH P, JIeXXUT B Hayajie KOOpPIH-
HAT, TO CTOJIKHOBEHHE BCEX # TeJl MOXKeT HMeTb MeCTO TOJIbKQ



$§ 6. Coydaperue ... 45

B Touke 0. BBeJeM BbipameHHe
. n
[=2Y mgt= 2 my, (zk+ yk+ 20)-
q h=1
Mpu =<t < ¢, uMeeM TOrAA

— 3} mgq, ()
q

1 .
5 1= m(g*+4qq)=2T + ) qU,.
q q

Tak kak U sBasercsl OAHOPOJHOH (yHKNMEeH MHHYC NepBOH
CTeNeHH OTHOCHTEJIbHO KOODJHHAT ¢, TO IO H3BECTHOH Teo-

peMe diinepa
; qu == —

BCJICACTBHE UE€ro noJiydyaeM ypaBHeHIrlé
1o
3 [=2T U,

HassiBaeMoe ypaBuenueM Jlarpanxka. Hcnoab3ys wuHTerpan
sneprun T —U = h, noayuaem

»~‘1‘ T-|-h U+ 2h. (2)

l'Ipexme BCEro Mel He npenno.naraeM 3apaHee, UTO B MOMEHT f,
TNIPOHCXOJMT CTOJIKKHOBEHHE BCeX MaTepHa/IbHbIX TOYEK; Mbl
cuyutaeM TOJIBKO, KakKk H B NpeAblAyilleM Tmiaparpade, 4to I
ABAsieTcsl OCONOH TOUKOH 10 KpalHed Mepe /51 OJHOH
KoopauHathl g (¢). Kak Mel yxe Bujean, B 3ToM ciydae U
CTpeMHTCS K oo IpH {—> {;, N03TOMY AJI AOCTATOYHO 6JM3-
KOro K ¢, MoMeHta {, <{, mnpaBas uYacTb YypaBHeHHS (2)
BO BCEM HHTepBaJe f, <t < f; N0JOXKHTENbHA, CJIef0BaTeJbHO,

T>0 (t,<t<ty).

[lostomy ¢yskunsi-/ MOHOTOHHO BO3pacTaeT B 3TOM HHTep-
Baje. Mbl MOXeM TaKke NPHHATb, YTO | B paccMaTpHBaeMOM
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HHTEpBaJje Ju6o Besje TMOJOXKHTEeJbHA, JUOO Be3je oTpula-

TeqbHa. B camoM jiesie, TpPEANOJIONKHM, uTo /| MeHsieT 3HaK
B MOMeHT f;. Bribepem HekoTopoe f, Mexpy ¢{; u f,. Toraa
B uurepBane f,<t < t, nojoxureabnass ¢yskuusa [ MOHO-
TOHHO BO3DACTaeT HJIM MOHOTOHHO yObIBaeT M, CJe/0BaTeJbHO,
npu {—> ¢, uMeeT npefe]. DTOT @pesesi Mo onpejeneHHio |
TOrZlAa W TOJBLKO TOTJA paBeH HYJIO, eCIH B MOMEHT f; BCE N
TeJ CTOJKHYTCSI B OJHOH Touke.
Hcnonbsyem Tenepb anreGpaHueckoe TOXKAECTBO

g g g
2 & 2 713=( 2 Ekﬁh)z'f‘ 2 (&rmy —Ezﬂh)g,
=1 h=1 h=1 r<l

nosarass B KOTOpoM g =231, Ey=qVm, m,=qV m, mu
noayuuM ¢ nomouipio (1) gopmyay

)
AT =5 P+ Z (&rm — &)™
' k<l

B nocnegnelt cymme o6paTUM BHHMaHHE TOJIBKO Ha Te YJIEHBI,
B KOTOPbIX BEJHUHMHBI £,, 7, OTHOCATCA K ONHOM H TOi XKe
MaTepHajbHOH TOUKe; 3TO NacT HaM CJEJYIOLLYI0 OLEHKY:

k2
1 : N
2IT > 12+ ) m} {(yn2x — 2b)* +
h=1

+ (20X — xkék)z + (xk!;h - yhj.ck)ﬂ - (3)

C npyroit cropousi, HepaBeHcTBo IliBapua BesieacTue (5; 8)
Aact : :

n n
a? = lhz'i My, (Yn2r — 2aY0))2 < ”kgi mi (Yn2p — 21Yn)*

K anaJIorn4nbieé COOTHOWICHHA JJid B, v NOo3TOMYy HEpaBeH-
CTBO (3) NpUBOAUTCA K CJeRylolleMy BHAY:

1 2.1.82.1 o2 '
OIT >4 jgn, - q= EBET (4)
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Hnsi ueneit HacTosillero naparpaga AOCTaTOYHO B3STh
BMecTO (4) Gosiee ciaboe HepaBEHCTBO

2IT >,

KOTOpOE BCJEJCTBHE (2) PAaBHOCHJILHO HEDAaBEHCTBY

I'> I+ 2n. (5)

[Tycts Teneps I MOHOTOHHO yGbiBaeT B MHTepBase f, <t < ;.
YmuoxuM (5) Ha mnosoKuTeJpHOE uHCJIO — 2/ W TIPOHHTE-
rpupyeM or f, fo t. O6o3nauas yepes [,, [, COOTBETCTBEH-
HO 3Hauenust [, [ npu t=1,, nonyuHM

. . ’ I

I§—I2>2nln72+4h(12——1);
TeM GoJiee CIpaBefJIMBO HEPABEHCTBO

I\ .
2n1n—;’—<1§+4|h]12 (t, <t < 1Y) (6)

Otciona cnefyeT CyllecTBOBaHHe 1is [ TOJOXKHTEJIbHOH
Huxkueil rpamm, ecim m >0, T. e. ecad He Bce a, B, Y
.paust 0. Ecsom, ¢ gpyro# croponsl, I B uurepBane f, <<t <f;’
MOHOTOHHO BO3pacTaeT, TO TaM, O4eBHAHO, [ >I,. B kaxjom
cayyae, cJiegoBaresbHO,” | uMeer B HHTepBale f, <t <t
TIOJIOKHUTENbHYIO HUXKHIOI I'paHb, ecad Tosbko 7> 0. Ecuu

00603HaYUTh Yepe3 p, PACCTOsSIHHE TOYKM P, OT I|eHTpa HHep-
IuH, T. €. OT Hayaja KOODJMHAT, TO

n
I= 2 mypk.
E=1
Hanee,
n
z myq, = 0,
h=1

CJeoBaTECJIbHO,

n
2 ™ (9= qa) = Mg,
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rae
M= 2 mh,
K=1
n .
. qu<k21mh(ql—qh)2 (=1, ..., n),

MI<2 mymrh.
-kl

TlostoMy ecan 4> 0, To HauGoJbmee B3 n(n-—1)/2 pac-
crosiuuit r,, (k<l) B mHTepBaNe (¢, <t<f;, a 3HAUHT
H B HHTepBaje © < { < f, ocraercs 6oJblle HEKOTOPOro MOJO-
XHUTEJHHOIO YHCJIA, H TOTAA B MOMEHT f; CTOJKHOBEHHS He
MOXeT ObiTh. TeM caMbiM TeopeMa JIOKasaHa.

Hanee B 310# rsiaBe GyaeM paccMaTpHBaTh TOJBKO CJy-
yait n=3. Mbl XOTHM JlOKa3aTb, YTQ TpH TOCTOSHHEIE IJO-
majeil «, B, Y TOILKO B TOM Cllyyae MOI'yT ObITh BCE PaBHbI
HYJIO, €CJIH JBHXKeHHe TpeX TeJ NPOHCXOAHT B HEKOTOPOH
HEeH3MeHHOH mJockocTH. Tak Kak a®-+B24y% u ypaBHeHHusa
ABHXKEHHS] NPH OPTOrOHAJbHBIX NPeOGpa3soBaHHAX KOOPAHHAT
OCTalOTCs HHBAPHAHTHBIMH M, KpOMe TOro, LEHTpP HHepuHH P,
HAaXOAUTCSl B Hayaje KOODAMHAT, TO MOXKHO NpDHHSITb, YTO
NpH ! =t TPHU MaTepHaJIbHbIE TOUKH JIEXKAT B IJIOCKOCTH 2 = 0.
Torpa u3 (5; 8) npu a—? Y= 0 nojyyaeM, B 4YaCTHOCTH,
ypaBHeHmz

zv mhyhzh=0’ 2 mhxh2h=0 (t=1:);
k=1 h==1
KpoMme TOro, ‘
' 3
2 mhzk = 0,

TaK KakK LEeHTp HHEPUHH OCTaeTCH HGHO}.IBPDKHBIM. Uz stux
'rpex OJJHOPOJAHBIX JIHHEHHBIX ypaBHEHPlH VI BeJHYHH

Mz, (k-l 2, 3) npu t=rt cuenyer JHOGO paBeHCTBO
HyJII0 zh npu t=r, JH60
X, Xy Xg

Y Y2 Ys ="_'0 (t= %)
1 1 U '
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B nepBoM ciyyae HanpaBjJeHHsl HayaJbHbIX CKOpOCTeH Tpex
TOYEK JieKaT B MJOCKOCTH 2 =0, OTKyZJa BCJEeJCTBHE TeO-
peMbl O €HHCTBEHHOCTH DPELUEHHS] CHCTEMBI Juddepennuannb-
HBIX ypaBHeHHH JBHXKE€HHsl 3aKJIOUMM, 4YTO TOrja BCE TPH
TOYKH Bcerfa GyayT OCTaBaThCl B 3TOH IJOCKOCcTH. Bo BTO-
pOM cJiyuae TpH TOUKH B MOMEHT f=rt JexaT Ha OXHOH
OpsIMOH; TOTJa OCH KOODAMHAT MOXHO NOBEPHYTb TaKHM

o6pazoM, uroObl NpPH =7 DaBHAJACH HYJIO BEJHYHHA Z,.

Ecay  BCKJIOYHTH yKe paccMOTpeHHHH caysah 2, =0
(B=1, 2, 3), To U3 BHIIICYNOMSAHYTHIX YPaBHEHHH CJIEyET

Y=Y X=Xy (t=7).

Hrak, Touku P,, P, cOBnafyT B MOMEHT f[=r, 4TO NPOTH-
BOpeuHT mnpeanoJoxeHHoMy. IlosToMy yTBepxeHHe JI0Ka3aHO.
, B uyacTHOCTH, MOXHO IIOKasaTh, 4TO B CJyyae coyjape-
HHSI BCEX TpeX Tes JBHKeHHe 0053aTesIbHO NPOHCXOJHT B He-
nofBHXHO# mJjockoctd. Ciyuafi TpOAHOrO CTOJKHOBEHHS (CM.
[1]—[3]) 3mecv Gosee paccMaTpHBaThcsl He Gyjer.
Wrak, B nansuefimeM GyjeT npeAnolaratbes, 4o a? -+ f2 -
~+7v2 > 0. Torza u3 Hamero npeibiAyWIEro pe3yJbrara clefyer,
uTO JJIMHA HAauGOJbIIeH H3 TPEX CTOPOH TPEYTOJILHHKA Iygy I3,
733, OGPa30BAaHHOIO MaTepHaJbLHLIMH TOUKAMH, O paHUYeHa CBep-
Xy npH < < ¢ < ¢, NOJOXHTENbHBIM YHCIOM . C ApYro# cropo-
HEl, pe3yAbTaT mpejblyilero naparpaga ryacHt, YTo HaHMEHb-
asi M3 CTOPOH 3TOr0 TPeyrojbHHKa cTpeMHTcs: K 0 mpH
t—>t,. Ecau pnuna 5TOH CTODPOHBI €CTb 7, TO {; MOXKHO BhI-
6paTh HACTOJMBLKO OJH3KHM K f;, 4TO r IpH I, <t <t OyAer
ocTaBaTeCs’ MeHblle /2. Ho Torja Bo BceM 3TOM. HHTEpBaJe
BpEMEHH HaMMeEHbIlell JIOJKHA OCTAaBAThLCS OJ{HA M Ta JKe CTO-
POHA Tpeyro/bHHKA; AeACTBHTEABHO, B IPOTHBHOM CJydae H3
cooBpaxkeHHil HenpepeIBHOCTH CJENyeT, YTO JBe€ CTODOHbI
TPeyroJibRHKa OyAyT JAJsi HEKOTOPOro MOMeHTa ! H3 3TOro
WHTepBaJia MeHblle /2, a TO'a TPeTbsl CTOPOHA TaKke Gy-
JeT MeHble e, YTO MPHBOAMT K MpoTHBOpeuuio. Ilosromy
MeHblIe &/2 ocTaercsl B HHTepBaje f, << {, OfHA H Ta XKe
CTOpOHA TPeyroJIbHHKA, HANPHMED 7y3, M Mbl GyJeM HMeTh

’13<‘;—, f12>';—’ "23>'§‘ (<t <ty (M

4 3akas N 1032



50 T'a. 1. 3adaua mpex men

Urak, npu {—{; K HyJI® CTPEMHTCS TOJIBKO PacCTOsHHe
Iyg=1, B TO BpeMsd KaK JBa JPYrHX DACCTOSIHUSI OCTAIOTCS
GoJiLllle HEKOTOPOTO IOJIOXHTEJNbHOTO YHCJAA, H B MOMEHT
t = t, crankuBalotcs TOukH P, u P,. '

HyxXHo Temnepnb nokasaTbh, YTO 3TO CTOJKHOBEHHE IIPOHM30M-
JieT B onpeJiesieHHOH Touke npocTpancTBa. K3 ypaBHeHHsi ABH-
KeHHS

Ziz =':L;‘;f (9:—92) +%Z (95— q2)
Cﬂe}lyeT Oll€HKa

m, mg

ris ris ’

|27‘2|<

OTKYJZa B COOTBETCTBHH C HepaBeHCTBaMH (7) BhITeKaer orpa-
HHUEHHOCTb ¢, B HHTepBane f,<f<#. Ilocae pByxparioro

VHTErPUPOBAHHS HOJYYUM, 9YTO ¢, H @, NPH ! —> 1, UMEIOT
'BEPXHIOI0 I'paHb; IO3TOMY TOuKa P, npu !-—>t; HMeeT Ipe-
JieJIbHOE NOJIOKEHHE M paBHBIM 00pa3oM HMMEET HEKOTOphie
npejesbHbE  3HAYEHHS , COCTABJSIOMHX CKOpocTH. Tak' Kak,
C JApYro# CTOpOHbI, pPasHOCTb §, — (s NpH ¢—>1; CTPeMHTCH
K HYJI0O H TaK KaK IEHTD HHepUHH CHCTEMBl HaXOJHTCA
B Hayaje KOOPJAHMHAT, TO M3 COOTHOLIEHHS M,q,—+ MyGs
+ mgyq; =0 caepyer, 9TO0 ¢ U gy MMEIOT TaKkKe Npefes IpH
t—t,. 3HauuTr P, W P; B JeHCTBHTEJHHOCTH CTOJKHYTCH
B onpeieleHHodl Touke mnpoctpaHcTBa. OTCl0fa Takxe cie-
JIyeT, 4TO MOHOTOHHasl (yHKIuMa [ orpaHuueHa B HHTepBaje
t, <t < t;, nostoMy I uMeeT mpH ¢{-—>1, KOHEUHBIH Hpejel.

Hao6opoT, cnefyeT oXuIaTh, YTO CKOPOCTH ToueK P, u Ps
npu {— £, cTaHOBsITCS GeckoHeuHO GosblMMH. UTOOBI HCgIe-
JOBaTh 3T0 NOAPOOHO, 0G03HAUHM CKOPOCTh TOUKH P, uepes
V. (=1, 2, 3) u BanuileM HuTerpaj 3HEPrHH B BHJe

3 . : .
5 mVi=T=U+h.

k=1
Tak Kak r =ry; Npu t—> {; CTPeMHTCS K HYJIO, B TO BpeMs

KaK BEJHUMHH OGEHX JAPYrHMX CTOPOH TpeyroJbHHKa HMEIOT
TOJIOXXHTEbHYIO HUKHIOW- TPaHb, TO mpoussefenne rU crpe-
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MHTCH K mymgj, T. €.

rhzl mVi—2mm,  (t—>t,). (8)

INostomy, B uacTHOCTH, BhipaxeHus rVi, rqi, r /2q k=1,2,3
OCTalOTCS TIPH coynapemm OrpaHHYEHHBIMH. Bcneacmue co-
OTHOLIEHHUSI m1q1+m242+m3q3_0 HMeeM jiasiee

2 2 __ 2 1/on
r(ml‘h)' "r(maqs) = Myr*/e {mzrlhqa‘i‘zms% (r'/2q5)}.

B ¢urypHbix ckoGkax OTHAesbHble COMHOXKHTENH k=1, 2, 3
OCTalOTCSl OIpPAHHYEHHBIMH, B TO BpEMs KaK MHOXKHTENb r'/2
cTpemuTcs K Hyso. CrenoBaTtensHo,

r(myq,)* —r (mygs)*—> 0,

r(mV,)2 —r(mgV,)2 — 0.
Tak Kak Belpaxenue rm,V? CTPEMHTCS K HYJIO, TO COOTHOLIE-
Hue (8) paer dopmyay '

2m3
2 3 .
Vi — o (t—t,); 9)
5Ta (opMyJsa ONpe/iesisieT ACHMNTOTHYECKOE TOBEJCHHE TPH
t=1t, Bemauuu V, u V,.

Pynkuust r~! craHoBuTCs MpH ¢ =/, Geckoneunoi. [loka-
XKEeM BCe K€ CXOAUMOCTh HecOGCTBEHHOrO WHTerpasa

1

g -3 11m§ £, (10)

-t o
Ilpn stoM MBI BocmoJsb3yeMcsi ypaBHeHHeM Jlarpamxka (2)
S I1=U+2n

Tak kak pasHocTb U —-m myry; BCIAEACTBHE COOTHOLIEHHS (7)
ocTaeTcsi B HMHTepBasie t©< ! <{, OrpaHHYeHHOH, TO, Oue-
BHIHO, JIOCTATOYHO YCTAHOBHTb CYLLEeCTBOBaHHE BepXHei

rpany 3HavyeHudl / npu {—>¢,. B mauane mnaparpada O6biio

yXKe MoOKasaHo, uyTo [ ecTb MOHOTOHHAsi (YHKUUSI B HHTEp-
: "
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Baje I,<<t<t,. IloatoMy Mul fo/mKHRE TOJleO JloKasarh,

aro | orpanmuero. C noMoupio MHTEerpajioB JABHXKEHHS IEHT-
pa HHepLHH no.nyqaeM

1 . . .
5= 2 My, (XX + YrYn + 2428) =
k=1 . .

2

= 2 My {(Xp — X3) )ék +(Yr —¥s) !/.h"JF (2 — zaﬂ).ék}
k=1 *

CurieoaredbHo, B cuiy Hepasenctsa Illpapna,
1 2
S 111< D) myrpgVs.
=t o

Ho B cootBerctBun ¢ (9) r3V, crpemures kK Hydio, B TO
BpeMsl Kak ‘r,; H V, orpanuueHbl. [loaToMy cXoguMoCTb
unTerpasa (10) aokasana.

IIpexne uem Gosee mnOApoGHO HCC/ENOBATb B JABYX CJie-

Aylomux naparpadax NpHPOAY OCOGEHHOCTH ¢ W ¢ TIPH f = {,,
c/lelaeM ellle OJHO IpeABapHTeJbHOE 3aMeyaHue, KOTOpoe
OyjieT HCToJib30BaHO B JaibHefimeM. [lo Kpaiinelt Mepe onna

U3 JeBATH QyHKUmil ¢ (f) mpu f—> ¢, GYIET HeorpaHHYEHHOH,
a ¢ynkuuu q(f), Kak Mbl 3HaeM, CTPeMATCS K KOHEYHBIM
npefiesiaM. YiKe H3 3TOro CJjefyer, YTO HH OJHA M3 (PyHK-

uuit g (f) He MoXkeT MMEThb NOJIOCA TIPH f = {;, TAK KaK HHaye
cooTBercTBYIomas g (¢) takxke Onlja Obl GeckoHeyHoH. Ilpen-
TN0JIOXKHM CHayajla 6e3 JOKas3aTeJbCTBa, 4TO ¢ (f) mpH =1,
-He HMeeT CyMIeCTBeHHOH o0co0eHHOCTH H caMoe GoJiuiee
MOXKET HMeTb TOYKY BETBJIEHHS] KOHEYHOrO NOpsJIKa; NpoBeaeM
TOTJa cJaefyoiee paccyxpenue. Ilycts

S§= (-tl - t).“l,.

rie | — HaTypaabHOE 4HCJIO, OYAeT JIOKAaJbHOH peryJspHsu-
pyome# nepemeHHOH Jjas Bcex ¢(f), Tak uro ¢(f) mpen-
- CTaBUTCA OOLIKHOBEHHBIM CTENEHHBIM pPSAOM 1O S, CXOAf-
HEMCS TIPH JOCTATOYHO MaJIbIX aGCOJIOTHBIX 3HAUEHHSX S.
[lycrs, nanee, s* Gyner HaumeHbwe#i Bxoisuled B g (f) no-
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JIOKHTENBbHON CTeNneHbIo S, "roma HMeeM '
qt)=q(t)+es+ ..., (1

npuyeM ¢, [0 MeHblueH Mepe i OJHOH KOOPAHHATH ¢
otnuyHo oT Hyas. M3 paseHcTBa

g(f)=—Jest4 .. (12)
CJe/lyeT COOTHOIIEHHE |
Vi=c,s2-b ..., ¢,>0.
PagenctBo (11) paer namee
r=cgst+..., ¢3>0.

Ecau spech ¢; >0, To u3 (9) cienyer pasenctBo 3p— 2/=0.
Iostomy p/l=2/3, oTkynma HampammuBaeTcs Jorajka, uTO
[=3 u uro :

S = (tl.—t)lls

GyIeT JIOKaJbHO peryJsipusupyomefi nepeMeHHoH. Mbl mo-
KaxeM B § 8, uTo 3TO JeHCTBHTENBHO HMeeT MecTo. Bmpo-

yeM, ¢ NoMol(bio paBencTBa (12) MOXKHO nokasath, 4ToO ¢ (f)
KaK YHKUMSA s npu ¢ =, aubo ocTaercsi peryssipHo#, JuGO
uMeeT TOJIIoC TiepBoro nopsiika. Ecau oGpasoBaTh HHTerpal

i1 .
A= \ g‘_ <t <t)
; ,

| CyIeCTBOBAHHE KOTODOrO yike JOKasaHO, TO pPasioxeHHe A
B psl [0 CTeneHsM S NpH HalieM Jonymenxu OyJeT HMeTb
cyelytomuit BHA: ’ o
: 3
‘ A =‘z:;- S+ e .

B atoM cayuae M TaKkkKe MOXKHO BLIGpaTb B KauecTse JO-
KaJbHO peryasipusupyiomeii nepemenHod. Tako# BbiGOp Obll
yxe CcHeNaH B KJACCHYeCKOH TeopuHM 3ajaud JBYX Tel; .
B 3TOH TEODHH \ sIBJIsieTCS SKCUEHTPHYECKOH aHoMasued.

B OGamxkafimux naparpadax OyayT HaHbl OCHOBBI AJIS
Jl0Ka3aTeJIbCTBAa HALIAX 3BPUCTHUECKHX Pe3yJbTaToB. Hesb3g
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HaliTh 0coOyio TOYKY ! =1;, IPHMEHSST TOJNBLKO TeOopeMy Cy-
H1IeCTBOBaHHusA KOHJPI U BBOJA B YpaBHEHHsl ABHIKeHUd 3aJa4u
Tpex Te BMecTO ¢ HOBYIO HE€3aBHCHMYIO HepeMeHHYIO \. Ao

He yAacTcs xors Obl IOTOMY, YTO TO Kpaiimed Mepe OJHO q
npu s=0 obs3aTenbHO HMeeT ocobenHoCTb. Ecin BbicKasaH-
HBle HaMH paHee NPEJIIONOKERHs BEPHbI, TO BEJHUHHBI, MO-

Jyvamommecs M3 xl, s zl H 3 X5 Ys, 25 [peobpasoBaHueM
o6paTHBHIX pajuycoB, OyayT NpH A =0 peryasipHeiMH. 3yHI-
MaHy ¢ NIOMOUIBIO BBEJIeHHs B JupdepeHiyabhbie YpaBHEHHS
TaKHX HOBBIX nepeMeHHbrx yjaajoch TNpPHATH K XeJjaeMoOH
LeJH.

© Urobhl caenaTh HeoGXOAUMbIEe BHIKJIAJIKM BO3MOXKHO 6oJjee
NPOCTHIMAH M TNPO3PayHbIMH, TPHBEJEM CHayaja ypaBHEHHS
JIBUXKeHus, caenysa Jlesu-Uusura [4], K KaHOHWYecKOH ¢opMe
U onpejiesMM 3aTeM KaHOHHYeckoe npeoOpasoBaHHe, KOTOpoOe:

BBINNOJIHUT Hallle Tp&éOBaHHe OTHOCHTEJIBHO (.

§ 7. Peryaspusupyomee npeoGpasosanue

HanumeMm Ttenepsr audpepeHnnanbHble ypaBHEHHs 3ajayd
Tpex TeJl B raMuJbToHOBOH ¢popme. Ilpu 3TOM MBI cHayaja
He OyJeM mpejnoJaraTb, YTO LEHTP HHepUHMH P, HaXORUTCA
B Hauaje Koopaunart. Koopaunatel Touek P,, P,, P3; 00603-
HaydM CKBO3HBIM HHJEKCOM IIpH §: Gy, ..., (g, CJIEJOBa-
TeJNBHO Xy, Yy, 2 (R=1, 2, 3) OGyayr 3ameHeHbl Ha Ggp_s,

Gsr-1r sk CoOTBETCTBEHHO 0003HAUUM UMIIYJIBCHl  MyXy,
LU mhzk uepes Pah—z’ Pap-1 P Torza

<

.___2< /’k+3 f’ﬁ:;s). ' ()

Ypasuenus jpuxkenus (5; 4) GyAyT HMeTh HpH n=3 ciae-
AyIOIYI0 FaMHJIbTOHOBY (hOpMY:

Gw=Epy Po=—E, (k=1...9, (2

npuueM E =T —U paccmarpuBaercsi Kak ¢ynkuus 18 Hesa-
BHCHMbIX IEDEMEHHBIX Dy, - N3 stux 18 quddepeHnnaibHbix
ypaBHEHHH HYXKHO HCKJ/IOUHTb C NOMOULbIO HHTErpajoB JABH-
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XKEHUsI LeHTpa HHepUUH 3 napbl IePEeMEHHBIX Py, G, H 3TOrO
MOXKHO JOCTUTHYTb TNOAXOJALIMM KaHOHHYECKUM npeobpa3o-
BaHHEM (,, p, B HOBHE INlepeMeHHble X,, Y,. [lo ofpasuy
npeo6pasoBanusi (3; 4) cnesaeM NOJACTAHOBKY

P =Wq,, X =1y, (k=1,...,9) 3)
¢ mpoussojsmeit dynkuuedl w(q, y), GyHKIHOHANLHBIA Olpe-

J€NHTeNb KOTOPOH |Wy,q, | HE paBeH Hymo. ITO KAaHOHHUEC-

Koe mnpecOpa3oBaHHe [MOCTPOHM TakKAM 06pa3oM, uTOGH
Xyy +-.» Xg OblJIH OTHOCHTeNbHBIMH KOODAHHATaMH TOYeK P,
P, otHocutenbHO Pj, a X,, Xg X, OCTABaJUCh KOOpAMHATAMH
TOYKH, Py

-

Xp=qp=—Gqr:6r *r:3= Gr.3— Gr16> *k+6 = Thase (4)
(k=1, 2, 3).

1o TpeGoBanue OyJeT B COrJacH¥ coO BTODBIM YPaBHEHH-
eM (3), ec/H TNONOKHUTH

3 )
W= kgi {9 — Grve) Yn T (Grss — Grse) Ynea + Trse Ynsol

Jlerko BMJETb, UTO ONpPEJEJHTENb |Wy,q |=1, Tak uTO (hop-

MyJqbl (3) NeHCTBUTENbHO JAIOT KAHOHHYECKOE NpeoGpas3oBa-
nue. M3 nepBoro ypaBHenus (3) NOJIYYHM PaBeHCTBA

Pr="Un» Pres="Ynes Pres=Yres —Uris— Y (k=1,23),
TI03TOMY

U= Phe Yoo =Phoss Gnos=Pat Proa+ Pre (=1, 2,3) (5)
u dopmyan (4), (5) Jal0T MCKOMOE KaHOHHYeCKoe mnpeoGpa«
30BaHHe, KOTOpOe MNOJYYHJIOCh JHHEHHHIM.. Tak Kak oOHo,

KpoMe€ TOro, He 3aBHCHT OT t, TO HOBHIE YpaBHEHHS JABHIKE-
HHusl HMEIOT CJIEII,leIH.I/Iﬁ BH!

Xp=Ey, tp=—Es (k=1 ...,9). (6)

3necb E=T—U HyXHO paccMaTpuBaTh Kak - QyHKUHIO
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Xnr Yn- Tenepr nosyuaem
‘ 3
2 m.l-lyk + m2 yk+3 + m;l (yh+6 —Yp— yh+3)2}’

U = mymg (23 + x5 4 23) 72 mymy (13 + 22+ x5) 72+

+ mymy {(%; — X4)% 4 (X3 — %5)* + (%5 — xe)z}—‘/s’ - (7)

nostoMy E He 3aBHCHT OT X,, X5 X, OTrcCiona cienyer
B COOTBETCTBUH C ypaBHenueM (6), 4TO y,, Y Y, BO BpeMs
JIBHKEHHS OCTAlOTCs NOCTOSIHHBIMH, YTO M JlaeT ONsiTh, oue-
BH/IHO, HHTErpasibl JIBHXKEHHS LEHTpa HHepuuu. Ecuu pac-
CMOTpeTh Ju(pepeHnuanbuble ypaBHenusi (6) Tosbko st
k=1, ..., 6, TO IpH 3TOM NOJYYATCS [AMHJILTOHOBA CH-
cTeMa JJIsi IIECTH NEPBHIX NP Xp, Yy, TAK KAaK X, Xg, X
B E He BXOJAT, a Yy, Yg Yp OCTAIOTCA NOCTOSAHHbIMH. Ecuu
STy CHCTeMY pelIHTb, TO BEJNHYHHH X, Xz X, MOXKHO 3aTeM
HaHTH M3 ypaBHEHHH

xy=E,, (k=789
npu moMowmy Kazxpatyp. Ilpexnonoxum Terieph ONSATb, YTO

LEHTP MHEpUMH HaXoiUTCA B HavaJe KOOPJHHAT; TOrAa
Y=Y =Y, =0 U nanee,

0= Mg, + MyGp.s + M3Gr.e =
=My (X + Xpog) + My (Xpus + Xpag) HMe%nres

c/eoBaTeNbHo,

Kpoo = —% (k=1,23).

[ToatoMy AOCTaTOYHO PacCMOTPEThb TOJBKO CHCTEMY

5"?=Evk’ . ijh: —"'Exh (k= l’ veey 6)1 (8)
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AJsT KOTOPOH

3
T = (mi*+m;) 3, g+
k=1
i 3 3. ‘
5 (M3 m3") D) yhes+m5t D) Yrras: )

=1 k=t

C TIOMOIIbIO Pesy/IbTAaTOB MpejbiAyluX Maparpados HC-
clefyeM Tenmepb OJHxKe CBOHCTBAa pelleHHH X, Y, TpH
CTOJIKHOBeHHH P; m Py B MoMeHT f;. Ecam mnojsoxurtb Ads
COKpallleHHUs!

v+t a=x% yit+yt+y=y, (10)

0 x>0 npu 1 << ty, x—0 npu t—>t1 H COOTHOLUEHHE
(6; 9) nepexopur B

2 (myms)?

2
Y my—+4-mg

t—1). (11)
M3 mosyueHHBIX paHee pe3yJbTaTOB OYEBHIHO, UTO Xp, Yy

(k=4, 5, 6) npu ¢t—>1, CTPeMATCS K ONpEJEJICHHbIM mpe-
JEJbHbIM 3HAYEHHsSIM, a Taxme 4To

U—smmg  (t—t).

CorJlacHO pe3yJibTaTaM NpeNbIAYIIEro naparpaqaa oKa elle
He IOJHOCTBIO 0GOCHOBAaHHBIM, HYXKHO BBECTH BMeECTO ! HOBle
HE32BHCHMYIO IlepeMeHHYIO

t

s= S}—‘ff—) - <t<t), (12)

rae x=x(t) ectb (yHKUHA, onpene.nemiaﬂ ypaBHeHHAMH (6)
u (10). Torna nepemeHnast s Kak (yHKUMs OT ¢ peryJsipHa
B HHTepBaje t<<{ < f, U BO3pacTaeT OT HYJ O KOHEYHOro
3HauyeHUs

3
' dt
S]_=§—-——x(t) . | (13)
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Tak kak s=x"1, To oOparHasi ¢ynkuus f(s) Takke §B-
JsieTcsi peryasipHoll M MOHOTOHHO BO3pacTaeT OT T 10 Iy
B untepBasne 0 <s < s,. Bynem o6ossauare pudpepenitupo-
' BaHMe TO § IOTPUXOM; TOrjJa C 3TOH HOBOH He3aBUCHMOH
nepemennoll jauddepennuanbubie  ypaBHeHusi OGyRyT HMETb
caeayiomui BUA: :

xh=xE,, gh=—xEx (k=1 ..., 6). (14)
R kR

Atn juddepeHnranbHbEe yPABHEHHS YK€ HE HMEIOT TaMuJib-
TOHOBOH (POpPMBI. :

C noMOIIbI0O HCKYCCTBEHHOrO IpHeMa, MpejJ10XKeHHOro
[lyankape, 5THM ypaBHEHMSIM MOXHO IpHJATh ONATh raMHJib-
TOHOBY (opMmy cJenyiomum obpasom. M3 umterpana snepruu
cJIeflyeT, 4TO HA Kax/OM pemeHuu cucremsl (8) E paBHO mo-
crosinHofl h. Bmepem Tenepp yHKIHIO

F=x(E—hy=x(T—U=h), | (15)

KOTOpasi 3aBHCHT OT TIepeMeHHBX ' X, Yyp (k=1, ..., 6).
Jlsi paccMaTpHBaeMoOro peleHHs '

ka = xExk, F,,k = xEyh,

TaK Kak Jpyrofi ujeH, BO3HHKawoWui npun aud¢epeHunposa-
Hud x (E — h), collep:XuT paBHLIA HyJ/IO Ha KaXkJOM pelIeHHH
MHOXHUTeab E — h. CnenoBatenbHo, cucreMa (14) nepexojut
B FaMHJITOHOBY CHCTEMY ' ' :

xi=Fy, yh=—Fs, (k=1 ..., 6), (16)

¥ DPHTOM 3TOH CHCTeMe YJOBJETBOPSIIOT BCEe Te pelleHHs
nepBOHAua/bHbBIX YPaBHEHHH [BHXKeHHs, M KOTOphiX K
¥MeeT 3ajaHHOe 3HaueHHe A, W nosToMy ¢yHkuust F paBHa .
Hyaio. Tak Kak HOBasi raMHJbTOHOBa (GyHKuUMS F He cojep-
KHUT $IBHO HE3aBUCHMOH IlepeMeHHOH s, TO JJs KaxJoro
peleHust cucreMn! (16) mpousBojnasi
"8
F'= 3 (F it Fugi)

paBHa HyJi0, nostoMy F saBagercs noctosiHuoft. Torja pist
F =0, x =+ 0 cucrema (14), HaoGopor, cJeyeT u3 cucreMs! (16),
B TO BpeMsl kak pewenusi (16) npu F == 0 He uMelOT NpsMOro
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OTHOLIEHHS! K 3ajaye Tpex Tes. [TostoMy mosib3a OT BBeleHHs
dyuguun F = xT — xU — hx cocrouT B TOM, 4TO caaraemole xT,
" xU e cranoBsTCsl 66CKOH@UHBIMH HPH { —> £;, a CTPEMATCA K KO-
HEYHbIM TpefiejaM. Pasymeercsi, BciefcTBHe GeCKOHEUHOCTH Y
He BCE NPOM3BOJHbIE Fyx, OCTAIOTCS OrPAHHYEHHBLIMH, NOITOMY
cucreMa (16) Takxke emle He IpHrofHa JJs JaJibHeHiiero
HccJIeIoBaHus oco0eHHOCTY npH { = ¢;. Hawm npusercsa cpenatsb
ele OJ[HO  KAaHOHHUECKOe Npeo6pasoBaHHe, IIPU KOTOPOM
Y1» Ya» Y3 BHIPA3siTCA- uepe3 obpaTHblE pajHyChl. _
YrobLl paTh IpejcTaBieHHe 00 3ToM , npeoGpa3oBaHHH,
ofpaTEMCsl CHauasma K 3ajave JByX Tesq. Jra 3ajaya IOady-
yaetcsi B NpPEeJ]NOJIOXKEeHHH, 4To Teno P, mpu ! — 1, HE OKa-
3bIBAET CYLECTBEHHOrO BJIHSIHHS Ha nNoBejeHue Ten Py u Py
[ToaTOMY HCKJIOYMM COBCceM Teslo P,, BhiOepeM B KayecTBe
TeJ B 3ajaue JBe MaTepuajibHble TOUKH P, H P, a IeHTp
MHEpUHUH pacnoloXuM B HyJge. Torpa

T= 17 (myt -+ m3®) (g3 + 92+ 42,
U= rﬁlm3 (2F 422+ x5)"Ve= m‘lmséc'l,
F= 17 (m;* + m3') xy® — mymg— hx.
‘Ec.xm Or PAHHYUTBCS 'fonbxo YaCTHBIM ‘cnyqaeM h=0,

1, o . ,
& (mi'+m;')=1 W ONyCTHTb  aJIUTHBHYIO TOCTOSIHHYIO
— m,m,, TO NONYYUTCS] yOpolleHHass cucreMa ['amusbroHa

x’,t=Fyk9 y7;= _Fxh (k= 1' 2' 3)’ (17)

rpe
F=F (%3, g) = (23 23 4 29) (43 + 43 + 43)-

ITo Teopun TamusibroHa — §JKOGH, pasBuTOH B § 3, mosuoe -
pewieHne cucreMbl (17) moayuaeTcss B TOM ciyuyae, eCHH
HaliTy 3aBucsiliee OT Tpex mnapamerpoB §;, &,, & peleHHe
w (X, Ep,-S) AHGGEpeHnHaNbHOIO YPaBHEHHS] B YaCTHbIX MPO-
U3BOZHBIX ' B

F (xy, ka)+ws=0 (18)
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OpH BHINOJHEHHH YCJAOBHSI | @aye, | # 0; TOrma HMeeM
' Yp=Ux, = —Ws, (=1, 2, 3) (19)

C LIeCTbIO IIOCTOSIHHBIMH HHTErpHpoBaHus &y, 7,. Tak Kak F
He 3aBHCHT OT §, TO /Il HAaXOXJeHHs pelleHus yPaBHEHHS
(18) cpenaem moAcTaHOBKY

W (g b 5) =0 (% E)— A (). (20)

Pemienve MOXHO ObLI0 GBI OCYHIECTBHTH e€llle NpoMle, ecyH
npeAnoJaratb, 4YTo (YHKUHsl @ HE 33BHCHT OT §; HO TOrja
B cuay (19) obumee pemenue x,, y, cucreMb (17) Takxke He
GyneT copepxaTb S, 4TO NPHUBOAMT K mpotuBopeunto. [locne
npuMeHeHns noAcTaHoBKH (20) ypasenme (18) nepexoiuT B

F(xg, 0x) =M (&), [ome | # 0, (21)
1 coortHomeHus (19) mepexossar B ' o
yk=vx;, Mp=hg, S —0, (k=1, 2, 3). (22)
IIpexpe ueM pemats ypaBHeHue (21), H3aMenuM oGosHaueHHs
¥ BMeCTO (22) BBeJleM KaHOHHYeCKoe npeo6pasoBanue
Yn=0xrp M= —0y (k=1,23), (23)
KoTopoe He saBuCHT oT s. M3 (21) cienyer ”
- F (e g)=F (%, 0g) =2 (&)
IO TEOpHH npeoOpasoBaHMil raMmuibTOHOBa CcHcreMa (17)
BeaejcTBrHe (22) nepexoiuT B :
Bi=2y, =0, 7= —hy,.

CiiefioBaTeNIbHO, &, H Ty + Mg, s =1Cp (k= 1, 2, 3) siBAsIOTCA TIO-
CTOSIHHHIMH HHTErpHpOBAaHHS. . .

- Uro6nl peurdth ypaBHeHue (21), paccMoTpuM. mpexne
BCEro aHaJIOTHYHyiO 3ajjauyy Ha IJIOCKOCTH H 3aTeEM YKe
06001KHM HajJ/exaumuM o6pa3oM HaiijileHHoe peliieHHe Ha CJay-
uaii Tpex w3MepeHuii. B ympomeHHOM TakuM cnocoGoM aud-
(epeHLHANLHOM YypaBHEHUH '

(242 (0 +0l) =M () [0ge | #0,  (29)
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TOJIOXKHM X+ iX,=2 H NONbITaeMCs TOJYYHTh U KaK MHHU-
Myl0 YacTb aHaJMTHUYecKOH ¢yHkuuu ¢ (2)=u+iv. B cuay
yeaoBuit Komn — Pumana uMeeM

_ a - 2
Uyy=Uyxy, Upy+Urq= u?‘l + v§1 = l Pz iz’
CJE€X0BaTEC/bHO, BhbIpaXKeHHE

| 22| = X (&)

JOJMXKHO OBITH IIOCTOSTHHEIM OTHOCHTeJbHO 2. Ho Tak Kak
GYHKUHS 2p; sIBAsieTCSl aHAJHTHYECKOH, TO H cama 3Ta (yHK-
nug nocrosinna. Ilosoxum

| z??'_.-zz.er— ity, ?z=<§>‘/s

¢ KOMIVIEKCHOH noctosikuoft § =&, + i&,. HIHTerpuposanuem
NOJIyYHuM, YTO (PyHKIUA

o()=2V%
SIBJIAETCSA pELIEHHEM HO(?TaBJIeHHOI'/,I 3aj7ayuH. OTC]O}la
iv= Vc—_z— - VC—; ,
?=2|0z|—-Fz—{z=
= 2(&1 + £/ (23 + x3)"2 — (&1, + Eo0)}-

IIpu {z + 0 Jerkoe BbIYHCJEHHE NOKA3bIBAET, UTO
4
A 4|%z] +0,

caefloBaTesIbHO, BTOpoe TpeGoBaHMe B (24) TakkKe BbLINOJ-
HEHO. :

Bnuxaiimass 3afaua — o600IHTh HalAeHHbE Pe3yJbTaThl
C TIOMOLIBIO NPecOpa3oBaHHs

3
#=2(r— B bn) E=EHEFRS |

x=(x} ~|—-_x§ + x3)s .
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Ha cayuvaii Tpex uaMepenuii. ITokaxkeM, uro u3 (25) jgedcrBu-
TesibHO caeyer (21) ¢ coorBercrBytomeit A (&,) M uTO

F (% yp) = xy* = x (41 + 43 + v3)-
Ha (25) mpexje Bcero umeeM
vvxh=—x-;’—E—Ek (x = 0),

(26)

VU, = %x—xh (& = 0).

YMHOXKasi nepBoe U3 ypaBHeHu#l (26) Ha X, BO3BOAS B KBaJ-
pat M cymMHpysa no k=1, 2, 3, nonyunm

3 - 3
x%% D) U, = 28%x% — 28x 3k = Exo?,
k=1 k=1

3 .
¥ Dok =t (w%0); (27)
BRIYHCJIAA Jasiee (YHKIHOHAJbHLIA onpeuenmenb, HMeeM
1
g | = — 5 (xv = 0),
nocJne yero, noJarasi
M) =t

y6eauMcss B TOM, 4TO YypaBHeHHe (21)  ynoBaerBopsieTcs.
YroObl yJOBJE€TBOPUTL elle TpeGoBanuio &xv == 0, npepmno-
JIOXKHM, 4TO 00a JeHCTBHTE/NbHBIX BeKTOpa (&, &, &)= (&)
H (X, Xy, X3)= (x;) JNHHEHHO He3aBHCHMBI. JTO JeJsiaeT Hally
AO/ICTAHOBKY NPUIOJHOH; OCTaeTcs elle HaHTH KaHOHHUYECKOe
npeoGpasoBanye (23), npousBoauMoe OGYHKIueHd v (x,, &,).

YmMHOXKeHHe nepBoro ypaBHeHHs (26) HA X ¥ BTOpPOro—
Ha & jaer :

XUV, = Exp, — & x=— EUUgh,

4TO BcJaejcTBHe (23) CBOAMTCS K
xypp=tn (=1, 2, 3). (28)
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W3 (23) u (27) nomyyaercsi paBeHCTBO
xy?=§

nanee, u3 (26) cjenyer, ecuau yuecTb Takxke (27), COOTHO-
lIeHye ‘ ’

3
E ol =x,
k=1

otkyira 1o ¢opmyaam (23), nonaras Ads COKpAlUEHHS
Ny + 3 -+ 05 =%, noayunm popmymry

, P =x ' (29)
 YMHOMeHHe COOTHOWEHHS (28) na y® naer
m="yr (k=123 (30)
H, COOTBETCTBEHHO,
| n=" (k=12 23 (31)

[lpu stom BcaejctBue x& = 0 umeeM Takxke y=+=0, 1=0.
Cootrowenus (30) u (31) nokasblBarOT, YTO TPOHKH Yy, Ys, Ys
H 7y, Ny 7 NOJYYAIOTCS APYr H3 Jpyra ¢ IOMOMbBIO IIpe-
o6pa3oBaHusl C6PaTHHIX pPajHYCOB.

Hakoneu, Heo6xozuMo sSIBHO HamnucaTth ypaBHenus npeo6-
pasoBaHusl Aas x,. 13 (23) u (26) umeeM

U!/h=75_5h-

YMHOXKasi Ha Xy, éyMMprﬂ no £ ¥ BBOASE COKpalleHHbIE
o6o3HayeHu st

3 3
g= 2 5n Y= 2 Exmp
k=1 h=1
noayyaeMm (opmyJay
3
02

L vg=xk— D) Gby= 5

h=1
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CJIel0BaATENBHO,

n
i
nof e

4HaJIOTHYHO [oJyuaeM

-2
I
I
| e

C IOMOMBIO (O PMY.JIbl
VN = X — Ee—" X.

Ianee, U3 noc/eNHEro ypaBHEHHS NOJYYAEM
Xy = %’i X = 2{M;

3TO COOTHOIIEHHE cso;m’rcsi B cuay (29) x

3
n=ba'—2m ZEm (k=12 3). (32)

CoBepiieHHO TaK JKe MOJNYYHM oOpaTHoe mpeoGpa3oBaHie

3
: Eh=xky2—2.’{k21xl.’/z (k=1,23).  (33)

=

HafizenHoe = KaHOHHYecKOe NpeoOpas3oBaHHe OKasaJoCh
OHpAlMOHA/IbHBIM M HHBOJIOUMOHHBLIM. - [Jist  mpoBejeHHs
BLIKJIZIOK ObLIO TNpejnosIoKeHO, 4YTO 06a BeKTopa (x3), (&)
JEeACTBUTENbHE H JIHHEHHO HE3aBHCHMbI. JIErKo JOMOJHH-
TEeJIbHO IIOKa3aTh, 4To (30) H (33) ABAAIOTCS eJMUHCTBEHHBIM
pemlenneM ypaBHenud (31) u (32), ecam Toabko 7+ O0;
IPH BLIOJIHEHHH 3TOTO yCJoBHS y 0 H npeoGpa3oBaHué
6y/JeT KaHOHHYECKHM.: ‘

[Tpexpe uem npuMeHHTL 3TO nNpeoGpasoBaHHE K peryJs-
pH3anHH coyjapeHHH B 3ajaue Tpex TeJ, ONpeJeJHM Te
TPAaeKTOPHH B 3ajadye JBYX Tel, JAJs% Kotopelx hA=0.
C nomompio npeoGpasoBanuit (31) u (32) raMHJIBTOHOBHI
ypaBHeHus1 (17) MOXHO NpUBECTH K BHAY

B=0, mi=—ly=—2 (££0 k=1,209),
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pelleHHEe KOTOPBIX :
= =5+, (34)

.COJIEPKHUT JlefiCTBUTENbHbIE NOCTOsiHHbIE &y, (. IlofcTaBisis
370 pellleHHe B (32), monayyuMm x, B BHJe MHOTOUYJEHOB BTO-
poH CTeneHH OTHOCHUTENIBbHO S; Mbl MOJIYUHJIH MCKOMble YpaB-
HeHHs TpaekTopuH. [lokakeM, UYTO TpaeKTOpHs SBJSAETCH
napaGosodd. M3 (34) caepyer, 4To BEKTOD (7)) JIEKHT B IJIO-
CKOCTH, ompejieieHHOH BektopaMu (£,), (Gz); B 3TOH Xe
INIOCKOCTH, COIVIacHO (32), JIeXXHT H BEKTOp (Xg), a IOTOMY
M BCsi TpaekTopusi. B cuily OpTOroHasbHOH WHBAapHAHTHOCTH!)
‘locTaToyHO paccMoTperbh cayudai §;={3=0, B KOTOpOM peub
HIET O IMJOCKOCTH Xxy=0. IllecTb BBIpaxeHH# Xj, XX, X3,
X3, X, 1 CYThb MHOTOUJIEHB OTHOCHTEJBHO S CTeNeHH < 4,
M NOTOMY SIBJSIIOTCSI OJJHOPOAHBIMH JIHHEHHbIMH (YHKUHSMH
NATH nepeMeHHBIX s%, s, s%,’s, 1. [lostoMy cyiiecTByeT MHO-
rOuieH BTOPOH CTeneHH OTHOCHUTENIHHO X,, X,, KOTOPBHIH Kak
GbyHKIEST S TOXKIECTBEHHO paBeH HyJo. CJlef0BaTeNIbHO,
TPAeKTOpHS SIBJSIETCs] KOHHYeCKHM cedeHHeM. Jlis nanbHed-
HIEr0 3aMeHMM S Ha S-+ ¢ C NOCTOSIHHBIM ¢, Torha (34) nepe-
XOJHUT B _

3
OnpenenuM ¢, norpeGoBaB, uroObl BekTOpnl (&) H

(Ch—c%‘—> Gbil B3aHMHO OPTOTOHAJIBHBIMH:
2
ct= D) &
. k=1 Rk

Torpa ecn 0603HAUUTH ONSATH Gy —ce—e"- yepe3 &, TO (&),

(§x) 6ynyT oproroHanbHBEIMKE H ypaBHeHHe (34) BMeCTe C ypas-
HEHUAMH

2
7% =s? 43, kgi Eanp= — &5

1) To ecTh BCAeACTBHe WHBAPHAHTHOCTH AJHHEI BEKTOpa NpH OpPTOs
roHaJibHBIX TipeoGpascBaHusix Koopauuat.—IIpum. nepes.

5 3Bakas M 1032
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yaoBaersopsiiorcss npu (2=C7+4C. Ilpu atom cooTHOLIe-
Hue (32) nmepexojuT B

= b () +2( G — s )ts= |

— %+ (B — )8, (k=1,2). (35)

ATo KOHHYECKOe ceueHHe sBJseTCs Napabosoi, ocb KOTOpOH
napasienbHa BekTopy (— &,). Ilokaxem eme, 4t0 (OKyC
3Tofi mapaBosibl JIEXKHT B Hayasle KoopiuHar. Jlag sTcro mpu-
MEHMM XapaKTepHCTHUeCKoe CBOHCTBO napaboJibl, MO KOTO-
pOMy BEKTOp, TMpPOBEJEHHbIH W3 Hayala KOOPJHHAT B KaXJylo
ee TOUKy, oOpasyeT C KacaTesJbHOH K napaboje B 3TOi
TOYKE TOT 3Ke Yros, KaKoil 3ta KacaresqbHasi o6pasyeT € OCbIO
napaGosbl. Tak Kak HampaBJieHHe 3TOH OCH 3a[laHO BeJIHYH-
Hamu (— &,) © BekTOp (X;) YKasblBaeT HamnpaBJieHHe Kaca-
TEJbHOH, TO HYXKHO TOJIBKO JIOKa3aTb CIPaBeNJIHBOCTb YpaB-
HEeHHUS :

2
k [ —"Ek ’
X xk—z —5— Xk
i k=1

T~
=

Hb, corsaacuo (35),

CJIe/{OBATEJIBHO,

2

—
_
I M
=
T~
I
[
w
Faad

C  gpyroii  cropombl, = auddpepeHUpPOBAHHE  paBEHCTB
x®=x}+4+x2, x=~En® u ucnosn3oBarne (34) paer
2 2

k=1 R=1
: 2

- & B _

~E§ies—g)T~&

T..€. TO, 4YTO TpEGOB&J[OCh Jokasath. Haxkonern, 3aBUCHMOCTDb
MeXAY t U S 3ajaeTcs COOTHOLIEHHEM

t'=x=E7!2=E(32+C2)y
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T. €. 1pH I‘IO,ZIXOJ.IHIJ.leM Bbxﬁope HavaJla OTCYeTa BpEMEHH
COOTHOLLIEHHEM

&
t=3¢ §% 4 £Q2s.

B cayuae cronkHoBeHusi o6Goux Ten x=£&(s2+4 (%) paBHO
HYJI0, CcJaefloBaTesbHo, { =0, x, = —s%, (k=1, 2), t=
= (¢/3)s®; napaGosia BhIpOXKJaeTcss B NPSMYIO, CTOJKHOBe-
HHE NPOHUCXOJUT npH s=1¢=0 u t'/3 gBAseTCH peryJaspusu-
pyiowle#i nepeMeHHOH IJsi 7.

CJiefilyeT 3aMeTHTb, YTO, COTJIACHO IIPEbIAYIIEMY, TOJIBKO
Te napabosbl SIBJSIOTCS TPAaeKTOPHUSMH B IepPBOHAYAJLHOH
3ajiaye 1BYX Teq npH h =0, I KOTOPHIX BHINOJHEHO YCJO-
BHEe Xy?>=mm, T. €. E=mm,. DTHM OOGBACHAETCS KaxXy-
eecsl MPOTHBOpeuHe: HalifjeHHble mnapaGosnueckue OpPOHTHI
BHAyaJe cofepxar IIecTb NapaMeTpoB, T. €. .CTOJbKO IKe,
Kak 4 ofliee pelleHHe NPOCTPAHCTBEHHOH 3ajauu nByx Tes
B OTHOCHTEJbHBIX KOOpDAHHATaXx.

§ 8. IlpuMenenne K 3afave Tpex Tex

[Tpumenum Tenmeph HalijleHHOe B InpeAbAylieM naparpage
npeoGpa3oBaHue K 3ajaye tpex Tea. Temepb F (x;, y,) 0003-
HayaeT ¢yHKUMIO, onpefensieMylo dopmyaamua (7;7), (7;9)
i (7; 15), or ;nBeHapuaTH NepeMEHHBIX X, Y, (k=1, ..., 6),
onpefiesieHHbIX paBeHcTBamu (7;4) u (7;5); Mbl GyieM pac-
cMatpuBath cHcreMy ['amuabroHa (7;16) ¢ -He3aBHCHMOH
nepeMeHHOH S, Kortopasi 3ajaercsi ¢opmyJod (7; 12). Tlpu
3HayeHUsIX s B wuHTepBaje 0 s< s, Ile s, onpejensercs
paBeHctBoM (7; 13), Bce GyHKIHH X (S), y,(S) perynsipHsl,
B TO BpeMs Kak IpH s—s1 no KpafiHeH Mepe OfHa U3 Tpex
dysruHA g, (5), Y, (S), Yy, (s) umeer ocobennocthb. I1peobpasyem
Tenepb TPU Napel NEepeMeHHbIX X, Y, (R=1, 2, 3) ¢ mo-
Mouibio nozcranoBku (7; 30), (7;33) B TpH HOBble Hapel &,
T (B=1, 2, 3), a pna k=4, 5, 6 ocTaBuM X, = &,y = ;.

dro npeobGpasoBaHHe MIECTH Nap X, yp(R=1, ..., 6),
OYEBH/HO, TaKKe SIBJSETCS KAHOHHYECKHM, IIOTOMY 4YTO 3TO
OblI0 yXKe YCTAaHOBJEHO /s IepBHIX Tpex nap. Tak Kak
npeo6pasoBaHHe HEe 3aBHCHT OT S, TO T'aMHJbLTOHOBA (YHK-
“uust F ocraercst Toil ke camoi, U mpeoGpa3oBaHHble ypaBHe-

5*
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HHUA 'ﬂB‘“}KeHHﬁ HMEIOT CJIeILleLU.HI':I BUX:
Eé:F")h’ ‘n;l=_'FEh (k=1) -~-)6); (1)

rage F HyXHO Tenepp paccMarpuBaTh Kak GyHKUHIO &, WM.
B cootsercTBHH C q)opmy.naMH (7;7), (7;9), (7;29), (7;31)
u (7; 32) nonyuyaem

AT = (m* + m3) & + - ©

3 3
I - - ' -
g (gt mg)en® 3 ahss - miE X My

x= 0%, xU=mmy+ mykn® k 723 %‘) ) (3)
rae '
3 3
=k§1 Eivs M= Z (Xp — &rsa)® (4)
xh"" Ekn '—27“1 2 Etnh yh_— (k= ]’ 2’ 3)’ (5)
1=1
3 3
=2 & nt= 2, (6)
. h=1 k=1
Bee 570 BHOCHTCS B (opmyay
F=xT —xU—hx. (7)

-HyxHO Temepb € TNOMOUILIO TEOpeMbl CYU(ECTBOBAHHS
Komw 0Kasath, YTO HOBbie KOOPAHHATH &, My (k=1 ..., 6)
Kak QYHKOMH S OCTAaHYTCH pEryJspHbIMH Takxke H IpH
s=s,;. las aToro HccnepyeM mpexzie Bcero INOBeJEHHE 3THX
KOOpJMHAT HpH IpejieJibHOM Imepexofie S—>s; (0<<s < 5y),
IJsi  4Yero MucmoJjb3yeM peayabrathl § 6. CoOTBeTCTBEHHO
3TOMY 3aCTaBHM CTpPeMHTbcs &, ., (=4, 5, 6) mpu t— 1,
T. €. P S—>§;, K UX NpeJieJibHLIM 3HAYEHUSIM, H paccTosi-
HHSL a5 715 — K NOJOKHTEIBHEIM TpejiesaM. B cooTBercTBUK
¢ (7; 11) nonyuyaem
2 (mymg)?

E =xy2 —>m_+m— c> 0 (S‘—>Sl), (8) :
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c/lefioBaTeNbHO, £ TaKXKe HMEeT TOJONKUTE/BHEIH Npefes.
Ho Mmbl ellle He MOxKeM 37eCh YTBep:KAaTb, YTO Kaxkjas H3
BeJquuuH £, &, &; B oThesbHocTH Hmeer npefen. M3 x—0
cJieflyeT, 4TO Yy —> o, H

‘nk=—!§;-—->0 (3—931; k=‘], 2: 3) » (9)

BeiGepem uncsio s, B uHHTepBane 0<s < S;, TaK 4TO

§<E<Qc (5o <5 < 8y), (10)

H pacCMOTpuUM Tenepb &y, &,, £; KaK HE3aBHUCHMble TEepEMeEH-
HBIE B ONpeJiesleHHOM HepaBeHcTBoM (10) cepuueckom caoe S.
OcranbHble  feBaTh  KoopauHat &, (k=4, 5, 6), m
(k=1, ..., 6) numewT Kak (YHKUUH S IPH S—> S; ONpEJeJieH-
Hble mpefesbl. B coorserctBuu ¢ (9) MBI MoxKeM BhIOpaTh
HACTOJBKO MaJylo 3aMKHyTylo jaeficTBuTesbHyI0 coepy K
OKOJIO COOTBETCTBYIOUIEH TOUYKH B JieBATHMEPHOM NPOCTPAH-
CTBE, UTO B CHJy cooTHoweHuit (4), (5) u (6) Bo Bcex TOU-
kax- obnactu P=S8 X K ¢yukuuu &, 3}, 755 JBEHAAUATH
HE3ABHCHMEIX IepeMeHHbX &,, M, (B=1, ..., 6) 6yayr pery-
nspubive. Torpa B 3Tofl obsactu, coraacHo (2), (3) m (7),
Oyner perynspHa H ¢yHkuus F. ChefoBaTtejbHO, B HHTEp-
Base S, <S < §,, The S, NOCTATOYHO OJHU3KO K S,, Ayra MHTEr-
paabHOl KpuBOH £, (S), M, (s) morpyskeHna nesukoM B P,
U M3 pesyJbTaTa, NPUBEJEHHOr0 B KOHUe § 4, cJjenyer
peryJsipHocTb  BceX &, (s), Mmu(s) (k=1, ..., 6). B Touke
s=s,. B wuactnocr, &,, &, & Dpu s-—>S; JEACTBUTEJLHO
HMEIOT NpejlesIbHble 3HaUeHHS.

Yto6el paccMoTpeTh Gosiee 1ojpoOHO TOBeNeHHe [ B TOU-
Ke s;, TOJOXKHM 1Js CcOKpailenust &, (s;)=¢&y, k=1, 2, 3),

b=%(m;‘+ m3') u HanuweMm B coorBercTBHH ¢ (8) B (9);

HCIOJIBE3YsI  COOTHOLIEHHS (1), (2), 3) u (7) npu k=1,2, 3,
pasJiokeHusl B Psjbl IO CTENEHAM §— Sy

. b
'ﬂk=—-F£h= _?Ekl'*'"‘v

ﬁh = "".‘lc)‘ é.ﬁl (5—s1)+ .- ’ (11)
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Orciona
P=b(s—s)+ ..., (12)
u u3 (5) nosyyaem
Xp=Ep 0% (s — 5)2 — 2b%,, (s — 5,)°+ ... =
= —b%,(s—5)+ ... (=1, 2, 3), (13)

CJIe/l0BaTeJIbHO,
x=b%(s—s)%+....

Corqacho (7; 12) ¢’ = x, nosromy

t=t,+ 55 (s— 5+ ... (14)

€CTb pasJioxeHHe f B psijl 1O CTeNeHSM S — S; B OKPECTHOCTH
s=s,. O6paiienreM 3TOro psifia NoJy4HM, HaKOHeEI, DasJo-
KeHHe TI0 NMOJIOKHUTEJNbHBIM cTeneHsM (f—i¢,)/3 ¢ pedcTBH-
TeJbHBIMH KO3(phHIHEHTAMH

s—sl=[7‘zz(t—t1)]l/s+ (15)’

npudeMm mnoA (f{—¢,)"/s npu ¢ <{; HYXHO MNOApasyMeBaTh
JeHcTBUTEbHOE 3HAYEHHe STOTO BhIpaKeHHsi, DTHM NOKa3aHo,
YTO IPH AHAJHTHYECKOM NPOJOJIKEHHH NePBOHAYAJIbHOTO pellle-
HuA X, (), Y, (f) cucremnl (7; 8) Bronb uMHTEpBaNa <! < i
TOYKa f =1, ABJAAETCA TOYKOH BETBJIEHHS BTOPOro Mopsjka.
BesauuyuHbl X, Kak (YHKUMH S—sS; OyAyT B COOTBETCTBHH
¢ pasnoxenueM (13) peryaspubimu; ¢ nomowbio (11), (12)
noJiyyaeM. pasJioKeHnHe

=T = G (- ) 4 (k=1,2,9),

cnefoBaTeNIbHO, Y, KaK OQyHKUMH S B caydae &, + 0 uMelOT
TIOJIIOC TIEPBOrO NOPSIAKA NpPH S =S5;. :

Ham pesyabTaT NOKashiBaeT, YTO MBI MOXEM aHaJHTH-
4eCKH NPOAOIKHTb Xy, Y, Uepe3 ocobeHHOCTb f=1{;; Tenepb
HYXKHO HCCJEOBaTh MOBEJEHHE Xy, Y, MNPU DPOXOKIEHHH §
yepes s, MO AefACTBHTENbHOH OCH S. B COOTBETCTBHH C pasJio-
JKenueM (14) ¢ ocraeTcss NpH 3TOM JEHCTBHTEJNBHBIM H INpO-
XojuT, BO3pacTasi, uepes I,.- BereacTsue AEHCTBHTENBHOCTH
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BceX KO3((HIUUEHTOB ' pPa3/OKEHHH B pPAABl Xp, Y, TaKKe
OCTAOTCs HEHCTBUTENbHBIMH NpPH 3TOM AaHAJUTHYECKOM IIpo-
JoJukenuu. M3 pasnosxenus (13) mMoxkHO 3aMeTuTh, 4TO 00€
MarepuasibHbie TOUKM P; MU P, IBHrasicb IO HanpaBJEHHIO
BekTopa (&,,) CTaJKMBAIOTCA NpH f=1¢, W 3aTeM OTTa/KHBa-
I0TCST APYFr OT Jpyra. JTO 3aK/IOueHHe HMeeT, pasyMeeTcs,
TOJIBKO MaTeMAaTHYEeCKHH CMBICJ, HO HE HMeeT (DH3HYECKOoro
anayenus. last Bcex f > f,, AoCTaTOYHO O6JIM3KO JexalluX
K t;, onaTh uMeeM x >0, U y fABJAseTCH KOHeUHHM. B cuiay
o6patHoil noacraHoBku (7; 31), (7; 32) MOXHO BBECTH ONfITh
CTapble KOOPAHHATHl X, Y, BMeCTO &, 7. IIpH 3TOM 3Haue-
HHSI TIOCTOSIHHBIX B HHTerpajax JIBH:KEHUsl LEHTpa HWHepLHH,
NOCTOSIHHBIX B HMHTerpajax IJiolajedl ¥ NOCTOSTHHOH B HHTe-
rpajie 3HEPrHH OCTAalOTCA Te XKe, 4To M A <t < ¢, TaK
KaKk OHHM IOJYYaloTCsl INPH aHAJHTHYECKOM MIPOJOJKEHHH
¢ynkui nepemennoél ¢. To xke camoe cnpaBejiuBO H AJs
‘nuddepeHIuaIbHbBIX ypaBHEHHUH, nostoMy ypasaenus (7; 16)
TaKKe YAOBNETBOPSIIOTCS, M MOXHO ONsiTh NEepeHTH OT HHX
yepes (7; 6) k cucreme (7; 2).

[ycTe Tenmepb CyllecTByeT OnpefieJleHHOE 3HauerHe ¢>f;,
I0 KoToporo pemieHue (7;2) yxe mnpopomxero. O6G03HaYUM
9TO 3HayeHHEe BpeMeHH ONATh uepe3 t; Mbl MOXKEM NPHMEHHTHb
K HOBOMy T Bce JI0 CHX Inop JoKa3anHoe. Ecam mpu ocy-
WeCTBJICHHY aHAJHTHYECKOTO INPOJOJIKEHHs RISl BO3pacTa-
Iolero ¢ >t Mbl BCTPETHM HOBYIO OCOGEHHOCTb NPH KOHEYHOM
3HauYeHHH [ =1{,, TO TOTZA CHOBa TOJbKO ABa TeJa JOJIXKHBI
CTOJIKHYTbCS, TaK Kak IO IPeXNOJOXKeHHIO NMOCTOSIHHbIE IVIO-
majeii He BCe paBHBI HYJI0. D10 MOryT OhiTh U He P, H Py,
HO H B 3TOM CJy4ae MOXKHO NpH f={, IIPOBECTH COOTBET-
CTBYIOILYIO peryJsipusaunuio, Kak pasee pas ¢=f;. Ilpojon-
KHB pellieHHe yepe3 f, ¥ MIs Jajblue, Mbl MOXEM BCTPETHTb
CHOBa ocofble TOUKH t=¢, (n=1, 2,...). Ecau uucio
ocobenHocTel OyleT KOHEUHHIM HJH ecaH f, IpPH n—> ©
CTPEMHTCS] K OECKOHEYHOCTH, TO 7Sl BCEX KOHEUYHHIX f >
Mbl HOJYYHM aHaJIHTHYECKOe NpojoKeHHe. [lokaxeM Teneps,
YTO OCTABIIMICH HEpPAaCCMOTpEHHBIM CJiydaH, B KOTOpoM f,
HMEIOT KOHEYHYIO TOUKY HAKOIVIEHHS fo, BOOOLIE HEBO3MOXKEH.

AT10 yTBepXKJEHHE MOXKHO JOKasarTb INPH MOMOWIH YyiKe
HCTIOJIb30BaHHBIX pe3yJsbraToB. Mrak, nycrs ¢, (n=1, 2,...)
CYTb PACMOJIOXKEHHbIE B BO3PACTAOLIEM NOPSJKe 0COOble TOYKH
[PH aHAJIMTHYECKOM TIPOJO/IKEHHH JAHHOTO PeLleHHs IpH { > ©
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BJIOJib JIEHCTBUTENIbHON OCH ¢ U IIYCTh UX NpejiesibHAS TOUKA fo
KoHeuHa. B uHTepBate t <t < f{ 3HAUEHHE MOTEHIHAJIbHOH
oyurkuaun U nas Bcex f=1{, OeCKOHEUHO, a B OCTaJIbHBIX
TOYKaX KOHeYHo. MOXHO yTBepXpaaTh, u4To U crpeMuTcs
K GeCKOHEUHOCTH, eCJiM f, 0cTaBasfCh B 3TOM HHTepBaJje, CTpe-
MUTCH K feo. JleficTBHTENBHO, B DNPOTHBHOM CJydYae JJd
33]aHHOTO TIOJIOXKHUTEJNbHOrO 4HCAa A MOXKHO OblJIO OBl YKa-
3aTh BO3pACTAlOLYI0 CXOAAMYIOCH K lo MOC/E[0BATENHHOCTD
TaKUX 3HaueHW#l f, mas Kotopeix U ocraercs He Goabme A.
Ho Torja M3 3ak/IIOYHTEJBHOIO YTBepXKJeHHA § O cuenyert,
yTo peuieHue OyjeT peryJspHo npH f={,, B TO BpeMs KakK
3Ta TOUKa, KaK MpejleibHast TOYka ocolblx TOYeK f,, caMa
nomxkea ObiTe ocoboii. TlostoMy U -— oo nmpu t—fe W,
CJIefIOBaTeJ]bHO, HanMeHblee U3 TPeX PACCTOSIHUH 7yy, Fog, gy
crpemutcs K Hyqaio. Torpma us d¢opmysnr Jlarpanxka (6; 2)

c/eyer, yTo >0 HEKOTOPOM JIOCTATOUHO MaJIOM HHTEp-
Bajie 1yt <l PyHKLHSA i 'npn Bcex t=1, O6ygmer Oecko-

HeuHol. Yke OBLIO JOKa3aHO, uto [ npu t=1{,, U, caeJoBa-
TeJbHO, TAKXKe NpPE BCeX f=1{, HempepblBHA CJeBa; TaKHM
e TOYHO CcrocoO0OM MOXKHO JIoKasaTb NPaBOCTOPOHHIOID He-

npepeiBHOCTb. [losaTromMy [ B paccMaTpiBaeMOM WHTepBaJie
MOHOTOHHO BO3pacTaeT M HempepbiBHA; BBHAY 3Toro us (6; 6)
caenyer, uTo | npH fy< ¢ < fo HMEET NOJIONKHUTENBHYIO HUK-
Hiolo rpaHb. OTciofia, aHaJIOTHYHO HepaBeHcTBaM (6; 7), noay-
yaeM, UYTO NpH {—>fe TOJNBKO OXHA H3 CTOPOH TPEYroJbHHKA
ryg=1r CTpeMHUTCS K HYJIO, B TO BpeMsl KaK OCTaJlbHble
OyayT ocTaBaTbCA OOJbIIE HEKOTOPBIX IIOJIOXKHTEJBHBIX INpe-
nenoB. Ilosromy /19 GecKOHEYHO MHOTHX f,, JIEXKallUX B
3TOM HHTepBaJle, KaxX[blil pa3 crajkupaiorca Py, u P;, u
JJIST peryjsipusallid OpH BceX £, MOXKHO HCIIOJIb30BATH OJHO
¥ TO ke npeoGpasoBanue  (7;4) (7;5), (7;30), (7;33).
Hcnonsayss paHee BBeJeHHble OGO3HAUEHHsI, MOMKEM YTBep-
®KJAaTh, YTO (YHKUHS E = xy> B COOTBETCTBHH C Pa3/OXKeHHEM
(7;11) nMeer mpejeJbHOe 3HAYeHUE

. 2 (mymg)?
limég = =218/ 0.
1t ¢ my gy >

(o]
Ananornuno paBeHctBY (7; 13), ocoGennoctsiM £, COOTBET-
CTBYIOT CJEAYIOIMME 3HAYEHHS . PEryAsipu3UpyIOllell nepeMen-
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tn.
dt
Sy = g Tt).
ITpy jokasatesbcTBe cyllecTBOBaHUSI HHTerpasa (6; 10) Mol

JI0Ka3ajJi NONYTHO OrpaHWYeHHOCTb [ NpH { —> fw, @ TaKXKe
CXOJHMOCTb HEeCOOGCTBEHHOTO HHTErpasa

too

== V5w

to

OTCIOJIa CJIEyeT, YTO S, TaK:Ke HMelOT KOHEUHYIO TOUYKY HaKo-
IVIEHUS] So. TOT 3Ke caMblii BHIBOZ, C NOMOLIBIO KOTOPOroO
Obia JloKazaHa B Hauajse naparpada peryJsipHocTb X (S) OpH
§=35,, YCTaHAB/IHUBAeT Telepb TaKxKe pEryJasipHOCTb 3TOA
(GYHKUMH TPH S=S». Ho, C JApyrod CTOpOHBI, X (S) paBHO
HYJIIO pH GEeCKOHEYHO MHOTHX §, C TOYKOH HAKOIVICHHS Su.
Tak kak ananutaueckass (GYHKNUS X (S) HE paBHA TOXKJECTBEH-
HO HYJIO, TO Mbl moAyuusu mnpoTHBopeure. ClefoBaTesbHO,
Npe/iNoJIOKEeHHe O TOM, 4TO OCOOGHHOCTH f, MOI'yT HaKamJH-
BaTbCsl HA KOHEUHOM HHTepBaje 3HAUeHHH [, SIBJSETCS
JIOXKHEIM.

Tak ke, Kak 3T0 OblIO c/lenaHO JJis Bcex &> =, pelle-
HHE MOXHO TNPOJOJIKHTH M npu ¢ < t. Ito He norpebyer
HHUKAaKHX HOBbIX DacCyXJEHHH, ec/iM 3aMeTUTb, UTO YypaBHe-
Hast jeuxkennsi (7; 2) He U3MeHATCS 0OpPH 3aMeHe @y, Py, !
HA ¢, — P, —1t. Takum obpasoM, Mbl TIOJIyyaeM pelUeHHe
ISl BCeX KOHEeUHbIX NeHCTBHTEJLHBIX 3HaueHu# {. EjpunHOMY
PacCMOTPEHHIO PellleHNs Ha BCell OCH BPEMEHH MELIeT TOJbKO
elie TO OGCTOSITE/IBCTBO, YTO NPHMEHSIBUIMHCS [0 CHX 0OP
BbIGOD JIOKAJbHO pEryJisipu3upyioleli nepeMeHHOH § 3aBHCHT
oT BhiGopa Tex JBYX M3 TpeX TOYeK, KOTopble OyayT CTalKH-
BaTbesl. TlosToMy Temeph HYXKHO BBECTH BMECTO S [OJXOAsI-
UM 006pa3oM BbHIOPaHHYIO HOBYIO - [IEDEMEHHYIO ®, KOTOpas
Gynet peryaspusupyiomeil B meaom (im Grofien). Ilpu srom
{ v KoopAuHATHL Tpex Tea g, (k=1, ..., 9) Oyayr peryasp-
HBIMH (DYHKUHSIMH OT ® B eMHHUHOM Kpyre |o| <1, a untep-
Ban — | <w® < 1 Gyner orobpamxarbCsl Ha BCIO JEHCTBH-
TeJIbHYIO OCb .
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CylecTBoBaHHEe TaKOTrO ‘napaMerpa ® MOXKHO J0KasaTh
-6e3 0coObIX BBIKJIAJOK cJefyiouuM obpasoM. o cux mop
perysnsipusanysi €IHHCTBEHHOH OCOOGEHHOCTH IIPOM3BOJHJIACKH
NOCpeACTBOM MnoAcTaHoBKH (7; 12). Ilpn stom x 6wbiio pac-
CTOSIHHEM MeX]Iy CTaJIKHBAIOIUMHCS MaTepUabHEIMH TOUKAMH,
NO3TOMY B NOJCTaHOBKe (UI'ypPHPOBaJH TONLKO JBa Teja H3
Tpex. UToObl YHHUYTOKHUTb TAKYI0 aCHMMETDHIO, 3aMEHHM CHa-
yana BendunHy x7' B (7; 12) Beauunnofi U, nonoxus

4

s= gUdt. | (16)

Tak xak U npu npubnuxennu x ocoGoi Touke #, Bexer cels
aCHMNTOTHYECKH KaK m,MgXx~1, TO JIerKO I0Ka3aTb, 4YTO HO-
BbIll NMapaMeTp S MOXKET CJAYKUTb IJsi peryJsipusalid Bcex
coypapenuii. Ilpu sroM xoresiocs Obl, uTOOBI S BMecTe ¢ ¢
CTPEMHJIOCH K + co. XoTs (aKTHYeCKH 3TO IIPH OIpejielie-
nuy (16) BhIMOJIHEHO, HO, uTOOLI M30€XaTh BOBCE HE TPUBH-
aJILHOTO JI0K43aTeJIbCTBa, MOxHO BMecto (16) caenats mnop-
CTaHOBKY '

5= S(U—}-l)dt. (17)

Torna s, oueBHpHO, GyneT o6jajgaTh 3KEJae€MbIM CBOHCTBOM,
DTHM napaMeTpoM S TaKXKe PeryJsipusupyloTCsi BCe CTOJKHOBe-
HHUs1, TIO9TOMY Kax/iast KOHeYHasl ToyKa S, NeHCTBUTEIbLHOH OCH §
sBJIsieTCsl DeHTPOM Kpyra K, KOMIIEKCHOH NJIOCKOCTH S,
BHYTPH KOTODOro { M JEBSITb KOOPJAUHAT ¢, HPENCTABJSIOTCS
CXOJAIHMHCS CTENEHHbIMH PsiJJaMH OTHOCHTEJIBHO HepeMeHHOMH
$ —S,. MHoXecTBO BceX TakMX KpyroB K, A/ niepeMeHHOH s,
oGpasyer, OYEBHIHO, OAHOCBA3HYIO 06aacTh G, CHMMETPHYHO
PacroJIOKEHHYI0 OTHOCHTEJIbHO JIeHCTBHTENILHOMH OCH S.M COZep-
XKaiyio 3Ty ocb. Ilo Teopeme Pumana, 3ta ofmacTh MOXKeT
ObiTh KOH(OPMHO OTOOpaxKeHa Ha Kpyr €AWHHYHOrO pajuyca
B IJIOCKOCTH HEKOTOPOH nepeMeHHOH ® MW HMEHHO TaK, 4TOOHI
npd 3ToM JIeACTBHTeNbHAass OCh S [epeulia B JUaMETp
—1 <o < 1. Torna BBefeHHbIH TaKHM CGpa3soM mapameTrp ®
obsajiaeT XKeslaeMbIMH CBOHCTBaMH.

OnHaxo 370 paccyKjJeHHe [OKasblBAaeT TOJLKO CYLIECTBO-
BaHHE TaKoro napaMerpa. YUrtoObl NpOM3BECTH $IBHO YKa3aH-
HOe KOH(OPMHOe OTOOpaKeHHE, HYIKHO JIYUIle S3HaTh 00JacTh,



$ 8. Ilpumenenue Kk 3adaue mpex mes 75

o6pasyeMylo NepeKpbiTHeM KpyroB cxoiuMocTH K,. Becbma
BO3MOXHO, YTO Pajuyc p, Kpyra K; xax QyHKuus s, He HMeer
NOJIOXKHTENBHOH HUKHeH IpaHu. Toma He CYUeCTBYET napaJl-
JIeJIbHOH TIOJIOCHl, KOTopasi IeJIHKOM cojepikKanach Obl B G
H BKJIodaja Obl B cebs1 peficTBHTENbHYIO OCh §. B JeficTBH-
TEJBLHOCTH 3TOT CJyyYall He BCTpevaeTcsl; B CJEJYIOLEM Iiapa-
rpade O6yaeT j0KasaHa TeopeMa 3yHJMaHA O TOM, YTO PajHyC
CXOIAMOCTH p, HMeeT IIOJIOKHTEJbHYI0 HEXKHIOI TpaHb d,
no3ToMy BpeMsi ¢ H KoopauHaTtel g, (k=1,...,9) Oyayr
peryJsipHbIMH B mosioce —8 < V<3 (YHKIMSMH omnpejeJieH-
Horo ¢opmynoii (17) napamerpa s=o-iv. [lokazatesnbcTBO
MOKHO BBLIIIOJIHHTb CPa3y, €CJU BbIPa3HTh & Kak (YHKIHIO
HayaJbHBIX 3HAYEHHH H Macc, mNpeanosiaras MO-TPeXHeMY,
YTO He BCe IIOCTOsIHHBIE Iomael paBubl Hymo. Tlpexze
BCEro NPH 3TOM HCCJAEAOBAHHH HYKHO J0Ka3aThb JBe BaX-
Hble BCIOMOraTesibHble TeOpeMbl, KOTOpbIE TaK¥Ke JaHbl BHep-
Bble 3yHAMaHOM H HMEIT C4MOCTOSITEJIbHBIA  MHTepec.
B nepBoll BcnoMoraTesqbHOH TeopeMe yTBepKJAaeTCs, UTO
nepuMeTp TpeyroJibHHKA, 00pa30BaHHOTO TpeMs MarepHaJb-
HBIMH TOUKaMH, JJIsi BcEeX MOMEHTOB BpeMeHH ocTaercst GoJibiie
HEKOTOpOTO TMOJIOKHTeJbHOrO uHcaa &. Panee Hamu Gblio
TOJBKO JIOKa3aHO, 4TO NepUMeTp TpeyrosbHHKa Gyjer cyuiect-
BEHHO IIOJIO:KUTEJbHbIM, TaK KaK cJydad TPOHHOro CTOJIKHO-
BEHHSl HCKJIOYAeTcsi; HO NPH 3TOM BCe-TaKH BO3MOXKHO, YTO
NEpUMeTP TPeyroJbHHKA IpH JIOCTATOYHO OOJIBIINX 3HAYEHHSX
BpPEMEHH MOXKeT OKa3aThCsl CKOJb YrOAHO OJIH3KUM K HYJIO.
Bo BTOpo#f BCcrmoOMorarteJbHOH TeopeMe YTBEpPKAAETCSH, UTO
BEJHMYHHA CKOPOCTH TOM MaTepHaJbHOH TOYKH, KOTOpas Haxo-
JUTCH TPOTHB HaHMeHbIIEH CTOPOHBI TPeYroJbHUKA, J15 BCEX
MOMEHTOB BpeMeHH OyIeT MeHblUIe HeKOTOpPOH BepxHell rpa-
HH x. J10 cHx mop GBLIO TOJILKO YCTaHOBJIEHO, UTO 3Ta CKOPOCTh
aBagercss KoHeuHOH. Besuunsbl &, x SIBJASIIOTCS QYHKUHAMH
HauaJlbHBIX YCJIOBHH M Macc MaTepHAJNbHBIX TOYEK.

Hakoreu pazum ofilee npeicTaBleHHe O MHOXKeCTBe BCeX
TPaeKTOPHH CTOJKHOBEHHS KaK O YacTH MHOXKECTBa -BCEX
TpaekTopull sajauu Tpex TeJ. IlycTb MM TpaekTOpHH CTONK-
HOBeHHSl { =1, OyleT MOMEHTOM CTOJIKHOBEHHs MBYX Mdcc
P, u P, BseleM onsTh peryisipusupyolliee npeoGpasosanue
H 0003HauMM, Kak paHblle, Npeo6pa3oBaHHbIe "KOOPXMHATHI
yepes &,, M, (=1, ..., 6) 0's, npuYeM s JIOMKHO ONPeENATHCS
BhipaxkeHHeM (7; 12), ¥ CTONKHOBEHHE NPOHUCXOAUT IIPH §==§,.
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Torpa nBenagnate kooppusart £,, =, OYyAyT peryssipHbIMH
GYHKUMSIME § B OKDECTHOCTH S,; BCJEJCTBHE COOTHOLIEHHH
(8) u (9) umeem

E(sy) =2l o (s)=0 (k=1, 2, 3), (I8)

my+mg ’
rae &= (& + &2+ £2)Y2. HaoGopor, sajanuM aBeHajnath feki-
CTBUTEJIbHBIX HAYaJ/IbHBIX 3HAUEHHH & (1), Wx (1) (R=1,...,6)

pH §=8,, TaK, YTOOkl BhINOJHAMOCH (18). CrenoBaresnbHO, BhI-
60p TakKHX 3HaueHHH, COOTBETCTBYIOLINX HHJEKcaM k=4, 5, 6,
OCTaeTcsl NIPOU3BOJIBHBIM, 1, ($;) =, (5;) =73(5;) =0, a &, (s,),
£5(8,), &3(s;) BHIOHpalOTC B COOTBETCTBHH C 3aJaHHOM CYyM-
Mo# kBazparoB (18). Torma ramuabroHoBa ¢yukuusa F, 3ajaH-
Hasi paBeHCTBOM (7), paBHAa HYJIO NPH 3THX HAYAJbHBIX 3HA-
YEHHSX H, CJeJOBaTeJbHO, OCTAeTCs Ha COOTBETCTBYIOLIEM
pewenny cucremul (1) Bce Bpems paBHo# Hyso. Ecau nepeiitu
C moMOWbI0 06GpaTHOrO nPeo6pa3oBaHUs K NEPBOHAYATBHBIM

KOODAHHATAM ¢, q,(k=1,...,9), To noayuurcsi cooTBer-
CTBYIOIIEE COYNAPEHHIO pElIeHHe, JJs KOTOPOro IIOCTOSIHHASt
SHepPruH HMMeeT 3HauyeHHe A, BXojsiumiee B F Kak JuHeHHbIH
napamerp. BesepcTBHe ueThipex anaiaHTHUecKHX ycoBuil (18)
A/ JiBeHaJIIaTH HayaJbHbIX 3HaueHHH &, 7w, (k=1,...,6)
¥ TNPOM3BOJILHOIO mapamMeTpa h KOOpJMHATHL Ha TPAEKTOPHH
CTOJIKHOBEHHSl 3aBHCSAT OT JeBATH [apaMeTpOB W BpeMeHH f,
T. €. B OOWeH CJOXHOCTH OT JIeCATH HE3aBHCHMBIX Tapa-
meTpoB. Jlerko mosyuntb M3 rTeopeMbi Kowm, uro pemenus
SIBJISIIOTCS aHAJMTHYeCKUMM (yHKIusiMH napamerpoB. O16pa-
CbiBasl paHee CJIeJaHHOE TPEANONOXKEHHe, YTO IEHTP MHEPIHU
HaXOJMTCS B Hayaje KOODJMHAT, Mbl BBEJEM elle LIeCTh Mpo-
H3BOJIBHBIX napameTpoB. [103TOMY TpaeKTOpHH CTOJKHOBEHHS

3aNOJIHSKOT B BOCEMHAJUATHMEPHOM TNIPOCTPAHCTBE §,, g,
(k=1,...,9) anajuTHYeCKOE IIECTHA/NATHMEPHOE MHOTOOGpa-
sue. HyxHO NpHHATL BO BHHMaHHe, YTO MBI IOJYYHM elle
JBa TaKHX MHOroo6Gpasusi, ecju OyJieM HCCJefOBaTh CTOJKHO-
BEHHSI M ABYX JApyrux nap touek. O ¢opme 3THX TpeX MHO-
rooGpasuii Huuero Gosblle He H3BeCcTHO. Bo3MOXKHO, UTO OHH-
NPOXOJAT CKOJIb YrofgHO O/HM3KO OT KaXKJOH TOYKH BOCEMHA-
AUaTHMEepPHOTO NPOCTPaHCTBA. MOXKHO Cjles1aTh ellle O{HO 3aKJIO-
yeHHe: Mepa JleGera MHOXKECTBA BCEX TPAeKTOPHH CTOJKHOBe-

HHS B NPOCTPAHCTBE ¢, ¢ PaBHa Hymo. B wactHOCTH, TpaekToO-
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pHY CTOJKHOBEHHMS] He HMeIOT 3HaueHHs JJIf 3ProfUYecKoil
TEOpHH, TdK KaK B 3TOH TeOpHHM MOXET HATH pedb JIHLIb
O MHOMXECTBAaX INOJIOXKHTEJIbHOH Mephl. HakoHen oTMETHM, uTO
BCE HCKJIOUEHHble TPAeKTOPHH TPOHHOIO CTOJIKHOBEHHS TaK¥XKe
HMEIOT B 3TOM [POCTPAHCTBE HYJEBYIO Mepy; 3TO CJeayeT
M3 TOTO OGCTOSITEJBCTBA, YTO BCE OHM JieXaT B LIECTHA/JUATH-
MepHOM aJjreGpauyeckoM MHOrocGpasuy, KOTOpOe Ompeje-
JsieTcsl HyJIeBbIMU 3HAYEHHSIMH NOCTOSIHHBIX B HHTerpaJjax mnJjo-
magefl mpu HEMOJBHXKHOM LEHTpPe WHEpIMH.

§ 9. Ouenka nepumerpa TpeyrosbHUKa

[MpennosioxXuM OnATh, YTO LEHTP HHEPUUU P, HAXOAUTCH
B Hauyajie KoopauHaT. B sTOM maparpade Mbl jOKakeM nep-
BYIO BCIOMOraTeJbHyI0 TeopeMy 3yH/AMaHa. ‘

Eciu He Bce TOCTOSIHHbE TIOUIAfiedl paBHbI  HYJIO,
TO TIEpHMETP TPeyroJibHHKa, 00pa3sOBaHHOrO TpeMs TeJaMH,
ocTaeTcst BCe BpeMs GoJiblile HEKOTOPOH —IOJIOMKHTENbHOH
TIOCTOSIHHOIA. '

KoopaunaTel MaTepHaJbHLIX TOYeK P, 6yieM onsTk 006o-
3HauaTb uepes3 X, Yr, <; OyJAeM HCNOJIb30BATh COKPAILIEHHUS (),
¥ ¢, BBeleHHble B § 5. OOGoO3HayuM uyepe3 p, pPacCTOsHHE
Mexay P, u P, AOCTaTOYHO IIOKasaTb, YTO BeJHMYHHA

3 .
I= 2 mq? = kapﬁ
©q h=1

BCe BpeMmsi ocTaercsl GOJbIe HEKOTOPOH IOJOKHTeNbHOH I0-.
crosuHoi. Tak Kak HEeHTP HHePLHMH JIEXKHT BHYTPH pacCMaTpH-
BAEMOTO TPeyroJbHHKA, TO CTPaBe/JIuBO HePABEHCTBO p; + Py <<

& Iy3 -+ ras; 1BA IPYTHX AHAJOFHYHBIX HEPABEHCTBA MOJYYaioT-
csi LHKJHYECKOH mepecTanoBKoH. CKJajpiBasi Bce TPH HepaBeH-
CTBa, MOJIyUaeM J/I151 IePHMETPA ry 4 Fgg -+ 73 = ¢ OUEHKY CHHU-
3y p; + pg+ ps < 0. M3 HepaBEHCTBA TPEYTOJbHUKA Iy < Py -+ Py
cleflyeT TaK¥kKe OLEeHKa CBepXy o<<2(p;-+py+ps). Ecmm p
0603HayaeT HauOOJbLIYIO H3 TPeX Macc, TO, € OJHOH CTO-
POHBI, CIIPABEJJHMBO HEPABEHCTBO

3
I<p D) ph<pe?, (1

R=1
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C Apyro# croposbl, u3 HepabencTBa IllBapua ciexyer
o? : : 2 : an: 1 2 : -1
7 ‘\<< E Pk> =( Z (mk/29k>m{ /2> <1 E mi*. (2)
. R=1 “r=1 k=1

TlostoMy /o™ nexuT MexAy ABYMS NOJIOXKHTENbHBIMU T'paHH-
IaMH, KOTOpblE 3aBHCAT TOJBKO OT MacC; JAJs Hamed
Lesd JOCTATOYHO YCTAHOBHTb AJsA | INOJOKHTEJNbHYIO HHXK-~
HIOIO T'paHb.

Kak um mpu nokasatenbctse TOro, uto | OTJIHYHO OT
Hyns, OyfeM "HcxoAuth u3 dopmya (6;2) u (6;4), mo
KOTOPhIM

SI=T+h=Us2n, (3)
21T>%i21' M .
pe SR 4)

rae «, B, y— nocrosnuble miomazge#t. Mckmouas T, nony-
YuM

[— It — gt — 2h >0, (5)

Ecau ymnoxurh nesyio uwacte ma 2//-':, TO monyuenHoe

BbipaXXeHHe JIeTKO HHTerpupyercs. OGo3Hayast HEONpeeeHHbIM
uHTerpas yepes L, umeem '

L= (12 4g) [~V — ShI', )

B cootserctBun c mepasenctBom (5) L Bo3pactaer BMecTe
c ¢, ecmn npu 3tom u | Bo3pacraeT, M yGeBaeT, ecad [
yObiBaer. Orciofa MOXHO JaTb ouenky cHu3y aas /. ByneM
OnsiTh 0603HAYaTh 3HAYEHHS! DA3NHYHBIX BEJHYHH B MOMEHT
{ =1 WHIEKCOM T H NPEAMNOJOXHM, YTO IAS JAHHOTO [OJIO-
JKHUTEJbHOTO YHCJIa A BbINOJIHEHB YeThipE HEpaBeHCTBA

L.<A, U.<A, [hl<A, 7i<A ™

Mbl TOKaXeM, UTO CYHIECTBYeT MNOJNOKHTEJBHOE UHCJO
8 =6(A, m), saBucsimee TOJbKO OT A M Mace m,, Takoe,
YTO HEPaBeHCTBO / > 6 BLINOJHSETCS MPH BCeX AeHCTBHTENb-
HbIX 3Hauennsx f. Hawel uenwio Gyper Takke noJsyyeHHe
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- SIBHOTO BbIpa)keHHMsl © Kak ¢yHKUuH A U m,, OJHAKO HeOO-
XOJUMBble 1JIs1 3TOTO HECKOJbKO I'POMO3JKHE BBIKJAJKH Mbl
npoeoguth He OyxaeMm. Jlis - ynpouieHusi 0603HAUMM Yepes
c,=c, (A, m) (I=1,...,58) nosoxurenbHble 4Yucjia, 3aBH-
csillfe TOJILKO OT A, m,, KaxJoe H3 KOTOphIX 6yjeT MocTpo-
€HO onpezeseHHBIM 00pasoM; OHH OYAyT HrpaTh poOJib BEpX-
HUX rpaHul. IIpexje Bcero OYeBHAHO, 4TO
mmril.<U. <A (k=1 2, 3; I=1, 2, 3, k<),
CJIeJl0BaTeLHO,
Triw > €1y
M U3 HepaBeHCTBa (2) MMeeM TaKke
I > ¢
PaccMoTpuM cHavyasa Gosee npocToi cayyail A > 0. Toraa
u3 (3) caepyer, yTo BCe BpeMs
1 o
- I=U+42hn>0,

cnefoBatesibio, | gBJsieTcst BbINYKJOH KHU3Y (yHKUMeH OT f.

Ecnmu navanpnoe sHavenue [.=0, 1o I mpu f{=-+ uMeeT
a6COMOTHBIH MHHUMYM, H I > [ > c;' eCTb OLleHKa HYKHOro
HaM Buja. Ecau Tenepp eile 3aMeHuTb ! Ha — f, TO 1Js

OCTAJIBHOTO CJy4ast . MOXKHO TpPHHATE I < 0. PaccMorpuMm
Torjia MHTepBal ©<{ < #;, B KOTOPOM (QyHKIHsA | MOHOTOHHO
yObiBaer. B stoM HuTepBase BenmuuHa L, onpejeseHHas
paBeHCTBOM (6), Takke MOHOTOHHO yOblBaeT, NMO3ITOMY BCJE]-
ctBue h >0 BbipaxkeHne L-4-8h/Y/2 toxe yOoiBaer. Cieposa-
TEJILHO,
(PP4m) 1< (124 40) [T (<<t
u, TeM GoJee,
A= K (124 4m) 172,

OTKYZa

I>1, (.1 +4Ln1'$ )‘2- | (8)

Ho Tax kak ¢yskums | BhINyKJa KHH3Y, TO OleHKa (8)
NpUrofHa AJs BceX MOMEHTOB BpeMenH. M3 (4) caexyer
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TaK¥ke OIIeHKa

I2<8L.T, =81, (U +h) < 1642,

crnpaBejyluBasi, BIpodyeM, H B cayyae A <0, a us (8) mnoay-
yaeTcs OLEHKa

I>2c7t (1 44A4%)72, [ >c5l.

Taxum o6pasoM cayyali A>0 paccMOTPEH NOJHOCTBIO.

B cayuyae £ < 0 onenka Tak npocTo He moJyuaercs, TaK
Kak [ 3/lecb yxKe He BbIyKJa KHH3Y H MOXeET HMeTb 6ecKo-
HEYHO MHOro 3skctpeMyMos. [lojoxuMm k= —2h u orpaus-

yuMcd oueHkoH [ g £ > x. ECJIH 1>0 npH Beex £>71, TO
npd 3THX Xe ¢ Oyner [> 1. > ¢;'. Hoa'rOMv B JlaJibHeliilleM
OyZeM HCCJeZOBaTh TOJBKO TOT C/aydyaid, KOTJa IIPH KaKOM-

HHGYAB ¢ >t umeeM | < 0. [ycre Tenepy 1<ty < ¢y, u [
MOHOTOHHO yOBIBa€T BO BCeM HHTepBase f,< t<t,. Ho TOrAa
TaM MOHOTOHHO YObIBaeT TaKXe U beHKHHﬂ L, B uacTHOCTH,
(2 4-dm) [-'2 - 4RI (124 4m) IV 4RI (9)

(t, <t H), '

rie unjekc O COOTBETCTBYeT 3HAYEHUAM (YHKUMI NpPH ¢ = f,.
Tak kak k>0, TO

Al =2 (124 4m) [7Y2 4 4RIV,
oTKyJa ‘
)i ko I 2 \-2
> 0(1+710+7510) (t,<t<t). (10)

BoiGepem Temeps 1Jisi 3aKPEIVIEHHOTO ¢, HHIKHIOWO TPaHHIY
HHTepBaJa f, BO3MOXHO Menblued. Torpa wau f,=< u, cie-
J0BaTeNbHO, .

I>qr(1+2a+ i)’ 1> e<t<t), (1)

wm t, >t u I, ecTb Makcumym /. B nocrexmem ciyuae
fo=0, 4 U3 HepaseHctBa (9) cieayer
W=V 4RI 2 <l e+ RIY2 (L, <E<E). (12)

Ilpu stoM npepnonaraercsi, uto / B 3TOM HHTEpBajie MOHO-
TOHHO YObIBaer.
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[locniennee HepaBeHCTBO jiaeT BO3MOXKHOCTb IOJYYHTh
AJisi BeJIMYMHBI | OLIEHKY CHHM3Y, KOTOpasi JIerKO BHIBOAUTCS H3
CBOHCTB (PyHKIIHH

F(x)=mx—Yetkata (x> 0).

Sra QyHKUAS He H3MEHHTES], eCIH X 3aMeHHTh Ha (n/R)%x™%, u
HMeeT NPH NOJIOXKHTEJbHBIX X TOJIBKO OJ{HH 3KCTPEMYM, &8 HMEHHO

MHHHMYM IIpH X = n/k. B unTepBane 0 < x < —2— OHa MOHOTOH-

HO yObiBaeT. B muTepBane ¢, < ¢t <t, 6ymer I < I, u u3 (12)
noayuaeres, 4ro f (1) < f(/,), ciiegoBate/bHO TeM Gosiee F > n/k.
C npyroii croponmi, f(x)=7f(l,) npu x=(w/k)® I3* < w/k,
cnepoarenbHo, f(x) > f(l,) npu x < (w/k)®I;* u notomy

2 .
I>(%) IV (L,<t<ty).
Ecaun TpH 3TOM I, <k? 10 |
129> A7 (L, <t<tH) (13)

Ocraercsi paccmotpers cayyali I, > k2. Torna nu6o 1as Beex
MOMEHTOB BpeMeHH

I>k2=(2h)72> (24)% (L, <t<H), (14)

J160 CyLlecTBYeT B HHTepBasie TAKOH MOMEHT { = f, <{;, JA51 KO-
toporo [ = I, =Fk™2. Ilpn nocienHem jonyimeHHH 6yeM HMETh

I>Q2A7  (L<t<ty), (15)
B TO BpeMsl KaK JUisl OCTaJbHOro HHTepBaja f,< ! <{f, MOXK-
HO DpHMeHHTb HepaBenctBo (10) c 3ameHo# {,, I, fo Ha
Ly, \[2, fz, YTO Jaer

I> (k+ T 5 17 (h<t<t). (16)
Huxke MBI JIOKaXKeM OLIEHKY v
R<ek™ (I,=k2, I,<O0). (a7

Ecity cuurtath, 4TO OHa J0OKa3aHa, MOXHO OOBEJHHHTb Hepa-.
BerctBa (13), (14),+(15), (16) B oaHO HepaBEHCTBO

I>ct (t,<ttY. (18)
6 3akas Ne 1032 '
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Ilpu sToM ¢yHknus | HMeeT B Touke f, MAKCHMYM M B HHTep-
Base f,<f<t, OHa MOHOTOHHO yGbiBaeT. PaccMOTpHM Tenepb
CaefywouHne TpY BO3MOXKHOCTH. Ecau [ yO6biBaer npu Beex
t > t,, 1o ouenra (18) cnpasepnusa npu Bcex ¢>f,. Ecau
I npu t > i, umeeT rae-HUOY b MEHUMYM. TO 3TO OyJeT CHa-
yana npu t==¢,. Torpa, ecnn I npu ¢t > ¢, Bce Bpems BO3-
pacraeT, T0 BO BCAKOM CJyuae
121> (t>ty),

cJiefioBaTenbHo, onsaTh I > ¢3! npu Beex t>1f,. Ho ecom [
npu ¢ >> f, He Bce BpeMsi BO3pacTaer, TO NEPBbIi MaKCHMyM
BCTPETHTCH NpH [ = {3, U TOTJa B HHTepBaje MeXAy JABYMs
noc/ie[0BaTeIbHBIME MAKCHMYMaMH HMeeM

I>1,> ¢ (H,<t<ty).
Haxkowen, ciepyer 3aMeTHTb, YT0 MOMEHTHI BPEMEHH, COOTBET-
CTBYIOLIHE H30JHPOBAHHBIM MAKCUMyMaM, He MOTYT HaKaIlJH-
BaThCsl Ha KOHEYHOM HHTEpBaje, TaK KaK HHaue HaKaIlJiH-

BajHCh Obl ¥ Hyau (yHKUME | (f); HO, COrJIACHO y¥Ke TOJY-
YEHHbIM pesyJibTaTaM 00 AaHaJIHTHYECKOM NPOJOJIMKEHHH pe-

IIeHust 3ajayu  Tpex Tes, . [ (f) JMOJKHO TOMKJECTBEHHO
PaBHATBCA HYJIO, @ 3TOT CJyyal OblT y2Ke HaMH pacCMOTpeH

panee B mpeanonoxeHu#d [ >0 (f><x). Ilosromy oueHka
{ > c;' poxasana npu Bcex {>#, ecnu f, ecTb BpeMs nep-
BOro MakcumyMa [ mpu ¢ >-«. Hakonen, nycts t<<t<l,
Had, ecaqu | npu f>+ BooGIEe He HMEET MaKCHMyMma,
© < t. Torja BHyTPH 3TOrO HHTEpBaJa HET U MHHHMYMOB, COOT-
BEeTCTBeHHO, | He yOblBaeT, Tak Kak TaM TPHBHAJbHBIM OG-
pasom I>1.>c¢;'. B ocTadbhbix cayyasix MOXHO npHMe-
HuTb  HepapeHcTtBo (11) m monyuuts [>c;* ana wuHTepBana
<t UM, COOTBETCTBEHHO, aas +<f. Hrak, aeficteH-
TeNbHO [ > ¢ npH BCex ¢ >, .
Hyxno eiie fokasath HepaBenctsa (17), st uero Hejo-
CTaToYHO HCNOMb30BaTh AH(peperuunaibHoe HepaBeHCTBO (5);
Tpebyercs Gosiee TOYHO M3YYUTh. moBejenue ¢ynkuuu I. [lycTh
HaWMeHbllasi CTOPOHA TPEYrONbHUKA, 06Pa3OBAHHOTO MaTepH-
aJIbHbIMH TOUKaMH B MOMEHT {, onaTb OyJeT ry;=r U NYCTb
p 0003HaYaeT pacCTOsiHHE MEXAY P, M LEHTPOM HHepuuu P,
KOTOpbIi HAXOJAUTCA B Hayalle xoopAuHat. HepaBeHCTBO Tpe-

yroJbHHKA JaeT TOrja
' P T+ <2y p<r4rp< 2, (19)
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HaoGopor, B HHXHIOIO OLEHKY p BXOASIT JBe CTOPOHBI Tpe-
YFOJILHHKA 7'yy U [Igg. IIOJIOKEM m, 4 my -+ my= M, TOrjga Hs
TeOpeMbl O IBH)KEHHM IEHTpa HHEepPUHH

mlql+m2q2+méq3= 0 (20)
crenyer gopmysa -
' Mgy =my(q:—q,) + M3 (9,—qs).
3aMeTHM Takxke, 4TO yroJ TpeyroJbHUKa npH P, He Gosblie
©/3, U erq KocHHyc > 1/2, nostomy .
M?p2> (myryp)? + (myr 23)2+ My Msl 197 28 >
> % (myrye+ Myras)?,
OTKYy/a -
2Mp > myrig -+ Mgl ps. 21)

Tak Kak r,, sIBJISIeTCS] HaUMEHbiled CTOPOHOH TpeyrosbHHKA,
TO 719/2 < Ty3 < 2ryy. W3 omenok (19) m (21) caenyer, uro
OTHOLICHHST Iyp/p; Ias/p JEKAT MEXKAY JBYMS IOJOXKHTENb-
HBIMH T'DaHHLAMH, KOTOphble 3aBHCAT TOJBKO OT Macc.

[Tocsie sToro BcoMoraTesIbHOrO pPacCMOTPEHHSI BepHeMcs

OnfATh K OleHKe I,. Buqmaﬂ H3

7 = Z mqq = Z mh (Xp¥p + yhyh'l"zhzh)
q k=1

ypaBHEHHE, BBITEKAIOHEE M3 TEOPEMBI O JIBHKEHHH ILEHTpa

HHepUuHH,
3

0= E mhﬂ(f;chxa_f*' !)kya + ékzs)»
k=1 '
N0y4uM

. 2 S
1 . . .. .
zI= 2 M {xh (%p—%3) + Yn (Yr 7 Ys) +2x (zh_zs)}}_‘
k=1 B
HJIH, KOpovue,

%i= Z {ml(}l Q3)+m242 qa)} (22)

6% .
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' - Bripasum Tenepr g,—q; uyepes ¢, —q, ¥ g,. U3 ypasne-
musa (20) caeayer - .

my (§,—3s) + (m1+ mg) (§g—3s) + (M, + my + mg) g, =0,

OTKYJa

e M
Ga—qs= =—(q1—Gs) + mm, T2 (23)

T omytmg

H NOTOMY ypaBHeHHe (22) NepexojiHT B v
'1 . . m . fngM .
51= % my (g, + E_ﬁ—"{a%) (9:—95) + Mt zq 9292- (24)

OGo3nauuB uepe3 v HaHGOJABLIYIO U3 CKOPOCTel ToueK Py U P,,
¢ nomouipio HepaBeHcTBa [lIBapua nosyunm

mM
my-+-mg

< or.  (25)

| 3 4 et e 42) (92 )
q

Uto6E! OIeHHTH NIPABYIO YaCTh, BOCIOJIb3YeMCst TeM, uTo A < 0,
H TOrja

T=U+h<U, (26)

a TOTOMY, OYEBHZHO,

O T<rU <. (27)
Orciona caepyer
" r®<ec,, ro<Veyr.

C npyroii cTOpOHHI, ¥3 HepaBeHCTBa

0<2T=2U—%
cJiefiyeT OleHKa CHH3Y ’
2U >k, : (28)
oTKyza
r<cpkl.
T1osToMy ‘

ro < ¢ k=, (29)
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3ameuasi, 4To
2 q; =% 2 ézqz;':.‘.’P’ (30)

BMeeM uU3 (24) B COOTBETCTBHH C OLEHKaMu (25) u (29) wmo-
(epenumabHOE HepaBeHCTBO

|- pp] < ek 31)

B MOMeHT t=t, 6y11eT I(t)=1,=Fk72, 1 (tz) = f < 0. Iyerp

[ pz——snaqeaua P, p npu t-—-t8 Ecsu Ham ypactess mosy-
YHTb OLIEHKY THINa

—paPy < Cigk ™2, SN )
TO U3 OLEHKH (3]) noJyuynTCsi HEpPaBEHCTBO
0< —1y < ey,

a, cJeJoBaTeJbHO, M HepaBeHCcTBO (17) ¢ ¢y==ci,.

T Hdas noxasawe.nbcma (32) Tak Xxe, KaK 3T0 OBJIO C/eJIaHO
ans [, Haijpem AudpepennHaNbHOE HEPABEHCTBO VIS p, HHTe-
rpUpoOBaHHE KOTOPOro JAacT HdM ikelaeMyio oueHky. [udde-
peHilupoBaHHeM ypasHeHus (30) moayuaem

) (992 + 2 = pp + 0%,
q ,

CJIeJIOBATENILHO, COIVIaCHO AudxpepeHIHAJbHBIM YpaBHEHUSIM
IBHKEHHS,

pp+ pi= 2 s (ml f?zqz-*_ m, qsr—gsqz>+ o, (33)

€CJu U, €CTh CKOpOCTh TOUKH P,. Ecam 3ameruts, yTO MO
HepaBeHcTBY (21) paccrosnue p >0 10 u3 (30) crenyer
¢ momouibio HepasesicrBa llIBapua, uro

P=(D a2 <D= (34)
q q

Has k=1mn .k=3 U3 HepaBeHCTB (19) cJaenyer oleHka
| g —qalrid <rid < 4p7% (35)
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KpoMe TOro, |¢,|<p, Tak uto u3 (33), (34), (35) moayuaem
nuddepeHnnasbHOe HEPABEHCTBO
P> —Cyp ™ (36)
JIlnsa nokasartenbcTBa HepaBeHcTBa (32) A0CTAaTOYHO pac- ‘
CMOTpeTb CJyyaH 532 < 0. BuiGepeM nocTaTtouno MaJblii HHTEp-

Ban ¢, <t<t,; B KotopoM Bezje p <0, ¥ r;; ecTb HAUMeHb-
asi u3 CTOpoH TpeyronbHuka. Torza u3 HepaBenctBa (36)

25.’ P < - 2claf;P~2 ((.<E L),
OTKy}La, HHTerpprH, I/IMeeM
p. — 2cl5pz P — 2615‘7»1 (t4 ‘<\_ t< tz)’

cJiefjoBaresbHO, TeM GoJiee
Py < i+ 21503,
rie ;;4:;;( ty); BCIeACTBHE p, < 94—p(t ) HOJYYHM - TaKKe -

(92.‘;2)2 < (P4i’4)2 -+ 2¢45p5-

31ech cseBa CTOMT HMEHHO TO Bbipa)KeHHe, KOTOpPoe HCIOJb-
30BaJIOCh IIpPH JlOKasaresbcTBe HepaseHcTBa (32). Cnpapa
CTOAT JBa CJlaraeMhblX, KOTOpble JIETKO OlEHHTb HYKHBIM HaM
o6pa3oMm, TaK Kak, IO onpejenenuio I,

I>myp?, py < cyely/t=cek7.

Ilns HccnenoBaHHA NEepBOTO  CJ1araeMoro paCCMOTpHM elile
HeCKOJIbBKO cJiyuaeB. Bo-mepBEIX, paccMOTpHM cayuai, Korja-
B KayecTBe f, MOXHO HCIO/Ib30BaTh paHee BBEJEHHOE 3Ha-
yenue t,, A1 Kortoporo [ uMeeT MaKCHMYM. Torna Bcaen-

CcTBHE 10_-0 u3 HepaBeHcTBa (31) moayyuMm

4 (9454)2 < 517k_1- (37)

Bo-BTOphiX, mMycTh Temepb Hesb3st NPUHATH {4 =1, TOrja 1ty
HaJo BhOpaTh BO3MOXKHO MeHblHM. CJlef0BaTe/bHO,

<t <ty
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¥ B MOMeHT {, /60 p=p,=0, aubo r;, NpH JaNbHeHIIEM
yObiBaHuM ¢ nlepecTaeT ObITh HAaMMEHbLIEH CTOPOHOH Tpe-

yroabnuka. Jas p, =0 HepaBenctBo (37) BBINOMHSIETCS TPH-

BHaJIbHBIM 06pa3oM. B ocraBimiemcsi cayvae eue Kakasi-HH-
OyIb CTOpOHa TpeyroJbHHKA paBHa r npu t=1{,. V3 Hepa-
BEHCTBA TPEYroJbHUKA HMeeM r,,<<2r (k=1,3) npu t=1,,
M TaK KaK, C JpYyrod CTOPOHbI, BEeJHYHHA p/ry, JEXKHT Je-
Bee HEKOTOpPOH rpaHH, 3aBHCAIlEH TOJBKO OT Macc, TO 3TO
6yner cnpaBelAHBO M IS OTHOWEHHS p/r mpH t=1,. Ilo
HepaBeHCTBY (27) Tam Takxke pU <cm, H U3 COOTHOLIeHHH
(26), (28) u (34) nonyyaercs

(99)? < (905)® < C190° T < €190 < €U < 2epok™  (E = 1y).

Orcropa caenyer, uro (32) chopaselJMBO BO BCEX DPaccMo-
TPEHHBIX CJIyuasX, MOITOMY JOKa3aTeJbCTBO NEPBOH TeopeMbl
3yHiMaHa 3aKOHYEHO.

B cootsercTBuu ¢ HepaBeHcTBOM (1) MBI I0Ka3alu OLEHKY

o> (38)

U3 Bcero xoja BHIBOJA OUYEBHJHO, YTO MOXKHO HAHTH BecbMa
ApOCTOe BhlpazKeHHE LIS Cy B BHAE (QYHKUMH OT A M my.
J10 BbIpaXkeHHe TaKxke OblI0 HaljileHO 3yHAMAHOM.

§ 10. Ouenka CKOPOCTH

Ilycte nenTp uHepuuu P, JIeXKHT B Hayaje KOODAMHAT.
Bo Bropofi BcnomorareqbHOH TeopeMe 3yHAMaHa yTBep-
KJlaeTcs:

Ecnu He Bce TpH NOCTOsIHHBIE TJowlajedl paBHBI HYJIO,
TO BeJIMYHHA CKOPOCTH TOH MarTepHasbHOH TOUKH, KOTOpas
JIEXKUT NPOTHB HAauMeHblIell CTOpOHBI TpeyroJibHHKa, BCerja
OCTaeTCH MeHbllle HeKOTOpO#l KOHEYHOH NOCTOSIHHOM.

Hasi nokasaTtenbcTBa IpHBJeYEM NEPBYIO BCIOMOrarelb-
HYIO TEOpeMY H TOF/la CPaBHHTEJbHO INPOCTO NpHJIEM K LeJH.
CornacHo (9;38), nepuMerp TpeyroqbHHKa YJIOBJETBODSIET
JJIsi BCEX MOMEHTOB. BpeMEHH HepaBeHCTBY

a+ras+rs > 0 > 0. : 1)
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Ecnu pns mMomenta { HamMeHbluasi CTOPOHA TPeYroJbHHKA
. 1 ’
r> % Car>

TO OYeBHJHO, 4T0 T =U+ h < c,,; cJe/l0BaTeJbHO, TOrAa BCe

CKODOCTH B 3TOT MOMEHT MeHblIE C,,. [losTOMy B najibHefi-
IEM MOXKHO OIpPaHHYHTBCS DPACCMOTPEHHEM cJaydas

1 ' L

r<-gcu. (2

[lycts onaTh ry3=r — HauMeHblIasi CTOPOHA TPeyroJib-

HHKa M U, =0 — CKOpOCTb TOUKH P,. Ham HyXHO NOJy4HTH,

Tenepb, Kpome HepaBeHcTBa (9;36), Takke HepaBeHCTBO IIpo-

THBOTO/IOXKHOTO CMBIC/IA, [JIsi YEero BhIBeJEM CHAauajsa Hepa-
BEHCTBO, coorBercTByWOIEe (9;34). U3 (9;30) umeem

92 (vz_ E;z) = 42 q: qz (]: - (qE 42(.72)2 = (xzyz“ yz;cz)z +
+ (Y222 — 220/3)® + (20%5 — Xa2,)%. (3)

Hast OueHKH 3TOro BRIpaXKeHHs HCIIOJb3yeM HHTEIpajbl IIO-
mazned. Ecau ana npeoGpasosanus

3
1 =h§1mk (kYu — Yn¥p) (4)

HCNOJb30BaTh e€Hle HHTErpaJbl JIBHXKEHHS U.eHTi)a HHEPIHH,
TO NpeXKJe BCEro HoJyYHM

2
1= 2im, {(xk - X3) !/k_(!/k_!/s)xk}’
‘ k=1 )
OTKYJla, HCKJIOUasi X, — X3, Yy — Y3 C NOMombio (9;23), nMeeM”
Y=m {(xl—xa) <y1 +?ﬂf’m—3.‘}z>_‘
. m ' " m.M . .
— (41— ys) <x1 + ,’n—lf@ xz) } + m (Xap— Ys%s).  (5)

HepBoe CJaraeMoe chnpaBa MeHblle 0O a6CoJIIOTHOH BeJiH-
YHHE, 4YeM '

T3 < o (U | B)) S carUMatcogr | M2 <ot UMe + o,
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H Tak Kak rU < ¢, TO
rPU < cgq.

Ecau BHectH B (4) Hava/bHble 3HAaueHHs, TO NPH NOMOLILH
HepaBeHcTBa llBapua Hafinem :

< 2T <2, (Us +| h]) < 442
ITostomy (5) AacT oleHKY

| X2y — YaXa | < Cay
a TaKXe J|Ba aHaJIOTHYHLIX HEPaBEHCTBA, MO0J1YYa€MblX UHKJIH-
YecKoH nepecraHoBko#l x, y, Z. M3 (3) renepn caeayer’
0<0®—p? < cpep™

Tak. KaK OTHOWMICHHS [1y,/p, 7pg/p OIpAHHUEHBl M TAK KaK,
C ApYrol CTOpOHbI, M3 HEPAaBEHCTBAa TPEYroJbHHKA, COTJIaCHO
(1) u (2), umeem :

s <Ay, Iz <A4cy,
TO 6yﬂeT AMETb MeCTO Tak)Ke HEPaBeHCTBO
' P < Cop (6)
H, CJA€ROBATEJbHO,

0< 0 —p? < cyop™™. | (7)

Hcnoab3yem, Kak M paHee, I/l OLEHKH CBepXy aGCosOTHOR
BeJIMYHMHBI NEePBOro ujeHa B npaBoil wacth juddepeHinas-
Horo ypaBHeHHs (9; 33) BelHUHHY C5;p~), TOrJa NOJYYHM H3
(7) HepaBeHcTBO

Jol<cep™, ®
KOTOpOe JiaeT B HauieM ciydae BMecto (9; 36) ABYCTOPOHHIOH

OLEHKY p..

W3 HepaBenctBa (8) nyTeM HHTErpHpPOBaHHS MOXKHO IO-.
JYYHTb KeJaeMbii pesyJabraT. [as 3sToro jpocratoyHo pac-
CMOTpeTh TOJMIbKO cJjy4ail f>+. Ecau B MomeHT ¢ npou3Boj-

Hasi p = 0, TO M3 HepaBeHctB (6) ¥ (7) yXke cuaepyer

V% < Cg9Cg9- IlycTh, caenoBaTenbHo, p # 0. Torga sror MomenT
BPEMEHH 3aKJIOYHM B HHTepBaa f; < { <1!,, B KOTOpPOM Bbi-
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MOJHSETCS] HepaBeHCTBO (2) M p He oOpamwaercss B HYJb.
Torjia B 3TOM HHTEpBAJie.f;3 =" OCTaeTCsl HaHMeHbLIEH CTO-
poHo# Tpeyrosnbuuka. M3 (8) Temepn caenyer

12001 < 2551 0] 072 (L <E<1y),

NMO3TOMY, TAK Kak p COXpaHseT B 3TOM HHTepBaJe OJHH H
TOT Xe 3HaK, HMeeM

[p%—p1| < 20507 —p"),
rae py=p(ty), {)1=;')(t1). Orciona, 10 HepaBenctBy (6),
p? < Pi‘l‘ 2035Cs9- )
Bynem rtenepb BuIOupaTh f; NpH YCJOBHH f,>>t BO3MOXKHO
MeHbIIMM. Eciu OpH 3TOM t, ==, TO, cornacuHo (7),
P2 02 < 2mM T < . (10)

Ecaun, nanporus, f; > 1, T0 J100 p, =0, 6o
- .
r='4_0211 (t=1ty).
B nepBom cayuae (10) BoinosHeHo TpuBHaJbHBIM cOpazom. Bo
BTOPOM cJiyuae

U<cy T=U+h<cy (t=1),

H OolATb
‘ p1 < Cgqe (11)

Wrak, us nepasencts (6), (7), (9), (10), (11) nomyuaercs
B KaXjoM cJayuae ov®< Cy;, T. €. YTBepKJEHHe JI0Ka3aHO
noasoctbo. TakuM c6pa3oM mosyyaercsl OLEHKa

U < Cggo (12)

B KOTOPO#l Cy; MOMKHO BBIPAa3uTh ‘ABHO uepe3 A H Macchl.

§ 11. TeopeMa 3yHamaHa

[TpuMeHuM Tenepb o0e BCroMoraTesbHble Teopembl 3YHJI-
MaHa K OTBHICKaHHIO KoopiuHar ¢, (k=1, ..., 9) B 3anaue
Tpex Tes B BHAe (QYHKNHA HOBOH He3aBHCHMOH IepeMeHHOH,
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3ajlaHHOH BhIpaxeHHeM (8;17)
t .
s= S(U+1)dt. (0
T
Ecnu h ecTb 3HaueHHe NIOCTOSTHHOH SHEPrHH /ISl PacCMaTpH-
BAaeMOro pellleHHs, TO NOJOXKHM Tenepb B OTiHuHe or (7;15)
_T—U—h_T—h+1 _
F= U+1T — U+ -1 (2)
Amuanoruuno nepexony or (7;6) k (7;16) nmonyyum u3 ypas-
HeHu#l aBIkKeHus (7;2) cucremy I'amuabroHa

gp="Fyp,, pr=—F (k=1,...,9), 3)

npuyeM IITpHX 0O6O3Hayaer un@épeﬂuuposanue no s u,
Kpome TOoro,

t=(U+ 1) 4)

®dyuguuss F HA pacCMaTpUBaeMOM peLIEHHH TOXJEeCTBEHHO
paBHa HyJi0. MBI JiOKaxeM Tenepb KakK TpeTblo BCIIOMOra-
TEJLHYIO TEOpeMY CJefiylolllee yTBepKJAeHHe:

Ecau ansi HayanbHBIX 3HAueHHHl BBHINIOJIHEHE! HEPaBEHCTBA
(9;7), .TO cyuiecTByeT -Takas IOJIOXKHTEJbHAas BeJHYMHA
&=6(A, m), 3aBuCALAS TOJbKO OT A M Macc, YTO KOOpJH-
HaTbl ¢, B3aUMHble pacCTOfHHSA TpeX TeJa M Bpems { OyayT
- peryJ/ispHbIMH - aHANTMTHYECKHMH (YHKUHSMH OT § = ¢ -+ iy
B nojioce — ¢ < v < § KOMIUIEKCHOH IJIOCKOCTH S.

Hast okasaTeibCTBa MCNOJNb3yeM ONATb TeOpeMYy CyLie-
crBoBanusi Komu. Mbel yxKe 3HaeM, 4YTO paccMaTpHBaeMoe
pellieHHe MOXHO aHaJHTHUYECKH IPOJIOJIXKHUTL /151 BCEX KOHeu-
HBIX JieACTBHUTENILHBIX 3HAUeHHH BpEeMEHH; = BCIOMHHM, YTO
B COOTBETCTBHH. ¢ nojcTaHoBKOH (1) jeiicTBHTeNbHOH ocH £
IIPH 3TOM COOTBETCTBYET JelicTBHTENIbHAA OCb S, [IycTh s=s,
€CTh IPOU3BOJILHO BhIOpaHHOe ReHACTBUTENIbHOE YHMCJO0. Mbl fo-
KaxeM, 410 ¢, (k=1,...;9), ra (1 <x<A<3) u ¢t Oyayr
PEryJIsipHBIMH B Kpyre |s—s,;| < 6, IpuyeM & He 3ABHCHT OT
S, ¥ 3aBHCHT ToabKo oT A u Macc. Mw 6yjem oGosHayath
B 3TOM naparpade, KaK H paHblle, HHJEKCOM | 3Hauenus
cooTBeTCTBYIOW KX (GYHKIMA npu s=s;. BeeneM neficTBuTeNB-
Hoe umcyio B » A+4+1, xoropoe mnosjaHee OyIeT ompejesieHO
TouHee, W GyjeM pasauyaTh B JlaJqbHeAIIEM JBa cjayuas.
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Ipexpe Bcero nyctb mpu s=s, 3Hauenne U =U, < B.
Hnsi npuMeHeHHsl TeOpeMbl CYIIECTBOBAHHS K yPaBHEHHAM
(3), (4) nocraTouHo HaHTH NONOXKHTENbHOE YHCJO b, 3aBHU-
csilee ToapKO OT B M or Macc, Takoe, uto6hl GyHKnuH F H
(U+ 1) B KOMIJIEKCHOH OKpecTHOCTH

[gh—qm | <b |Pe—Pml<b (k=1,...,9)

OhlIM PEryJsipHbl OTHOCHTENBLHO Gy, P, ¥ 4TOOB HX a6COMIOT-
Hble 3HAUeHHS OCTaBaJIICh MeHblle HEKOTOPOH BeJIHYHHHI,
3aBHcsel TosbKO oT B u macc. BenejcrBue onpenesenus
(2), sto HyxHO p,oxasaTb Toabko jass T u (U +1)71. B nanb-
HefitueM nop by, ..., b; OyneM NMOHHMaTh HajeXaUM OO-
pa3oM BblGpaHHbIE NOJIOKHTENbHbIe 4HCaa, KOTOpre 3aBHCHAT
TOABKO OT Macc u oT B. lna s=5

T=T1'=U1+h<B+A < 2B,
u (7;1) nokaaniBaer, YTO B KOMILIEKCHOM OKPECTHOCTH

P—pul <1l (k=1,..., 9 (%)

cnpaseannBa oneska Buja | T| < b,, npuuem peryasipsocts T
OUYEBHJHA. Bepﬂemca Tenepb K COOTBETCTBYIOLIEMY -HCCJIENIO-
Bauno (U + 1)"! u onpejesinM npexjie BCETO TaKyIO OerCT-

HOCTb ¢y, YTOOH TaM  HaBepHoOe 651110 1U+1 |> . Has

3TOr0 JIOCTATOYHO, 4TOOEI TaM Gbuio |U — U1| < 4 , TaK Kak
Torza nonyvaercs

U41]> U+ 1) = U, =U|> 1

Ec.nn 0603HAYHTh Yepes p HAHMEHBIIYIO H Yepes m — HaH,
6oJbLIYIO H3 Macc my, (k=1, 2, 3), To nocTATOUHO B coor-
BeTCTBHH C (5; 2) HaliTH TaKyl0 OKPeCTHOCTb (., B KOTOpOi
OyAyT BHIIOJNHEHBl TPH YCJOBHA

]'xu_

T =b, (l<x<)\<3). (6)

"
| < 4m2B
Torpma, BCneACTBHe COOTHOLIEHHSA

pi .
7 <U<B, -
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GyneM HMeTh
1 1

— 1 LPTCU —s w? _ 1
Ten ’m‘_’xu fn_l‘<3*‘ =i ©

U=U) =| S mem (=LY <sm =3
<A .

3ameruM Tenepb, uto Bhipaxenue (4?4 v?+w?)-'2— 1 kak
GyHKUHS TpeX KOMILJIEKCHHIX IepeMeHHeX u, v, w O6yjer
PeryJisipHO BO BCeX TOYKax JeHCTBHTeNbHOH chepsl

Ui+ +wi=1

H paBHO TaMm HYJIIO. Cneuoaa’re.nbno, OHO MeEHbIe 10 36C0-
JIIOTHOH BeJMuHHE, 4YeM b,, B NOAXOAAUIeH KOMIJIEKCHOH OK-
PECTHOCTH

lu—u | <bg |v—0;|<by |W—w|< b,

EcaH noJioXuThb

XXy _ Y—Y,
Y o= a1
o= Z,+—2,

9T ’

rje X, y, 2. ONATb PacCMaTpHUBAIOTCS KaK JeKapTOBbl KOOp-
JHHATHl, TO ycJioBHE (6) BLINOJNHSETCS IPH

Gr—Gr1 by _
T<_2_ (k=1,...,9),
U, cJej0BaTesIbHO, N0 HepaBeHCTBY (7) TeM OoJsiee BHIIOJ-
HseTcs AJ .
2
Iqh—qk1'<%s§_=b4 k=1,...,9). (9)

Torga B stoff okpectHoctd (U -+ 1)™! MeHslle 1o abcomor-
HOH BeJMYHHE, YeM 4, U PeryJspHO, KaK 370 cJjenyet u3 (8).
BenenerBue onenok (5) u (9) nmonyuuM Hyxnroe b, monaras
b=Min(l, b,). U3 Teopemst .cymecrBoBanus *Komu Toryac
CJeflyeT PEryJsipHOCTb G, Pp M ¢ TpH |S— ;| < b;.

Tenepb paccmoTpuM caydaik U; > B. 3To oxBateiBaer,
B YacTHOCTH, CJy4adl CTOJKHOBEHHs, Tak Kak Torja U, umeer
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GeckoneuHoe sHauenye. [TycTe jjsi s=s5; ONATh 7,3—HAUMEHb-
Hiasi M3 CTOPOH ‘TPeyroJbHHKAa. BBejeM KaHOHHYECKWMH Iipe-
oOpasoBanusmu (7; 4), (7;5) u (7; 30), (7; 33) BMecTO G}, Py

HOBble HepemeHHble &, M, (R=1, ..., 6). Ilpu sTOM CHCTeMa
Famuibrona (3) mepexofut B
&k=Fy, m=—F,  (k=1,...,6), (10)

npuueM ¢yHKIua F, onpejeseHHas paBeHCTBOM (2), BbIpa-
JKaeTcsl Tenepp no ¢opMynaM npeoGpasoBaHus uepe3 £,, 7.
Torna c BBefeHHBIMH paHee O0O3HAYEHHSIMH AJS  CTOPOHBI
ry3 =X IO ‘COOTHOIIEHHIO (7;29) onsTe noaydyaercs x == &n?,
rje onsith _
=8+ P=n+n+

YMHOXKasi YHCJMTENs H 3HaMeHaresJb ¢yukuuu F Ha x,

fnoJiy4yaeM )
FoXTH0=hx |

xU+x '
Lk (11)
U417 xU4x *

Jlns npuMeHeHHsi TeopeMbl CyMIeCTBOBaHHS K cucreme (10),
(4) HyxHO Tenepbp Oske paccMoTperb TpH ¢yHKumH X, xT,
(xU + x)™! or ;nBeHajuaTH HE3aBHCHMBIX nepeMeHHbIX &y, 7y
(k==1, ..., 6) B JOCTaTOYHO MAJIOH KOMIUIEKCHOH OKDECT-
HOCTH EM, Thu- Cxavana paccmotpuM x u-xT. .

Besepcrene  nepasenctBa U, > B uMeem npn s=5
3m?x~! > B, nostomy

x < igl—z (s=s). (12)

Tak Kak GbUIO NPEeANoJOXEHO, YTO AJS HAaYaJbHHIX 3HAUECHHI
BBINOJIHEHB HepaBeHCTBA (9; 7), TO CIpaBej/iMBO HEPaBEHCTBO
(9; 38). Hdanee, nyctb Temepb

B> 12m°-%c,l. o 3)
Torpa Tem Gosee ' ‘ '
' (*h < g >

3HAUMT, AJd ABYX Apymx CTOpOH HMeeM:
rin < 4cy, Ty < 4Cyy. - (14)
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Torpa us
XT=X(U+h)=mlm3+m1m2i+m2m3_x_+hx
Iis To3
caenyer
| (T)y— mymy | < 22 < gy, (15)
H, coraacHo (8;2), nasee ‘
(81 < cqo- (16)

~ Beaencrsue (7; 5) anst ckopocTH v ToukH P, cnpaBeinBoO
COOTHOULIEHUE

(my0)® = Y3+ v5 + Y5 = mg + 15 + s,
otkyjaa B cootBerctBuu ¢ (10; 12) mosnyuaercs ouenka
(5 +me)y < Cape (17)
Hanee, Takxe
En= (Eyﬁ)‘/z&‘/e = x/2£%,
W TpH BBHINOJIHEHHH HepaBeHcts (12), (16) momyuaem
(&) < cgoBMe. (18)
s (8; 2),. (17), (18) caenyer, uro
1 - - -
| (xT),— & (mg' +mg?) (8)1] <y B2
W no HepaseHCTBY (15), Hakowew,

. ) I (E)l _ 2 (mymg)2- < ey B_.l/,'-’

my—-mg

ITonoxkuM onsTh

2 (mm)r
my~-mg
W nopunHuM B ycioBuio
4c, B2 < c. (19)
Torpa ‘

o<t (20)



96 T'a. L. 3udava mpex mea

H u3 £n? = x 3arem ciepyer, KpoMme TOI‘O,

(711 + 712 + 7]3)1 = (732)1 < < Cy5- (21)
B KoMIIeKCHOH OKpecTHOCTH _ '
l—bul<ip (k=1,2,3) (22)

Oyznetr Tenepn

V3
8= @ | <+t < g e

TC<IEI<2c; (23)

cJIeIOBaTeNbHO, TaM perynﬂpﬂo u &= (8 + &4 E})V2. Beanen-
creue (8; 2) dynkuust xT&! aBusgeTcd MHOrOYJEHOM YeTBep-

TOH CTeneHH OTHOCHTEJNBHO 7, (k_l .,6). Torga B
KOMIIJIEKCHOH OKPECTHOCTH, 3aJlaHHOH HepaBeHCTBaMH (22) H
=l <15 (k=1,...,6), (29)

COTJIaCHO HEepaBeHCTBaM (17), (20), (21) m (23), (pyHKuHH xT
H % =§7® PervJsipHbl &1 HMEIOT OLEHKH

[XT| < ey | X| < gy (25)

Oéparmaca Tenepb K ’coome'rc'TBylom.emy HCCJIeJOBAHHIO
¢oyukuun (xU +x)™ . Cornacro nepaBeHctBam (12) u (14),

0< xU+x—mmg==

mzm“x+m‘m2x+x < CygB™? (s=sy).
- Iycrs Tenmeps eme
cB™1 < 5 mymy, (26)
TorAa
mymy < (xU +x), < %nilma._ 27

Beipaxenue xU kak ¢ynkuus &, (k=1,...,6) uyn, (k=1, 2, 3y
3ajaHo paBeHcTBamu (8; 3), (8; 4), (8; 5) u (8; 6). dra dyuk-
LWHs peryisipHa, NOKa & ry, M7,y He paBHE HyJo. Onpe-
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AeIUM Tenepb MNOCTOSHHYIO c“ Tak, 4TOObl B KOMILIEKCHOH
OKPECTHOCTH

|6 —Eny | < Cap (k-l ., 6), }
Ink_"lhll <c49 (k = l’ 2,3)

GblI0 BLINOJIHEHO HEPABEHCTBO
| (U + %) = (U +x), | < 5 myms. (29)

(28)

Eenn o6o3naunTh Temepb uyepes r Kakyio-HHGYIb M3 ABYX
CTOPOH 1,4, 93, TO HepaBeHCTBO (29) HaBepHoe GyAeT BHIOJ-
HEHO, ecJH

H““(’f")l} <-8%1 (r=ry5, 73),
| = (0] < 5 myms.

Tak KaK B OKpeCTHOCTH, 3a/laHHOH HepaBeHCTBamH (22) u (24),

cotyiacuo (25), Bhinonusiercs HepaBeHCTBO | x| < ¢y, TOpOCTA-
TOUHO HalTH Takoe ¢, > 10c™, uroGHl B oénacm (28) BhinOA-
HAJMUCH ycJioBUA
(')1

4cq, m

1 | < 6021*”' (r =l‘12, rzs), \} (30)

|x—.(x)1l<Min<T.18."k, STON

TOrja neﬁcmme.nbno

A

4047 Cor P 4 ap _ ®
Ca1 B4Cgm | cpy 64m  Bm

(r1) lx-(x)l
. 1|+ P <

Ho Toraa BhnoJHSIETCSH, aHAJNOTHYHO HepaBem:TBy (6), nepaoe'
u3 HepaBeHctB (30), ecsin nepeMeHHble X, &.5 (R=1, 2, 3),

BXOAslHe B Bhipaxenue (8;4) mas r®, Gyayr HaXO,IIHTbCH
B OKpeCTHOCTH

ka——xm|<c;$ (k=1,2,3), } 31)
lEn— & | <o (k =4, 5, 6),
npnqu 6y/eT BLINOMHATLCA TaKXKe H Bropoe HepaBeHCTBO (30).

Hakonen, Tak kak, corJjacuo (8; 5) NIepeMeHHble X, X,, Xg
IBJSIIOTCS. MHOrOY/JIeHaMH Tperbeil CTENeHH OTHOCHTENbHO

7  3akas Ne 1032
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& Mp(k=1, 2, 3), TO HyXHYyI0 HaM BeJHYHHY Cyo JIETKO
HailTH. B okpectHocTH (28) BenHuuHhl &, r),, 7y3 OTJIMUHBL OT
HyJIs, CJlejloBaTe/bHO, TaM xU 4 x perynaspHo H B COOTBET-
CTBHM C HepaBeHCTBaMH (27) u (29) ypoB/IeTBOpSET HepaBeH-
CTBaM

[xU+x]>—%m1m3, |xU4-x 1 < 2,

mymg
STI/IM JIOKa3aHO, YTO B OKPECTHOCTH
& =& | <Cap |Me—Mml<cn (k=1,...,6) (32

obe ¢ynkumn F u (U+ 1) peryaspHel U OCTAalOTCS TaM
no a6coMOTHOM BeJIHYHHE MEHbILe HEKOTOPOH MOCTOSIHHOH Cj,.
Ilo Teopeme cyuecTBoBanusa Kowmn pertenusi &, 1, (k= 1,..., 6)
u ¢t cucreMnl (4), (10) peryaspusl npu |s—s, | < c¢;h. 13 coor-
nowenu#t (7; 4), (8; 5) u TeopeMbl O JABHMKEHHH IEHTpa HHEp-
UMM BHIHO, UYTO INePBOHAYAJBHEIE JEKAPTOBBl KOOPIAMHATHI
gp (k=1,...,9) Takxke perynsapanl B Toii e OGJaCTH.

BriGepem Tenepb ans B HauMenbllee uucao B> A+ 1,
'KOTOpOE YJI0BJIETBODSIET MEpBOHAYANLHO NOCTABJICHHBIM yCJ10-
BusM (13), (19) u (26). Ecan B=cy, 10 b4 = Cy- Ecm oGo-
3HauuTh & = Min (¢}, 54), TO & o6s1ajiaeT CBOHCTBOM, cdopMmy-
JIMPOBAHHbIM B TpeTheH BcroMoratesibHOH Teopeme. I1pu atom
JIETKO BHJIETb, YTO TPH PACCTOSIHHS Ty, 6y11yT peryJisipHbIMH
QYHKUHAMH OT S=o-iv B momoce —3&<v<é. B ciyuyae
U, <B yxe Obi0 J0Ka3aHo, Yto B mpeanosoxeHun (9)
no.ﬂyqaxo'rcsi HepaBencTBa (6), M3 KOTOPBIX BO BCAKOM CJy-
yae cJefyer ry, + 0; HO, ¢ APYrod CTOpPOHHI, 1O Teopeme Cy-
mecrsopanus Kowmn g, (s) ocraiorest st |s— s, | < c,; TOYHO
B o6nacTH, onpefeneHHol HepaBencTBoM (9). B cayuae U, > B
BEJIHUHHBL 74, 7y, OTJIMYHBI OT HYJISI, KaK 3TO CJENYeT U3 (30);
B TO XKe ‘BpeMsl OYHKIHS rz=x=E(34+12+72) Oyner
peryaspro#, motomy uro &= (§]+E3+E;)'/2 xak dymkuus §
[0 TeOpeMe CYIIECTBOBaHUS ocTaeTcsi B objactu (23), B KO-
TOpoH, B yactHocTH, & =+ 0. Hrak, TpeTbsi BcromoraresbHasi
TeOpeMa IIOJIHOCTBIO JioKa3aHa.

Oro6pa3um Tenepb KOH(POPMHO mosocy — & < vy< ¢ mio-
CKOCTH S5 npeoOpa3oBaHHEM

23_
e® —1

=
T8

le—z—a——l— 1
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Ha eauHMYHBIl Kpyr || << 1. Ilpu 3tom s=0 mnepexoaur
B ow=0 u jleficTBUTENbHAS OCh S — B JieHCTBUTEJLHBIH AHAa-
merp. Torza npsiMoyrosibHble JeKapTOBEI KOOPAHMHATBI Xy,
Yns 2y, PACCTOSIHHA ry,; M BpeMsi ¢ GyJyT peryasipHbiMH QyHK-
IUSIMA HOBOH HE3aBHCHMOH nepeMeHHOH BO BCEX BHYTPEHHHX
TOYKaX €JMHHYHOTO Kpyra H, CJeJ0BaTeNbHO, MOIYT OBITh
passioXKeHbl B psifill N0 CTENEHSIM ®, HABEPHOE CXOJsLIHecs
npu || < 1. 3tH crenenusle psiabl OyJyT NpeACTaBAsATH JBH-
XKeHHe JUIS- BCeX JIeHCTBUTEe/IbHBIX MOMEHTOB BPEMEHH, TaK
Kak uHTepBajy 0 < ® < ] COOTBETCTBYIOT MOMEHThHI BpeMeHH
¢t > <, aunrepBaly — | < o < 0 — npe/recTByIOIHe MOMEHTEI
BpeMeHH { < t. HakoHell, MOXHO OTGPOCHTH MNpPeAlONOKEHHEe
O TOM, YTO UEHTP HHEePUHMH HAXOJHWTCS B Havaje KOOPJAUHAT,
H NPeAnoJOXKHTb, YTO CHCTEMa OTCYeTa PaBHOMEPHO MOCTY-
naTeNbHO JBHkKeTC. DTO MOKHO CleNlaTh, B UACTHOCTH, JIHHel-
HbIM = 11peo0pa3oBaHHeM. INePEeMEeHHBIX X, Y, Z H {: NPH 3TOM
KOODAMHATEl ONATH GyAYT pery/sipHbIMH OTHOCHTEJBHO .
Ewe pas chopmyaupyeM Halu ruaBHbifl pesyJbTar, TeopeMmy
3yuamana: =

Ecnu nocrosineble milomazef npy HENOABHKHOM  TIOJIOKe-
HHH LEHTPa HHEPLHH He BCe PaBHbl HYJIO, TO JEKApPTOBHI
KOOD/IMHAThl M PACCTOSIHHSI MeXJIy TpeMsl TeslaMH, TaK e
KaK H BpeMs f, MOryT OHITh pa3JIOXKeHH B psjbl [0 CTelle-
HSIM TIE€PEMEHHOH ®, KOTOphble CXOiATcs npu |o| < 1 n onu-
CBIBAIOT  JIBHXKEHHE JUIsi BCeX JeHCTBUTEJIbHBIX 3HAaYeHHi
BpEMEHH; ® OnpejiesisieTcsi NMOJCTAHOBKAMH

t
s=3 (U + 1) dt,
eg_;—l
0=—F5"">
e 11

M 4 eCTb TNOJIOXKHTEJbHOE HHCJIO, KOTOpOe OIlpejesisiercs mac-
CaMH, HayaJIbHbIMHM 3HaYeHHSIMH KOOPJHHAT ¥ COCTaBJSIOLIHMH
CKOPOCTH /1] MOMEHTa f =r<.

HeobGxonumMo 3ametuTth, 4TO B HCCJAENOBAHUSIX 3yHAMaHA
TeopeMa Jl0OKa3aHa B HECKOJbKO HHOH (hOpMyJHpOBKe, TakK
KaK TaM BMeCTO S CTOUT BCIIOMOTaTeJibHAs llepeMeHHasi, onpe-
AejenHas apyruM obpasoM. Hutepecyromufics stump Bomnpo-

7'
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caMH uHTaTelb MOXKET JIerKO YCTaHOBHTh, 4To 06e ¢opmy-
JIMPOBKH KauyeCTBEHHO COBEpIIEHHO DaBHO3HauHbl. Brpouem,
3ynaMaHoM ObuiM JaHB! SIBHBlE OLEHKH IJsi BXOASAMHUX 3]eCb
- IOCTOSIHHBIX, B TO BpPEMsI KaK Mbl OT 3TOrO B LJSIX COKpa-
II@HHS] OTKA3aJIHCh. '

Ecau Hanucarb ypaBHEHHsl [BHXKEHHS NPSIMO C TlepeMeH-
HOH w, T0 ¢, (k=1,...,9) U { MOXHO ONPENENUTb C IIO-
MOLIBIO CTENEHHLIX PSJ0B C HeolpejeseHHbIMH KO3(hGbHLHEH- .
Tamu. [lpu 3TOM © BBOAHTCH CJIeAYIOUHM 00pasoM:

Xl L gwri (- (14 U)
Bxogsilasi 37ech BeJHYMHA & MOXKeT ObiThb BhIPaXkeHa H olle-
HeHa, KaK M3BECTHO, C MNOMOUIbI0 MacC H HayaJbHbIX 3Haye-
Hu#. V3 HalijleHHbIX OILEHOK MOXKHO CJIe/1aTh BbIBOJ, HACKOJILKO
XOpOLIH MPUGMHKEHHS TIPH HCNOJb30BAaHHH YaCTHYHBIX CYMM;
OJHAKO TAaKUM NyTeM Mbl He IOJIyYMM IPAKTHYeCKH NPHFOX-
HOro cnoco6a JJs BbIYHUCJEHHS] OPOHUT.

M3 Halmmx pas/omxeHHH MOXHO NOJYYHTb BCE BO3MOXKHBIE
CTOJIKHOBEHHsI, €C/H ONPEJe]HTh HYJIH NPOH3BOJHOH di/dw
B uuTepBate — |l < o < 1. Tak Kak HyJH aHAJIATHYECKOH
GyHKIEE He MOTyT HaKalIHBaThCs BHYTPH Kpyra eJdHHY-
HOTO pajuyca, TO ONSTh NOJyYaeM TOT XKe PE3yJabTaT: MOMEHThI
CTOJIKHOBEHHS] He MOI'YT HAaKaIuIMBaThCS HA KOHEYHOM OTpe3Ke
BpeMeHH. Bce ke oueHb BO3MOXHO, YTO HYJIH HAKalJIHBAIOTCH -
npu o=1 HIM w= — 1], H 9T0 MOXKHO NPOHJIIOCTPHPOBATE
COOTBETCTBYIOIIMMH NpHMepaMHd. UToObl ¢ NMOMOLIBIO HaljeH-
HbIX pasJiOXKeHHH B Pl MOXKHO ObLIO HCC/Ie/l0BaThb CBOHCTBa
JABHKEHHA NpU {—> 4 oo, HEOGXOJMMO pacCMOTPETh PaBHO-
MEpHYIO CXOJHMOCTb DPSII0B BO BCeM OTKPLITOM HHTepBaJje
— 1 < o< |; Ipu 3TOM HHYEro He H3BECTHO O CXOJHMOCTH
npu o= +1. B 3ak/ioueHHe 3aMeTHM, YTO HHTEpBaJ  Bpe-
MeHH MeXJy ABYMSI NOCJELYIOHMH CTOJKHOBEHHSIMH, €CJIH
TaKoBhle BOOOHIE NPOHUCXOJAT, HMeeT HUXKHIO rpanb. Jlas
JIOKa3aTebCTBA NPUMEM, YTO IpPH S=S; IPOH3OILIO CTOJK-
HoBeHHe. Torja B 3TOT MOMeHT 1,;,=0 (k=1, 2, 3),
(¢);=c>0, (x);=0, (xU),=mym; m N0 COOTHOIIEHUSM
8; 2), (8; 3) 8; 4), (8;,5) u (11)

(Fe)y=c ( %)1 k=1,23).
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CoOTBeTCTBYIOLIMM NOBOPOTOM Ocell KOOPAHMHAT MOXKHO JOCTHYb
BhINOJIHEHHUS paBeHcTBa (£,); = (&),- B KomnyekcHo# o6aacTH (32)
¢ynkuuss F Gyner peryasipHodi; no aGCOMIOTHOH BeJHYMHE
OHa 3Jiech MeHbllle C;;. Ho Torpa u3 mHTerpasibHod (hopMyJibl
Kowu caeayer ouenka

1
| Foy — (Fai | < g
ecJIH TIpA COOTBETCTBYIOUIEM Cjy; BBLINOJIHEHbI YCJOBHS

|66 —Em | <55 < i } (33)
o =l <cy  (k=1,...,6).
B wactHOoCTH. Anfl jeACTBUTENIbHBIX &p, My
1
FE) > % .
Torpa Ansi eficTBHTENbHOrO S B CHJY ypaBHenud (10) Ha pac-

CMaTpHUBaeMOM pelleHHH

8 E
. 1
[l =lm— el =| Fads|>gls—sl 69
81 :

ecaH JJIsl BCETO MHTEpBajJa OT §; A0 S OYAYT BhINONHEHM
ycaoBus (33). Ho 3o Gyner mo TeopeMe CyIeCTBOBAaHHS
HMeThb MecTo 7Js obJsacTH |s—s,|<c55 < Cy W B COOTBET-
cTBHH ¢ oueHkamu (23), (27) u (29) umeem Toraa
. -
§> ¢ xU 4+ x < 2mymyg.
Orciona ¥ u3 HepaBeHcTBa (34) moayuaem

1
x=En? 2 Tec (s—sp)%

i . ’ (35).
TF1 = %UF« > (s— )%
u, no (4), Hakonewn,
Sods |1 g,
t=tl=|§ | > Fetls—sl @)

Lt
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K3 sroporo HepaBeHctsa (35) ycmarpupaem, uyto U Oyjer
6eCKOHEYHOH TOJILKO B TOUKE S=3§5, HHTEpBaJa S; — Cpp <
< s< s, +c;. CrnenoBaresibHO, B 3TOM HHTEpBaje JJIs S 5 S,
Gospllle cToJkHOBeHHH He Oyger. Torja mo HepaBencTBY (36)
HHTEDBAJ] BPEMEHH MEXJAy JABYMS IOCJAENYIOUMMH CTOJIKHO-

| -
BEHHSMH HMeeT HHXKHIOO TpaHb -z C5Cs = Ci, KOTOPAs 3aBH-

cut Toabko or A u or macc. Orciofa W cjejfyer, 4TO Halle
yTBEpK/eHHe CIpaBe]JIuBO. :

YToGbl IPHJIOKUTbL HAWH Pe3yJbTATH K CHCTeMe 3emJsa —
Coanne — JIyHa, mpuMeM, 4YTO 3TH Tesla ABJSIOTCA MaTepH-
aJbHBIMH TOYKAaMH, NPUTATHBAIOIUMHUCA TOYHO IO 3aKOHY
HetoroHa; KpoMe Toro, GyjeM npeneOperaTb BJIHSIHHEM BCeX
oCTaJIbHbIX HeGecHBIX Tea M ApYrux cua npupoxsl. Haburo-
JIEHHs] TIOKa3blBAIOT, YTO TPH HasBaHHbIE TeJa He JBHraiorcs
B OJHOH HENnogBHIKHOH IJIOCKOCTH, CJeJ0BATEeNbHO, JJs HEKO-
TOPOrO W3BECTHOrO MOMEHTa BPEMEHH MOXKHO OINpEJIeNHTh
uhcjedHoe 3Hauenue BeyuumHbl A. Torza npm cpeaHHBIX
TPESNONOKEHASAX MOKHO NPAMBIM IyTeM HalTH JBa TOJOXKH-
TeJbHBIX YHCJIAa p H &, B CJyyae CTOJIKHOBEHHS J3eMJH C
CounneM Jlyna Gyjer HMeTb HEKOTOPOe HAUMeHbIlee PacCTos-
HEe p or 3eMud, ¥ norpebyercsi J106aBOYHOE BpEMs &, UTOOBI
0Ka3aJioCh BO3MOXKHBIM CTOJIKHOBeHue JIyHbl ¢ 3emsed. J10T
npuMep NPHJIOKEHHs TeOpHH 3YyHJMaHa IOMOraeT HaMm IJis-
JeTb ¢ yBepeHHOCTHI0 B Oynyee?).

1) Kak caepyer us pesysivtatoB I'. A. Mepmana [Biomit. Hucr.
“Teop. Actp. AHCCCP, 1. VI, 1958, N\e 10(83), 687], B mocTaBneHHO#H
aBTOpOoM 3afiaue cTojJkHOBeHus CoJjHUA ¥ 3eMiH He MOXeT ObiTh. —
Illpum. nepes.



Taraea emopasn

NMEPUOJHNYECKHUE PEIMEHHSA

No) :
§ 12. Pemenus Jlarpanxa

Teopema 3yHaMmaHa, O KOTOPOH L1ja peyb B IIEPBOH rJaBe,
npeicTaBssier coGofi HauGoslee JasNeKO MAYWHH pe3yabTaT
no ofueMy peueHnio 3ajaud Tpex Tea. K coxanenuo, moJ-
HEl OjecTslux wuael Meroj, 3yHAMaHa He pacnpoOCTpaHeH
Ha caydail n > 3. Kak noxasbiBaer GoJjee noppoGHoe HccJe-
JIOBaHHe, 3TO HPOUCXOAUT IO TOH NPHYHHE, UTO XOTS OJHO-
BpPEMEHHOE CTOJIKHOBEHHe BCeX 71 TeJ.B OJIHOH TOYKe MOXKHO
HCKJIOUMTb B COOTBETCTBHH € pe3ysbTataMu § 6, HO jpaxke
TIpH OJHOBPEMEHHOM CTOJIKHOBEHHH TOJIBKO TPeX H3 7 TeJ Mo-
JIyYaeTcsl CyIieCTBEHHas OCOOEHHOCTb.

" B nacrosimeii rsiaBe 6yAyT pa3BHThI METOBI, IPUMEHHMEIE
K 3ajaue n Teql W ynorpebasiomuecsi BO MHOTHX OOUIMX BO-
npocax MeXxaHHKH. Peub Oyjer HArH o6 onpejesieHHH TNepH-
ONIMYECKHX pellieHn# Ha3BaHHOH 3ajaud. XapakTepHOH uep-
TOil pELIEeHHs] C NEePHOJIOM T SIBJISETCS TO OOCTOSITE/NLCTBO, YTO
AJSI TIOJIHOTO ONpejieJIeHHs] Takoro pelleHHs JJisi BceX MOMEH-
TOB BPeMEHH JOCTaTOYHO paccMaTpHBaTh HHTEpPBAN TOJBKO
KOHEYHOH jJiuHbl ©. I03TOMY, B 4acTHOCTH, OTHAjaloOT BCTpe-
yajompecsi NpH JI0Ka3aTeJbCTBe MNEpBOH BCIOMOraresbHOH
TeopeMbl 3yHAMaHa TPYJAHOCTH, CBSI3aHHblE C HEOT PaHHYeH-
HOCTBIO BpemeHH. [lepuojHuecKue pelleHHsl B 3ajaue n Tel
HMEIOT TaKXKe 3HaueHHe JJIs acCTPOHOMHH, TaK KaK JBHKEHHs
B COJIHEYHOH CHCTeMe OueHb OJIN3KH K NEepHOJHYECKHM.

Ilpocrefimuit ciayyall NEPHOJUUECKOrO . pellieHHsi OyaeM
AMeTh B TOM CJyyae, KOrja KOOpDAHHAThl COBEPLIEHHO He 3a-
BHCAT OT BpeMeHH. Takue pellleHHs] Ha30BeM PaBHOBECHBIMH.
TMpexje Bcero nokamxem, uto 3ajaua n ten (# > 1) He HMeer
paBHOBECHBIX pelnenuii. B caMom pede, eciu Gbl ‘Kaxkjas Ko-
OpAMHATa § He 3aBHCeJa OT BPEMEHH, TO ee BTOpasd IpOoHa~
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BojHasi g =0; CJeJOBaTeNbHO, B COOTBETCTBHH C YpaBHe-
HusAMH BuxeHus (5; 3) Takke U, paBHasoch Obl HYMO, H
no TeopeMe Jfiyiepa ¢6 OXHOPOAHBIX (YHKIHSX

dqU,= -U=0,
q

B TO BpeMsi Kak cusoBas ¢yHkuusi U 1no onpejeneHHio cyme-
CTBEHHO TIOJIOXKHUTEAbHA: Tak KakK oOTCioJa BHAHO, YTO JJifl
3ajlau¥ n TeJ He CYIIeCTBYeT PaBHOBECHHIX pellleHuil, TO Gy-
JIeM HCKaTb Jpyrue o, BO3MOXKHOCTH 6oJiee INpOCThle IEpHO-
Juyeckue peinenHsi. OrpaHHyuMcsl onsiTh TOJBKO TpeMs Ma-
TEePHaJIbHBIMH TOYKaMu . Py, P,, P3; ¥ NOCTaBHM BOIpOC: CY-
INECTBYIOT JIM TaKHe pellleHHs] 3aJaud TPeX TeJ, NPH KOTOPhIX
"BCe TPH MaTepHaJbHble TOYKH JBHXKYTCS pPaBHOMEPHO MO
OKDYKHOCTSIM, JIEXallUM B HEKOTOPOH HENOABHKHOH mnJjoc-
KocTH? Ha 3710T BOnpoc MbI OTBETHM YTBEDAMTENILHO H TAKHM
NyTeM HallJleM YaCTHble PellleHHsl 3aJlayH TPeX TeJ, KOTOphie
Obl1E noJiyueHnl etle B 1772 r. Jlarpamxe.

Beezem B paccMaTpHBaeMoOH IVIOCKOCTH CHUCTEMY JeKap-
TOBbIX TNIPAIMOYTOJIbHBIX KOODJHMHAT M OCO3HAYMM 4Yepe3 G,y 5,
gsr (R=1, 2, 3) Koopaunarst P,. Ecau nonoxuth onsrsb

3

1
T=5 2 Mt (Ph_y + 0%, |
k=t H
U= D mymrgt, E=T-U,
k<l . .

TIe ry, €CThb paccrosiHne Mexjay P, u P, T0 ypaBHeHus
- JIBHXKeHHsl MOXKHO HanucaTth B ¢opme 'amunbrona

Go=Ep, pr=—E, (=1, ..., 6). (2)

BezieM Tenepb HOBble NpPSIMOYTrOJIbHBIE JEKAPTOBBI KOOPAH-
HaTRl C TEM JKe HayaJoM oOTcyeTa, W INYCTb KOODJHWHATHLIE
OCH PaBHOMEDHO BpAalIAIOTCSi BOKPYT HEINOABHXXHOIQ LEHTpaA.
Hafinem Torna Takyio CKOpOCTb BpalleHHS] STHX Ocefl, uTOOH
MaTepHanbHble TOYKH OTHOCHTEILHO 3TOH HOBOH CHCTEMBI
KOOpZMHat Obiid HenojBHKHbIMI. Ecin o6osHauuTh uepes A
YroJl NOBOPOTa, -TO JJIsl HOBBIX KOODAMHAT Xgp ;, Xgp TOUKH
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P, umeeM (opmysi

Xoh-1 = Gap1C t+ G2iS, .
Yo = — GoraS+quc  (k=1, 2, 3), &)
c=cosk, S=sink.

Cprenaem 3aMeHy A= ol C elle Heu3BeCTHOH JeHCTBHTENbHOH
nocTosiHHOH o == 0. BBeneM HOBble KOOpIMHATHI B ypaBHEHHSA
ABHXeHHs (2) M noneiTaeMcs BbIOpaTh IeCTb JPYTHX nepe-
" MEHHBIX Y3, ..., Y, TaK yToObl npeoGpa3oBanue (3) 6bIJIO KaHO-
HuyecKuM. [l 3TOro B OCHOBY IMIOJIOXKHM IIPE/CTaBJEHHR
KaHOHMYECKHX NpeoOpa3oBaHMi, JaHHOe ypaBHeHHSIMH (3; 4).
Torna Jserko mosayyuTh mopoxjaomyo (GyHKUHIO B BHJE

3
w=w (9, y)= é1{(q2k—1c+ G21S) Yar-1 +
+ (= GarS + G2rC) Yo }

Tax xak wMaTpuua JBOHHOH OHJMHeHHOH (¢OpMbI, crosed
B QUrypHbiX CKOOKax, OyjeT OpTOroHaJbHOH, TO AJIS Onpeje-
JMIHTENIs LIECTOr0 NOPSiAKa | Wy, | monyuyaerca snauenue 1 = 0.
B coorserctBuM ¢ ypaBHeHHAMH (3;4) KaHOHHYECKOe Tpeol-
pasoBanue OyJeT HMeTb CJEeAYIOUHH BHA:

Pr=Wq,, X,=wy, :(k=1, s 6),

YTO JONOJiHseT ypaBHeHusl (3) ¢opMysnamu

Pora = You_1C —YouS:  Pan=YuaS+yac (R=1,2,3). (4)
Orciona caenyer

Pohy + Po = Y5y T+ Y3

M NOTOMY JJIsi BBEJ€HHs] HOBBIX KOODAMHAT JOCTAaTOYHO MOA-
CTaBuTh B Bblpaxenwe (1) mas T mepeMeHHylO0 Yy, BMeECTO
Pr- Tak Kak cunoBasi ¢yskuus U 3aBHCHT TOJBKO OT pac-
CTOSIHHA MeX]y MaTepHa/JbHLIMH TOUKaMH, TO B (DYHKIHH
U KXoOpAHHATBl @, MOXHO aHAJOTMYHO. 3aMEHHTb Ha Xj.
Ilanee, umeeM ¢,= —ws, §, =wc, H, CJEJOBATENbHO, B CO-
OTBETCTBHH € ypaBHeHUSIMH (3; 4) HoBas. ¢yHruus . I aMaas-
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TOHa OYyJEeT UMeTb BHUJ

3
F=E+w,=E+o k; (¥arY2r-1 — ¥ar 1Y2n)-

[Tpeo6GpasoBaHuble ypaBHEHUS ABHKEHHS OYAyT

Xy=Fy, Gpo=—F, (k=1, ..., 6),
HIH XKe '
Kgpa = Eyy T 0%ap,
’.’;h—:_Ex ‘l"”!/h»
:" 1 2h—1 2 5)
Xon = Eyyp — 0Xgp 1y,
Yon= —Exp—oyp, (=1, 2, 3)
ITpu stOoM
’ E,xh=_ka (k=l,.-.->, 6),

Ey, .= m;i.’/zh—p Ey,=m Yy (k=1, 2{3)‘

Hy}KHO €lle 3aME€THTb, YTO BbIpa*kKe€Hue

3

kzi (*arY ah—1— X2p_1Y2r) = Q,
BXOJlsillee CJaraeMbM B (YHKIHIO F, SBJSETCS HHTErpajoM
niomazeii. JleHCTBATENbHO, 3TO BbipaXK€HHE HE H3MEHHUTCS,

€CJM X M Yy 3aMeHHTb WX BbIPaXKeHUSIMH Yepe3 § H p= mq
¢ noMomeio ypaBHenu# (3) u (4). Ho MoxHO Takxke Herocpe-

CTBeHHO u3 ypaBHeHHH (5) yGexpwrtncs, uro Q=0.
Papnopecuble peilienns ypapHenu#l (5) ompejensiioTcst Be-
HaJlaTbl0 YCJOBHUSMHU )

m;iyzk_l +0xy, =0, Ux2k_1 + Yy, =0,

‘mI:ika—wtxwt—l:O» szk_‘wyzh_1=0 (k=—‘ 1, 2, 3).

Hckmouenue y, (k=1, ..., 6) npusefer K cucreme
mhm2x2h_l = '_szh-—l’ mhwzxzk = _Uxﬁk (k = 1, 2, 3). (6)
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Kaxpoe pemenne x, (=1, ..., 6) ato#f cucremsl ypapHe-
HH{ ONSITh NPUBOJUT K paBHOBeCHOMY pelueHuio. CyMMHpPYs
(6) no k£ B coorBercTBHH ¢ paseHcTBoM (5; 6), yOenmmes,
YTO LEHTP HHEPUHH TPeX TeJ JeXKHT B Hauaje KOODJMHAT.

[pennonoxkum cHayasa, 4TO TpeyroabHUK P,P,Pg He Oynet
paBHOCTOpOHHHM. Torza MOXHO BHIGpaTH HHJIEKCH TaKHM
06pa3oM, 4TOOH ryg3+r,s. HampaBum ock aGcumce B Pj, TOrjia
xg =0, u BTOpOE ypaBHeHHe (6) naer aas k=3 ycaosue
mbxzr;,f + myx,r;d = 0.

™~

B cuny '
MyXy+ MyXy + Mgxe =0, xq=0

NOJTyYUM
A {n1x2(r1_;_rz—:)=0,

oTKyna x,==0, a ciaejoBaTenpHo, u x,=0. Wrax, ecau TpH
MaTepHaJibHBlE TOUKH He 00pa3yloT paBHOCTOPOHHETO TPeyroJib-
HYKa, TO OHH JieXaT Ha OfHOH mNpsiMoi.

Ecau paccmaTpuBaeTcs cyyail paBHOCTODOHHETO TPEYTOgb-
HHKA, TO Fyq="ry3 =7F3, =1, H [I0 TeOpeMe O [BHKeHHH LEHTPa
HHepUHH u3 ypapHenu#i (6) mosyumMm, ecam M=m;+
-+ my--mgy, 4TO :

3 .
02y g =173 1_2; My (Xgp g — Xg1_1) = Mr~3%g,_y,

0y =Mrixy, (k=1,2,3).
Tak kak ne Bce x, (k=1, ..., 6) paBHH HymO, TO
M=0%% o=+VMre. o

O6partHo, u3 paBeHcTBa (7) omsiTh caepyloT ypasuenHs (6),
TAaK YTO Mbl JIeHCTBHTENBHO HALJIH DelleHHe 3aJjayd TPex
Test, ecqu P,P,P, siBisgercsds pPaBHOCTOPOHHHM TDEYTrOJbHH-
KOM CO CTOPOHGH r M ® OMNpEJeJeHO paBeHCTBOM (7). IT0 H
€CTh TaK HA3blBaeMoe TPEYroJbHOE pelleHHe.

Ocraercsi ewe HccJenoBaTh APYrofi cayyad, B KOTOPOM
TPH MaTepHajibHbie TOYKH JieXar. Ha OfsoH npsimoH. Ecau
BoiGepeM 3Ty DpPSAIMYIO 32 OCh aGCIHCE, TO Xy =9 (R =1, 2, 3),
¥ BTOpHe YypaBHeHusi (6) yznoaersopsiiorcs. Ilpeamonoxum
3aTeM, uT0 P, Jexur Mexay P, H.Pg M ut0o ocb abcuucc
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HanpasJeHa 0oT P; K P;. Eciu NONOXKHTE 73 =a, I, =pa>
rys=oca, TO p-i—c— 1, 0<p<1, u neppoe ypapuenue (6)
Jaer ang k=1, 2, 3 (bOpMlebI

—my (pa) ™ —mya™ = 02x,,
my (pa)™ — mg (sa) ™ = w3, (8)

ma~2 4 m, (ca)™% = wix;.
CpenHee ypaBHEHHe 3[eChb MOXKHO 3aMEHHTD 10 TeOpeMe O JIBH-
JKEHHH LeHTPA HMHEPIUH YDaBHEHHEM M X+ M X5+ mgx; = 0.

M3 sT0fi TeopeMbl NOJMYYHM TakKe, NOJOXKHB M =m,+
-+ my -+ my, €OOTHOLUEHUSA

Mx, +mypa+ma=0, Mx;— mzca —ma=0.

Tenepbr KOOpAMHATH X, H X5 MOXHO HCKJIOYHTb U3 IepBOro
H TpeTbero ypaBHeHuﬁ (8) u 3to pmacr

My~ + my = M w?a® (myp + m), - }
mye™% -+ my = Mw%a® (mys + m,).

B cuny o=1—p nonyuum ycsoBus

©)

1,273 — myp~3 -+ my _m(I—p)tm
Mw*a® = mp+my — my(l—p)tmy 0<P<1- (10)

Tak Kak pasHOCTb ,
cmype34-my  my(1—p) 2t m =7 (p)

myp-f-mg my (1—p)+m,

B uutepBane 0 < p <1 dBasieTcss MOHOTOHHOH YObIBaouled
¢yHKnued p, Koropas npu p-— 0 cTpeMHTCS K + oo H NpH
p—>1 kK —, TO ypaBnenue f(p) =0 umeer B mHTEpBale
O<p<l ennncmennuﬁ JeficTBHTeNbHBIE KopeHb p. Torpa,
ecau monoxkuTh. M7'w?q® paBHBIM UHCNEHHOMY 3HAYEHHIO,
3ajanHoMy ycnoBusivu (10), u onpemenuTh U3 ypaBHEHHH (8)
' ¥15. X3, X5, TO NOJYUMTCS pelIeHHe ypaBuenui (6), T. e. ondATk
NOJYYHTCS YacTHOe pellleHHe 3ajaud Tpex TeJ. [lpu naHHOM @
yrjoBasi CKOPOCTb ®  ONpejesieTcs C TOYHOCTBIO JIO 3HaKa.
D10 u OyjeT Tak HasbiBaeMOe MpsiMOsMHelHOe pelleHne. Onpe-
AeJeHHe p CBOJAMUTCS K DPEIUGHHIO YpaBHEeHHsl NATOH CTeNeHH,
Ko3(punHeHTb KOTOPOTrO eille 3aBHcAT OT Macc. Kak Oblio
CKa3aHO, OHO HMeeT EJAHHCTBEHHOE pelleHHe B HHTepBaJe
0 <p<1. Tlpn paccmoTpenuu. aroro .cayyas GblIO. NpeAna:

‘x
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JOXeHO, 4TO P, nexur Mexay P, u P, Llukuueckodl nepe-
CTaHOBKOH HHJIEKCOB -NOJIyUHM OCTaJIbHblE JiBa DelleHHs.

Jlarpanxk jymaj, uTo HaljeHHble HM 4YacTHble DelIeHuS
He HMeIOT ACTPOHOMHYECKOro 3sauenusi. Ho mnosjnee OGblio
ycraHoBJieHo, yto Coumne, IOnutep B Masbie nJaHeTh! TPOSH-
CKOH rpynmbl 06pa3yioT NpHOGJH3HTENbHO PABHOCTOPOHHHH Tpe-
yroapHuK. [losToMy npefcTaBssier HHTepeC HaHTH pellleHHs
3ajlaud Tpex TEJ, GamsKue K pelueHusiM Jlarpanxka; 370 6yner
chenaHo B § 16.

BeiieynomMsiHyThle  pelleHusD Oblid 000OLIEHB elle CaMHM
Jlarpamkem. On mnocraBuil BONPOC, CYLIECTBYIOT JH s
' 3ajayd TpeX TeJ JpyrHe pelleHHsl, NPH KOTOPbIX TPEeYroJb-
'HUK, 00pa3oBaHHBI MaTepHaJbHBIMH TOYKAMH, OCTaercsl Bce
BpeMsi caM ceGe NOfoOHbIM; JlarpaHx Haien Bce Takue pelie-
HUSI. Mbl paccMOTpHM 37leCb aHAJIOTHYHBIA BoOmpoC - JAJg  3a-
Jlaud 71 TeJ B TJIOCKOCTH, TIpHYeM B COOTBETCTBHH C T€OPeMOH
0° [IBHKEHHH ILEeHTPa HHEPLUMM MOXeM IpPHHATh, YTO IEHTP
WHepUMM HenoxBHxkeH. Torza AJs TPSIMOYTOJBHBIX JI€KapTo-
BbIX KOOpPJHMHAT X, Y, TOukH P, OyieM HMeTb

et ith=2=09 (k=1,...,n), (11

rae§y, ..., G, — pas/MuHble KOMIJIEKCHBIE NOCTOSIHHbIE M §—
Henasecmaﬂ KOMIJIEKCHasl (DyHKUUS JeACTBUTENBHOrO nepe-
mennoro f. Jnsi paccTosHu#l nmosyyaeMm

rkl=lzk_zl'|=lch‘”cl||qlz

W TaK KaK yDaBHEHHS- IBHXKEHHs MOXHO HamucaTh B KOMI-
JieKCHOH (opMe

Zp = m2 32" (k=1, ..., n),
Ik
TO Hallla 3aMeHa B CJiyllae g # 0 NpUBOJMT K ypaBHEHUSM
- ¢ )
Gy = qlql"zmll s (k=1, o, ).

Tak kak He Bce (, paBHm 0, T0, cJiefOBaTeNbHO, BhbipaxKe-
Hue )

qq*gtla=c (12)

1) g ecTh BeJIMUHHA, KOMIJIEKCHO CONpSXeHHast ¢ . — [Ipum. nepee;
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me 3aBHCHT OT ! H .
-t
Ckc=2mlm k=1, ..., n). (13)
l+k

Takum o6pasoM, 3ajaya NPHUBOAUTCS K pelueHuio puddepen-
IlMaibHOrO ypaBHeHHd (12), He saBHCHINEro OT A, H CHCTEMH
anreOpavyecknx ypaBHewuit (13). Ilpm stom B cayuae n =2
HONYYHM 3THM NyTeM oOlllee pellleHHe 3ajayd JABYX TeJ, Tak
KaK OTpe3oK P,P,, oueBHIHO, Bcerja ocraercst cebe nojoGHEIM.
Torpa, kpome Toro, mG, + m,t,= 0, caegoBarensuo, {; = m,(,
Co= —m{ ¢ KoMmiekcHbIM ( = 0, u u3 (13) caexpyer, uto
B 3TOM CJyuae BeJHYHHA C= — (m,-+m,) % (| Gyner neit-
CTBUTEJIbHOH H OTpHLATE/BHOM. :

Ilpegnonoxkum Tenepb, uTO pelleHHe 33aJaud JABYX Ted
uaBecTHo. Torja '

x+iy=2=0q

C KoMIIeKcHOH moctosiHHOH ¢ =0 mnpejcraBaser coGoit
KOHHYECKOe CeYeHHe B INIOCKOCTH (X, y) B NapaMeTpHYecKOH
¢dopme, ecin g=q (f) ecTb Kakoe-HHOYyAb peuieHHe gude-
peHIHaJbHBIX ypaBHeHHH (12) ¢ HeoTpuLaTeNbHOH MOCTOSAH-
HOH ¢, M NPUTOM (POKYC-ITOr0 KOHHYECKOrO CEUEHHS JIeKHT
B HavaJje koopjuHat. [lycTb Tenepr n onate IPOU3BOJBHO,
M TNpPeANOJIOXKHM, YTO £ DPA3JHYHBIX KOMIUIEKCHBIX YHCEN
Cis «« - » &, YROBAETBOPSIOT BCceM ypaBuenusM (13) npu ¢ < 0.
Torpa B cuiy pasenctBa (11) KaxjoMy pelieHHIO ypaBHe-
nus (12) coorBercTByeT yacTHOe pelenue 3ajgayu n Ttes. [lpu
9TOM Kaxjas MaTepHajbHasi TOUKA ONHCHIBAET KOHHYECKOe
CeueHHe, i MHOTOYTOJIbHUK, 00pa30BaHHbIA 71 TeJlaMH, OCTaeTCs
Bce BpeMs cebe mojoOmmiM.. B wacTHOCTH, ecsid 3TO KOHHYe-
CKO€ CeueHHe ecTh 3JIJIHIC, TO g (f) ecTh nepronuueckas QyHK-
LHs, T. €. NOJIyMaeTcsl NepPHOJHYECKOe pelleHwue.

B cayuae n=3 MBl Temepp yxKe 3HaeM Bce peLIEHHS
cucTeMbl ypaBrenu# (13) c oTpuuatenbHBIM ¢, TaK Kak 3Ta
CHCTeMa ypaBHeHHH s n =3 paBHOCHJbHA CHCTEME YpaBHe-
Had (6), ecnim B ypaBHeHusix (6) nosoKaTh w = —¢
H Xgp_y +iXy, =§;. Takum oB6pa3oM, Mbl NOyYH/IH BCe pelile-
HUSI 3ajlauM TpexX TeJ, B KOTOPbIX TOUKHU {;, C,, {5 sim60 obpa-
3YIOT PaBHOCTOPOHHMH TPEYroJIbHHK, JHOO JexXaT Ha NpsIMOH
JIMHHH C OTHOIIEHHEM pPAacCTOSIHHiI p, ONpe/essieMbiM M3 ypaB-
Henusa (10). 1o u ectb o6oOweHHble peulenHusi Jlarpamxa.
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Kak vacTHbli cayyadi onsTb IOJyYaeTcsl KPYroBOE pelleHue,
. ecJIM NOJIOKHUTh ¢ =ei®t, B npyroM uactHOM ciyyae AJs ¢
HYXKHO BBIOpaTh J€HCTBHTeJbHOE pelueHHe ypaBHeHus (12).
Ilocnennii pesyabTaT B Cjyyae NPSIMOJHHEHHOrO pelIeHHs
Obi1 MosTyueH yxke OiJepoM. [2], KOTOpeIl NepBHIM HAaeJ
YacTHOe pellleHHe 3ajaud Tpex Ted. B sroft paGore Diisepa
yXe BCTpeuaeTcss ypaBHeHHe naToil crenenu [ (p)=0.
0O

§ 13. CoGcTBeHHBlE 3HAYEHHS

Paccmorpum cucremy m puddepeHnuansHbX  ypaBHEHHH
NepBOro NOpsiika, KOTOPYIO 3alullleM B BeKTOPHOH (opme

A=, 0
' The mojA x ¥ f(X) noppasyMeBalOTCS1 BEKTOPHI-CTOJOIDI C 3J€-
MeHTaMH X, H [, (x) (=1, ..., m). Ilyctb x=x* ecTb

PaBHOBECHOE DEIleHHe, M NPEANONOXKHM, UYTO [, SIBJASIOTCS
He 3aBHCAIMIHMH OT { pEryJaspHbIME (YHKIHAMH BeJHUYHH
Xy, «.., X, B HEKOTOpOH OkpecTHocTH X. Bes orpanuyennus
OOLIHOCTH MOXHO NPHHATh, 4T0 Xx® =0, Tak uyro psax Tei-
Jopa fasi GyHKUHA f, (x) mo mepeMeHHHIM X, BGaM3H X =0
3anuuieTcsi B BHJE

fk(x)=l_2‘;/aklxl+ ceee

B BekTOpHEIX 0603HAYEHHSIX 3TO PABEHCTBO MOXHO 3amHCATDH
Kopoue:

fE)=Ux+ ..., U=(a,).

CrHavana B mpaBofi uacTH NpeHeOpeXkeM uYJeHaMHd BHICIIHX
NOPSi/IKOB M BMECTO CHCTeMbl ypaBHemud (1) OyzeM  pemarb
JUHeHHYW CcHUCTEMY

x=Ax. @

[loneiTaeMcs MCnosib30BaTh peuieHust CHCTeMBl (2) ansi perie-
HUS npejblAymed HenuueHHOH cucrembl (1). D10 He Bcerja
yaaercsi, OJlHAKO Mbl JoKaxkeM, uTo ecau (1) ecTh cucrema
['amMunbTOHA, TO M3 NEPHOAMUECKOrO peLIeHHS] CHCTeMBI (2),
BocOmle TOBOpSi, MOXKHO IIOJNYYHTb TaKKe IMepPHOJHYECKOe
pewenue cHcteMmsl (1). '
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-

daa pewenus (2) HCTOJIb3yeM H3BECTHYIO aJre6pamue-
CKYIO TeopeMy O HOpMasibHOH (popMe KBajpaTHOH MAaTpHIIHI.

Co6etBenHbiME 3HaueHusaMH W OyayT m Kopmedt Ay, ..., M,
XapaKTepPUCTHUECKOTO YPAaBHEHHst m-Of CTeNeHH
(A& —-AI=0, " (3)

npuyeM € ecTh eJMHWYHAs MaTpuua nopsigka m. JlonycTum
jalee, yTo 3TH m KopHeil pasnuusel. Torja mo ynoMsiHyTOH
TeopeMe CyLIeCTBY €T Takas obpaTuMasi KOMIVIEKCHas MaTpuua €,
YTO MaTpHla ’

CIAST = =2y, ..., Mo l 4 (4)

Gy/IeT INarOHAJbHOM C JUarOHAbHBIME JIEMEHTAMH Ay, . . . Ay
PaccMorpuM Takxke, B Kakoii creneHn Matpuua € onpejessiercs
matpuueéi A. Ecan o6o3nauuts uepes ¢V, ..., ¢™ OAuH u3
-cTo610B MaTpHuibl €, To MaTpuuHoe YypaBHeHHe UE =L
_ PaBHOCHJILHO /1 BEKTOPHBIM yDaBHEHHSIM

QIC(k) __;c(h))\;t (k = 1, cee s m);
orxynar TOJIy4YUM .
(ME—We® =0. ®)

Tak KakK BCe XapaKTEePHCTHYECKHe KODHH X, DasJHYHBI, TO
MaTpuua

2,6 —A=C(,E—2) 6

uMeeT paHr m —1, n motomy ¢ ompejeJslioTCcsi M3 ypaBHe-
HEil (5) € TOYHOCTHIO O NOCTOSHHOTO MHOXHTENst py. C Apy-
TOH CTOPOHBI, €CJIH IIOJIOXKHTb

S‘Is:“pl’ ’pmH’ %=@ﬂ3

C TpPOM3BOJILHBIME p, # 0, TO jn1s MaTpuilsl B ee onpeeu-
Teab B0 1 BAB=EL. Sro nokasbiBaer, UTO B c®
BXOJIMT ellle OJMH NPOHM3BOJBHBIA CKaJISpHBI MHOXKHTEJb, He
paBsHbiil Hymio. [Tojo6Hoe anreGpanyeckoe paccMOTpeHHE BO3-
MOMHO IS NPOM3BOJBHON KOMIUIEeKCHOH Marpuupt .

Ecau matpuma A jeféicTBUTENbHA, TO XapaKTepHCTHUECKOe
ypaBuenue (3) uMeeT JeHCTBHTEJIbHbIE KOI(DHIHEHTbI, H 103~
TOMY AJsl KaXJOro KOpHS X, HaHJeTcsi KOMIVIEKCHO comnpsi-

JKeHHasl BEJMYHHA A, KOTODas TaKMe SBJISETCS KODHEM A,
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ypaBuenusa (3). Ilpu satom Kaxaomy k=1, ... , m Oyjer coor-
BETCTBOBATb TOYHO OfHO ! =1[, M3 psga 1, ..., m, Tak 4TO

N, =\,; B uacTHOCTH, k=1 ans peficteurenbHoro A,. Tak
Kak Bce \, NONMAapHO Pa3JjHYHbl, TO COOTBETCTBHE MEXNy R H [,
B3aMMHO-O/iHO3HayHO. Temepb B cuiy ypaBHeHHH (D) ~Takxke

INE—A|| PO (I=1,),
TakuM 0GpasoM, <
e =cPp, . (I=1,) 6)
co cKanApubMH p,. Tak Kak umeeM Takke c®=cPp,,
u Beaeactue | €]~ 0 obszarensuo ¢® # 0, 10

proi= 1. ' (7
Taxk kak BMecTo ¢ MoxKHO Hanucarb ¢® p)/2, 10 p, = |, sHauwT,
¢V =¢c®. D10 Ke MOXKHO YBHJIETb HENOCPEJCTBEHHO U3 ypaB-
neunit (5). Ho masi nanbHefimero npuMeHeHHs K CHCTeMaM
TamusibTOHa yj00HEe He N0Jb30BAaThCHA HOPMHPOBaHUEM p, = 1.
Jlunedinoil nojcTaHOBKOMH
x=08y, y=G6"1x

cucreMy (2) MOXKHO npeo6pasoBaTb B CHCTEMY

y=2y. ®)
Ecmu y,, ... , Yy, — d71€MeHTHl cTOAOLA Y, TO [OJIHOE  petle-
Hue (8) Hammmercst B BH}IE
» yh=ake (k=1,...,m)
C M TNOCTOSIHHBIMH HHTErpHPOBaHHS &y, ..., &,. B yacTHoO-

CTH, Yy, OyfeT nepuopuueckoii ¢ynkuued JeHCTBHTENBHOTO
nepeMesHoro ¢, ecau A, umcro MuuMmoe. [Husi mccnenoBanms-
YCJIOBHI BelleCTBEHHOCTH HCNOJb3yeM paBeHCTBO (6). Urobul,

m
x= D ¢cMy
k=1

Obl10 JIEACTBUTENIbHBIM, JOMKHO OBITH TaKXKe
’ m

X = 2 ) U
k=1

8 3akas N 1032
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oTkyzna B cuay |€] =0 crexyer B cayuae JAelCTBATENbHOH
Matpuubl A, uTO §h=pky,h. [TosroMy B JaHHOM CJ/yyae
MOKHO B3fITh Eh=pkalk.

PaccMoTpuMm -onsiTh OOILYI0 HeJHHEHHYIO CHCTEMYy

x=UAx+ ... (9)
U [pOH3BeJeM 3aMeHy nepeMEHHbIX
xh=?k(y) (=1, ..., m),
aHAJUTHYECKYIO B OKPECTHOCTH y; =0, ..., Y, =0 u mnepe- -
Bojamyio y =0 B x=0. Ilycts coorBercTBYIOHIEE pa3sioxKe-
Hue Te#sopa Gyzxer
: x=By+ ... (10)

u mpexnonoxuM, uro |B |+ 0. Torna B okpectHoctH X =0
CYHIECTBYET TaKxke o6paTHOe aHaJMTHYeCKoe MpeoGpa3oBaHHe

y=%Bx+ ... . [Ipn stom cuerema (9) nocpeacTBoM noj-
cranoBku (10) nepexomur B '

y=B1UABy+ ... .
3T0 J0Ka3blBAET, YTO COOCTBEHHbIE 3HAYEHHA Ay, ... , A,

OCTAlOTCsI WHBAPHAHTHHIMH NPH aHAJHTHYECKUX MpeoOpasoBa-
HusIX Auddepennyansubix ypasHenui (1).

OcraHoBuMcst Tenepb Ha AH(QQepeHIHaJbHbIX  ypaBHe-
nusix (1), umerowux opmy I'amuibTOHA

uk=H,,h, vh=—-'—Huh (k=1,...,n). (1)
UYro6hl 3Ty CHCTeMy TaKxKe 3anucaTb B BeKTODHOH (opMme,
00603HaynM uepe3 w cTONOell M3 21 37€MEHTOB Uy, ... , Uy,
Uy, ..., 0, u uepes H,— cTon6ell COOTBETCTBYIOIHX [1POH3-

-BOAHBIX oTf H. Ecau o6o3nauuts onsth yepes € elunuunyio
.MaTpHIly NOPAJKA 1 H NOJOXHTh

= 0 €
—g ol
TO cucreMy ypaBseru# (11) MoxHO 3amucaTh B COKpalEHHOM
BHJIE : .

©=3H,,. (12)
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Iycrs ¢ynxuua I'amunbrona H = H (w) Oyjer peryasp-
Hofi B okpecrfiocTH w=0. Tak KaK NOCTOSIHHbIA 4YJeH psja
Tefisiopa st ¢yHkuue H npu w =0 ansa puddpe peHIHANbHBIX
ypaBHeHuli (1]1) He mMeeT 3HaueHHSI, TO €rO MOXHO IOJIOXKHTb
paBHbIM HyJo. Ecau w=0 cOOTBETCTBYET COCTOSIHHIO DPaBHO-
Becusi cucTeMmbl (11), TO Ro/XHBI OBITH PaBHBIMH HyJIO H Iep-
Bble Npou3Bojiibie oT [ npu w=0. Takum oOpasoMm, cre-
neHHOH pAjx Ans H HaudHAeTCH ¢ WJIEHOB BTOPOTO INOpsAJKa,
H IIOTOMY MOXHO TIOJIOXKHTb :

1, ‘
H=5wGwt ..., (13)

rie uepes © o603HayeHa CUMMeTPHYHAs MaTpHIa NopAjAKa 2n
H uepe3 W’ — TPAHCHO3HUHS COOTBETCTBYIOUIEH CTPOKH w.
Torna :

H,=Cuw+ ...,

1 ypaBHenue (12) mepexonut B
w=Uw+ ..., A=[E.

[To3TOMy HYXKHO HCCJENOBaTh XapaKTePHCTHYECKHH MHOrOUJIeH
p(M)=| N —JB| Tenepp Y =J = -3, [J]|=1, 6" =6,
3HAYHT,

(A —-JE)' =1+ EI=J (—E-JO)3,
PN =[N—-J8|=|-2—-J&|=p(—}),

TakuM o6pasoM, p (M) sBasercs yerTHoi ¢ynkuued. Ecam A
€cTb KopeHb MHorowjena p(\), To KopHem Oyner u —X,
¥ OpUTOM 06a KOpHA OYAyT HMETb OJHHAKOBYIO KPaTHOCTb.
Ecin Hyab Takke KOpeHb, TO €ro KpPaTHOCTb GyjleT 4YeTHOM.
Jlonyctum onsiTh, 4TO BCe COOCTBEHHbIE 3HAYEHHA SIBJISIOTCH
NPOCTHIMH H, CJIeloBaTeNbHO, He DaBHBI HYJIIO; NIPH COOTBET-
CTBYIOULEM pPACIOJIOKEHHH HX MOXHO OOO3HAUHTb Yepe3d A,
Man= —rp (k=1,...;n). Tlonoxkum ;=[N\, ..., A,]
¥ HalijleM Torja Takyio oOpaTHMYIO KOMIUIEKCHYIO MaTpuuy &

nopsaaka 2n, urto .
¢ 14
0 20 ( )

8*

36T =8 =
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OyAeT HOpMaJIbHON dopmoit ansa J&. TNepexojiom K Tpancno-
HHPOBAHHON MaTpHlle TosydaeM

6’63 = — 26" o (19)

C zpyrofi CTOPOHEI, MaTpHLa

—Qy =

£ 0
6yneT CUMMETPHYHOH, TaK uTO V
QT=RF)' =)' =32 (16)
U3 ypasnenuit (15) u (16) caenyer
(€'Y J6=J¢'C= —JE'I =L (I7C'Y).

Ecan monoxutb, Kpome Toro, B=(J1€'J), 10 [B|=+£0,
YTO Jlaer

BIICSB = L.
Ho u3 Hawero npexuero onpefiejenuss € craenyer € = BP

¢ ob6parumoil JuaroHasbHOM MaTpmuel B, KoTopylo Mbl npej-
CTaBUM B BH[e

P, 0
=0 =,

C IBYMsl [uaroHajibHeIMM Marpuuamum ‘B,, B, nopsaka n.
CuJiefoBaTebHO,

0
®s . (17)
=%, 0
Kpome roro, marpuna @'S8 anbTepHHpOBaHHAs, TaK Kak

aJbTepHHPOBaHHOH Gyner ; caenoBartessHo, P, =P,. Ilo-
Jlarasi Torja
B 0

0 &|

noayyuM £'I0=3P. Ecam o6oszuauntb, zakoney, €271
onsaTh yepe3s @, To ypaBHeHHe (l4) ocTaHeTcs cnpaBejJIUBbLIM,
H, KPOMe TOro, Tenepb

@I%@ — 3’

6'36 = IBIE =3P =

0=
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cJefoBaTesbHO, MaTpuua § siBasieTcss cHMILieKTHYeckoi. Or-
ciofla janee cJefyer

. 0 8,
6’66 = —(6'SC) 6IYCE = — JL = L (18)

o g, 0

T. €. © NepeBONHTCS CHMIVIEKTHYECKHM IpeoGpa3oBaHKEM
B HOPMAaJbHYIO (OpMYy.

Bynem nonuMaTh mnoj 2z croaben ¢ 2n  3jeMeHTaMU

Xgy v oesXp Yy + ++ » Yo ¥ PACCMOTPHM JIMHEHHYIO NOACTAHOBKY

w = 62, . (19)

Tak kak ¢(yHkuMoHaNbHagt Matpuna § cuMnuekTHUeCKas, TO
nozicranoBka (19) B coorBercTBHM € ypaBHenueM (2;20) 6yner
KaHOHHYeCKHM InpeobpasoBarueM. OHO IePEeBOJUT CHCTEMY
Famunprona (12) B

2=3H, (20)
rae B cuny ypassenmit (13) u (18)
H= 13288624 ... = N Mttt -, (D)
k=1

NIO3TOMY KBaJpaTHyHble YjeHbl / OydyT HMeTb HOPMaJbHYIO
Gopmy.

Ecau crenennol psip H (w) mmeer ILeHCTBHTeJIbeIe KO3(-
¢unpentsl, To Matpuuel & u A=JS Oyayr neHcTBUTE/Db-
HbiMH.  YTOOH @ ObUIO TaKXKe JeHCTBHTENBHBIM, HYXKHO 2

NOAYHHHTL onaTh ycjoBuo Gz= @z Ho € onpeaensiercs
ypaBHeHHAMH (14) u ( 15) He ofHO3HAUHO, & C TOYHOCTHIO O
TNIPOU3BOJILHOH CHMINIEKTHYECKOH Anaroaanbﬂou MaTpHLbI TIO-
psiika 2n

=lo* s

?

é)’{'Oz‘lfl’ ey rnH’

Ha KOTODYIO OHa CIpaBa MoOXKeT ObITh yMHOXeHA. CoOTBETCT-
BYIOIYM BbIGOpOM MAaTpHIbLL R MOXKHO YNPOCTHTH BHJ YCJIO-
BHH, TpH KOTOpLIX 2 JelcrBuTenbHo. Ilpexkje Bcero mycTb
coGcTBEHHOE 3HaueHHe A, (k< n) He fIBJIfETCH YHCTO MHHMBIM,
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uN=x,(l=1,). Ecain npusrom [ >n, o), % —\=X_,,
a Takxe M, %= A;; TOrja MeHseM MecTaMd A,_, H A, U Depe-
XoauM K Apyromy cayvalo [<n. Hrak, MoxHo npefnoJo-

XKUTb, YT0 [ n uTakke A, =X, .. Ecau ), uncro Muu-

l+n

Moe, To A, = — Ay, = Ay, OGo3HaunM onsitk uepeac®, . .., c®™
cronbusl €, torna uz G'YE = caeayer coorHoulenue
c®' e =1 (k=1, ..., n.

Ecau )\, He uncTo MHHMoe, TO ypaBHenue (6) naer gopmyny

I= e t™ = ppe® e pp oy = Palhans  (22)

HO. eCJId ), YHCTO MHuMoOe, 10 [, =k-n, u

— = — (c<k)'80(k+n))' — C‘hm)'SC(h) —

= Phc(k)lscmm)Pkm = PrPran: (23)

Ecnu Tenepe onaTe 3ameHHTh npou3BefieHne Matpuy CR
MaTpuuell ¢, To mepBoHadanbHbie cToAbUbl P, ¢**™ yMmHO-
KaTcsl HA CKaJsipHble MHOXHTENH r,, r;'. Ecau coGersen-
HOE 3HAUeHWe \, HE YHCTO MHHMOE, TO TOTJa B COOTBETCTBHH

¢ ypaBHeHHeM (6) p, YMHOXAIOTCS HA MHOXHUTeNb 1,17 .
B cayuae xorpa A, me Oyner neiictBuTesbHBIM H k < [,
BbIOHMpasi r,=p,, r,=1, noayuum p,=1; Torza B cHIY
ypasuenuil (7), (22) umeeM Takxke p,,,=1, pp =1, p,,=1.
Ecau X, peficTBHUTeNIbHO; 3HAYMT, k = [,, W, COriacHO ypaBHe-
HHIO (7), MONlyJ/Ib UHCJIA p, paBeH |; 3aMeHsist TOr/ia r, Ha Py e,
NOJIY4YUM cpa3y HMCKOMbiH pesynbraT. Hakowen, ecau A, 4dCTO
MHHMOE, TO p, HMEeT NOJIOKHTEJBHBIH MHOXHTENb (ryry)?,
B TO BpeMsi KaK B COOTBETCTBHH C ypaBHerusiMu (7), (23) us--
YPaBHEHHSI py, = — p), CJAEAYET, UTO p, OYAET YHCTO MHHMLIM.
TlosToMy B 3TOM C/1yyae MOXKHO AOGUTHCS BHIIOJIHEHHST PABEHCT-
Ba Py =Pp., = £ i, Ecain nepectaButh Ay U Ap,,, TO MOXKHO
NONOKHTb W =c**™ y ¢**™ = _c® npuyem © ocraercs
cuMiJieKTHYecKOd. Tak Kak Toria p, 3aMeHsieTCsi HA — Py,
TO MOXKHO, CJIe/lOBaTe/ibHO, cAeaarb p, = —i. [lpu stoMm
pp= —i OyJeT MHOXHTeJEeM JJIsi BCEX YHCTO MHHMbIX COGCT-
BEHHBIX 3HAuYeHHH \,, B NPOTHBHOM CJaydyae p, = 1. Ycaosue

- BemecTBeHHOCTH Gz=C2z coBnajaer ¢ .z, =pgz;,, c7eno-
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BATENIbHO, X, = Xy, Y, =Y WA N, =N, %= — ), (k=1,...,n)
H Y,=1Iix, i A, = — .

Ecnu paccmarpusate B npasodl uvactu ypasnenust (20)
TOJIbKO JIMHEHHBIl uJieH, TO TOJNYUHTCH JIMHeHHas cucTeMa

z= 82, WIH, TOUHEE,

x.k:)\kxk, .’)h= ~Nt (R=1,..., 1)

¢ obmuM pellleHHEM
b Mgt —Agt
Xp="5e", Yp="me *,
rie &,, m, — NOCTOSIHHBlE MHTErpupoBanus. Ecam ofHO U3 c06-
CTBEHHbIX 3HaYeHUH \;, YUCTO MHUMOE, HallpUMep Ay, TO pelieHue

G=y=0 (k=2 ..., n),~
Xt . —At

x,=E€", y=me L ,

ecTb NEPHOJIMYecKoe pelleHre JHHeiHOH cucteMbl. IIpa aTom,

yToGBl @ GbIJIO JIEHCTBUTE/BHBIM, HYXKHO B34Thb v, = i£,. Lleab
Gauxafmux JByX naparpa)oB COCTOHT B TOM, 4TOObI, HCXO-
Js M3 3TOr0 peLIeHHs, NOJYYHTb IEePHOJHYECKOe pelleHHe
o6uiell cucTeMbl HesHHEHHBIX ypaBHeHu# [amusbrona (11).
Yto e KacaeTcsi He raMHJbTOHOBHIX Au(pepeHIHaNbHbIX
ypaBHeHud (1), TO MOXeT CJYyUUTbCs, YTO OHH, KDOME IO-
CTOSIHHBIX PelIeHHH, He HMEIOT HMKAKHX APYTrHX NepHOAHUecKHX
peluennii, B TO BpeMsl KaK COOTBETCTBYIOIAsl JIMHeHHasl CHC-
TeMa (2) MOXeT HMeTb NepHOJMUYECKOe pelieHHe, He SBJSIHO-
leecsi KOHCTAHTOH. DTO MOXKHO NOKa3aTh HAa IIPHMEPE CUCTEMb

x= g (PR, y=rhy (@) (29

C IByMsl HeHU3BECTHbIMH (DYHKIMSAMH X, y, TJ€ g €CTb 3a/laHHOe
HaTypasbHoe uHca0. COOTBETCTBYIOULAsi JIMHe#Hasi CHCTeMa

X= —y, y=X HMEET TOJbKO . NEPHOANUECKHE pelIeHus,
a IMEeHHO X =acost +Bsinft, y=asinf—Pcos¢ ¢ nocross-
HBIMH @, B. D10 6YAyT KOHLEHTPHYECKHE OKDPYKHOCTH B ILIO-
CKOCTH (X, ), KOTOpble NpoGerarTcs ¢ MNOCTOSIHHOH YTJIOBOMH
CKOpOCTbIO, paBHOH eJUHHLE, H IEHTP 3ITHX OKPYXKHOCTeH
HaxoJuTcs B Hauaje kKoopauHaT. C Jpyrod CTOpOHBI, ecjau
3anHcaTh JaHHYIO cHCTeMy (24) B NOJSPHBIX KOOpAHHATAX |
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C TIOMOMIBIO TIOACTAHOBKH X =7 COS ¢, Y =rsin¢, TO

rr=xx + y_}/ = (x% 4 y?)9*1 = r20*2,

rre=xy—yx=x*4y*=r>
[nsi pelrennii, OTIMYHBIX OT TPHBHAJBHOIO pewienus r=0,
TIOJTyYHM

r= r¥ = (a — 2gt) V9,

p=1, g=b+1¢
C JIBYMS TOCTOSIHHBIMH HHTETpHpOBaHusl @, b. 3TH perueHus

CyTb CIHpAJH, CJIEJOBaTEJbHO OHH 3aBeJIOMO He OYIYT NepHo-
JugeckuMH. JlaHHbIR TpHMep, B YACTHOCTH, NOKASHIBAET, ¥TO

CBOHCTBO CHCTEMBI X = — Y, y X UMeThb NePUOJINYECcKue pelie-

HHfl HcYe3HeT, ecqM J00aBHTH B IIpaBble YacCTH uJieHb! GoJiee
BBICOKHX CTeNeHeH OTHOCHTEJNHHO X H y; HalpHMep, B HalleM
cyyae MOXHO BhIGpaTh napamerp g==1, 2.... Onnako 3a-

METHM, UYTO JaHHasi CHCTeMa He dABJSETCHA KaHOHHYECKOH,
Tenepb HaM HYXHO HCCJ/i€I0OBaTb, KAK MOXKHO IOJNYUYUTb II€PHO-
JUUYECKHE pELICHHSA CHCTEMBI raMI/IJIbTOHa, eCJHM HX HMeeT
COOTBETCTBYIOIIAA JIMHeHHast cucrema eCcJi, KpOME€ TOro,
BBITIOJIHSIETCSI HEKOTOPOE YCJOBHE.

§ 14. Teopema cymecTBOBaHHS

IIycrs cucrema TamunbTona w == §H,, yAOBIETBOPSIET TeM
JKE€ CaMblM YyCJIOBHSM, KaK M B npejpifyiiem naparpage. Cie-

1 , .
JoBaTeJIbYo, H= 5 w Sw+ ... Oyger CTeneHHBIM pPSJOM

¢ JeficTBUTEJLHBIMH KO3(pUIIHEHTaMH, HAUHMHAIOIIHUMCS C KBaD;i
paTHYHBIX YJIEHOB, IpHYEM 3TOT psiJi CXOLHTCSI B HEKOTOPOH
okpecTHOCTH ToukH w = 0. Ilycth Takxke J& nmeer 2n pas-
JHMYHBIX COOCTBEHHBIX 3HAWeHHH Ay, ..., A, — A, ... ,—\,.
JlokaxeMm CJeNyIOYI0 TeopeMy CYLIeCTBOBAHHUS:

l'IyCTb A\, YHCTO MHEMOE ¥ NYCTb HH OJIHO U3 n— | OTHOIle-
HUH ()\2/11), .oy (My/N) He sBasieTcst uesbIM yncsioM. Torza
CYIIeCTBYeT ceMeHCTBO JiefiCTBUTEbHBIX IEPHOAUYECKHX pelle-
HHH cHcTeMbl I'aMUIbTOHA, 3aBHCSIIEE aHAJTUTHYECKH OT JeficT-
BHTEJIBHOrO MapameTpa p ¥ ofpamatomeecss npu p=0 B pas-
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HOBecHOe pemnenne. Ilepuox == (p) Gyser Takke aHAJIMTH-

yeckol ¢yHkuue# p u < (0).= I?\nl

Ilna nokasatesbcTBa 3TOH TeopeMnl GyieM HCKaTh pelle-
HUSl B (hopMe CTeNeHHBIX PSJIOB C HEM3BECTHBIMH KO3(h(dHLIHEH-
tamd. CHauana GyjieM CTpPOHTH (bopMaJjbHBIE pSfibl, KaK yXke
fenanoch B § 4, a J0Kas3aresibCTBO CXOAMMOCTH 3ITHX pSJOB
nposefeM B cJenywomeM naparpage. IlepemennbiME OyayT
Tenepb HEH3BECTHblE 2y, ..., Z,,, HE HMEIOIHe Onpe/leJeHHbIX
YHCJIEHHBIX 3HAYEHHH, B TO BpeMsl Kak KoadpuuueHTsl OyAyT
KaKHMH-TO OIpeJie/IeHRbIME KOMIVIEKCHBIMH uucsaMH. Ecau
ONpeJie/INTh PaBEHCTBO, CYMMY H IPOH3BeJeHHe I10 NIPpaBHJIaM,
KOTOpble MMEIOT MECTO B Cjiyyae CXOJHMOCTH, TO CTeNeHHbIe
psAnbl c6pasyior Koabllo R (2) Ge3s neautesefi nyas. Ecau
BBECTH HOBbie NepeMenHble Ly, ..., {, mocpeicTBoM mojcra-
HOBKH CTENEHHbIX PSANOB OTHOCHTEJNBHO 2y, ..., Z,, KOTOpHE
He COjiepXKaT NOCTOSTHHBIX YJIEHOB, TO KaX/bli CTeneHHOH psij
OTHOCHTEJIbHO HOBOH IepeMeHHOH { IIoCPe/ICTBOM NepecTaHOBKH
U/IEHOB IlepeHjieT B. CTENEHHOM psij OTHOCHTEJILHO CTAapOi ne-
peMeHHOH z, ¥ nosTomy KoJjbio R (§) wsomopdHo oTo6pas3uTcst
Ha yacThb Koabla R (2). MOXHO Onpe/ie/IUTh YacTHbIe 1POU3BOJ-
Hble 0 2y, ..., 2, Kak pe3yJbTaT TNOUJIEHHOrO IPOBEJEHHS
5TOH onepauud, npuyeM AudpepeHIHpOBAHHE MHOrOYJIEHA CBO~
JHTCST K YHCTO asreOpandyeckuM onepauusiM. Torja B KoJib-
e R (2) noayuarcsi oGblYHble TIpaBUJIa JJist TPOH3BOJHON CyMMBI
H DPOH3BEJIeHHs, OCTaeTcsl B CHJe H IleNHOEe NPABHJIO.

CHavana pacCMOTPHUM ONATb BMECTO CHCTeMbl I'aMH/IbTOHA
obmyo HesuHefinyio cucremy (13; 1) npu TOM orpaHHuYeHHH,
yto Marpuua U HMeeT JBa IPOTUBOIOJIOKHBIX 110 3HAKy cobCT-
BEHHBIX 3HaUeHHS A, A, = — ). IlonblTaemca HalTH yacTHOE
pellleHHe, B KOTOPOM X;, ... , X, pasJjaralorcsi B*CTeneHHbe
pAIBl N0 JiByM Heu3BecTHbIM ¢yukuusM &=E& (£), n="(f).
Cucrema (13; 1) nepexonuT npH 3TOM B

xE b xm=F(2).

ITpepnonarasi Temepb, uro ¢YHKUMH &, % YAOBJIETBOPSIOT
IByM JaubdepeHIHaNbHBIM Y PaBHEHHAM

E=af, n=pn, (1)
npuYeM «, B CyTh CTENeHHBE PAfEl MO £, 4, MBI HAaXOXK/eHHe
KaXJIOTO YaCTHOTO peligHHsl pasjesum Ha iBa srana. [Ipexze
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"BCEFO pacCMOTpHM JuHeHHOe audpepeHuHanbHOE YpaBHEHUe
B YaCTHHIX TPOH3BOJHBIX

xeka Xy =f (%) @
il 3 x(E M) IpH COOTBeTcTBYIOWleM BhiGope a (&, M) u B (&, m),
a 3ateM yxke npouaterpupyeMm cucremy (1). Ilpemmyiiectso
3Tero cnocoba 3akJioyaeTcsds B TOM, YTO IIPH pPacCMOTPEHHM
ypaBHeHEs1 (2) MOXKHO OCTaBaThCsi B KOJble (POpMasbHBIX
CTeNeHHbX pPANOB H He. HCCJIe[oBaTh BoNpoc 06 HX CXOJH-
MocTH. ¥YpaBHenue (2) npu JuHeHHOH nozicraHoBke X = Gy
NepeXOoJHT B ypaBHeHHe

Yefa+ yamB — Ly = g(y), ®)
rje CTemeHHOH psAn

g(y)=C7f (Cy) ~ 2y (4)
Ha4YHHAaeTcsl C 4YJIEHOB BTOpOro mnopsifika #u onarb {=[\,
Ay, ..., A,]. UroOwl- u3 ypaBHeHHs - (3) DyTeM cCpaBHe
HUSl KO3DDHINEHTOB MOKHO ObiJIO OJHO3HAYHO OIpeNesuTh
m—+ 2 cremenunix pspoB y, (&, m) (=1, ..., m), a(& 1),
B(& m), BBemeM eme cneuyxoume TPH YCJIOBUSI: BCe psjibl
Yr—~8& Yg—muy, k=3, , M) JOJKHbl HAYHHATHCS € UJIEHOB-
BTOpPOro NOpSJKa; y1~E ‘e JOMKHO WMETh WJEHOB BHAa
E(km)' B y,—vn —uieHoB Buga 7 (§m)'; @ M B JI0MKHHL ObiTh
psifamMu TOJILKO 0O CTeNeHS M OfHOro TNpOoHZBejeHHs En=w.
m. cOOCTBEHHBIX 3HaueHHH# R, hy= —A;, Ag, ..., X, KaK
U paHblle, NPeANoJaraloTCs pasJIHuUHBIMH; noTpefyeMm elle,

o A
yToObl HHKAKoe M3 m — 2 OTHCHIeHHH —%, ... , = He 6bLI0

)\1 ’ ’ )\1
LeJHM YHCJOM.

IlogcTaBuM m -+ 2 creneHHble psiia Yy, ¢, B C Heompeje-
JeHHbIMH KO3(duuMeHTaMH B ypaBHeHHe (3) H IpHpaBHseM
npexae Bcero JuHeHiHble usienbl. Ilpu aToM mosayuurcsi, 4TO
a, B HMEIOT NOCTOSIHHBIE YJIeHHI Ay, — A,. [lycTh Tenmeps s — Ha-
TypaJbHO® YHCJO, M IPEANoJOXKHM, YTO NpHpaBHUBAHHEM
4IEHOB MOPSAAKOB < S OJHO3HAYHO HaHJIeHO y JI0 S-ro NopsifiKa
H a, B no nopsaaka s— l. HpHpaBHi{EM Tenepb B ypaBHEHHH
(3) xosdpunuentn! unesoB Bupa £Pq? (p+ g =s+ 1). Tak kak
g (y) HauMHaeTCsi C YJIEHOB BTOPOro NOPSIKA, TO COOTBETCT-
BYIOWHH KOS(XDUUUEHT B g (y) €CTb MHOTOUJEH OTHOCHTEJBHO
yXKe HM3BECTHHIX KOS((MHUHUEHTOB B Yy, ..., Y. IlycTh Y—
HCKOMbI Kos(puuuent npu EPx? B y,. STOT useH jaer B CO-
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OTBETCTBYIOlIEM KO3(dulMenTe JeBOi dYacTH YypaBHeHHs (3)
BejguanHy {\, (p —q) —N\.}y. Ecam Tenepp He OyAyT onHO-
BPEMEHHO HMeTb MeCTO paBeHcTBA k=1 m p=¢g+1 Hiu
k=2 wu g=p-+1, 10 cnepa npubasnsiercsi eme OMH MHOIO-
YJieH OTHOCHTEJIbHO yKe H3BECTHHIX KO3(h(HIMEHTOB pa3JoxKe-
Huit dysruui y, ¢, B. Tak Kak Torja MHOXHUTeNb Iepejl Y OT-
JIHYEH OT HyJIsl, TO Y OnpeJesieTcs oHo3HauHo. EcJiy Bee-Taku
win k=1, p=g+ 1, mau k=2, g=p-+ 1, T0 B 3170M CaAyHae,
COTJIaCHO BTOPOMY YNOMsiHyTOMy Bhille Tpe6GoBaHuio, Y= 0;
HO, € JIPyro#l CTOPOHBI, TOTAA cJjieBa npubapasiercs jas k= 1
HeHsBeCTHbfl KO3(pHIHEHT NpH ®? B o U JIs k=2 Heus-
" BeCTHBIH Ko3¢¢uuneHt npy w? B B, B TO BpeMst KaK OCTaJjlbHbIe-
yJieHbl yxKe u3BecTHbl. [lo3TOMy npexnosoxenHoe s S J0-
Ka3aHo Takxke s S+ |, ¥ TaK KaK OHO BBINOJHSETCS JJsi
s=1, To oTcioia clefyeT N0 UHAYKIHUH Pa3peliuMoCTb ypaB-
HeHHf (3) NpH NOCTaBJEHHBIX YCJIOBUSX.

Temepp ponyctuM, wro psif f (x) uMeeT JAEHCTBUTEJIbHbIE
ko3(dumuentel. ITycTh cOOCTBEHHOe 3HaueHHe ), SIBJSETCS
UHCTO MHHMMBIM, TOrja A, = k. IlocMorpuM, Kakue CJeACTBHSA
BLIBOJATCSL OTCIoZia Aast psinoB y (§, ), « (€, m), B (&, 7). Ecnu
nojaoxuth 1€ = u Ty = y*, To nocyeaHsd N0JCTAHOBKA
B cuay ypasuenuii (13; 6), (13; 7) umeer npocrefinid BUJ

yl=pty;(l=lh) k=]’ LR | m)’ . (5)

H, B Y4CTHOCTH, Yy = P1Yfy, Ys = Paly, P12 = 1. B TOXKzeCTBeE (3)
mepefiieM Tenmepb K KOMIJEKCHO: CONPSIZKEHHbIM KO3(hHu-
IlMEHTAM, TNIpUYeM HeompejeJeHHbie £, 7 MOFYT OCTaBaThCA

nocrossHHEIMU. Torza, ecsau NoJIOXKHTb y=1}'(5, 1), TO
& (By) = T (6T),

H, B cuny (4), ypaBHeHue (3) OyJeT yAOBJETBOPATHCS, €CJH
B HeM Y, a, B 3amenuts Ha Iy, a, B. OOe mepsue
COCTaBJIAIONHE BEKTOPA IY CYThb pylfp=pyN—+... , Polfy=
=pof-+ ..., a OCTajbHble HAYHHAIOTCS ONSATh C WIEHOB
Broporo mopsiika. Ecau &, w 3aMenutb Terepb Ha pym, P2k,
T0, OueBHAHO, noayuurcs, .uto. Ty (pm, pok)s BlpiMms Pot)s

a(pm, Pef) TaKKe COCTAaBAT pelleHHe ypaBHeHHs (3), AJs
KOTOPOTO BbLINOJIHEHB! Bee TpH TpeGomauus. BcesencTsue no-
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KaSaHHOﬁ €JIMHCTBEHHOCTH, OTCIOJa HOJIyqaeTCSI, 4yTO
Gy (&, 1) =By (pyn, pak),
a (&, 1) =B (pym, psf)-

Takum o6pasoMm, npu &= p,;m B C/lyyae CXOJUMOCTH 3HAYEHHSI
dyuxuni o (&, 1), B(&, ) OYAYT KOMNIEKCHO CONMPSIKEHHbIMH,
a 3Havenune GpyHKuHU Cy (E, 1) = x(§, ) OyJer AeAcTBHTE/ILHBIM.

AHanoruyHO MOXKHO pacCMOTpeTh TOT Caydail, Koria psj
f(x) umeer nedcTBuTeNbHblE KO3((HLUHEHTE H A, SBJSETCS
JeHCTBUTENIBHOH BeJUYHHOH, CJENOBaTeJbHO, A, =X, A\, =
= — M =M\, Tenepp /;,=1, l[,=2 u MOXKHO HODPMHPOBATb,
NPHHAMAS p, = p, = |, IOCJIE 3TOTO NOJYUAETCH Iy = YT, Y = Y-

Tak Kak Torja o0e IepBble KOMIOHEHTH Iy HMEIoT yike hopmy
Yyp=E84+ ... ,Ys=7+ ..., TO B 3TOM cJyuyae

By (&, n)=Cy (& ),
a (&, m)=a (& 1),

B(E, m)=B(E )

M TMOTOMY B CJydYae CXOJAUMOCTH JJisi JeHCTBHUTEJbHBIX &, 17
3HaYeHHs! ¢ynaxui x (&, ), « (&, m), B(E m) Takke OyayT
JeHCTBHTEbHBIMH.

He 6yneM onsith TpeGOBAaTH BellleC TBEHHOCTH (PyHKIHH [ (X)
H pacCMOTPHM YacTHBIH cayvail yncrembl I'amunbroHa. HyxuO
nokasartk, yro rtorja a (&, n)= — B (£, 7). HcnoJsb3osaBmuecs
IO cuX nop o603HAueHHs Iesiecoo0pasHO H3MEHHUTh CJeNyio-
mum obpa3oM. Bmecto m nepemeHneixX Yy, ..., Y,, BO3bMEM
2n TepeMeHHBIX 2, =Xy, Zp., =Y (k=1, ..., n), npuuem,
B YaCTHOCTH, NepeMeHHble X;, y; OyAyT wurparb poJb Tiepe-
MEHHBIX Yy, Y, H, COOTBETCTBEHHO, A, = — A, 3aMeHHMM Ha
A1 = — M. IlpepnosoxumM, yro B ¢yHKuEHM lamuabrona H
yXKe MPOH3BEJIeHO JIHHEHHOe KaHOHHYecKoe INpeo6pasoBaHHe
nepeMeHHBIX, KOTOpOe WuJeHbl BTOPOrO NOpsjKa INPHUBOXHUT
K HopMasbHO# (opme, 3ajanuoji paBenctBoM (13;21). Torza
BMecTO ypashenuil (3), (4) umeem '

z:ka+ Zu”qp = SHZ,
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H noroMy JJjs ¢opManbHO oO6pasoBaHHOro JAudpepenuuasa
dH = H:dt 4 H«dn noayyaercs BbipaxkeHne

dH = H;dz = (a2t +Brzs) 3 (z: & + 2, ) =
= (a§ dn— Bndt) 2:3z,.

Ecan nonoXuTh JAJs  COKpauleHds: elle z:iyz, =4, To
Hy= —BvA, H,=o0kA.

atH: 4 BnH, =0, (6)

npuueM H Tenepp ABAseTcd CTeNeHHbHIM PAAOM IO &, 7.

C nomompio ypaBHeHHsl (6) nokaxeM, uro H ecTb psif
T0JbKO To @ = §n. Ilycts yXKe JoKasaHo, 4TO uJjeHol B H
nopsifika < S 06pasyloT MHOrOWIeH OTHOCHTeJNbHO . [las
§=2 3TO cnpaBejJHBO, TaK Kak

n
H=k2i)\kxhyh+... =)\1(D+... .

[Tycte Tenepp &Py (p-+q =5+ 1)—unen nopsgka s+ 1.
Tak Kak a =N\ -;..., B= —A -+ ..., TO B TOXKJEeCTBe

N (nHy — EHe) = (0 — X) EH: + (B4 M) 1y

MHOXHTENH o — A;, B+ A, OyAyT CTeNeHHbBIMH DSJaMH 1O o,
HE CcOJepXKallUMH [OCTOSIHHbIX  uJeHoB. [lpuMensiss  3jech
METOJ TOJHOH HHAYKIHH, AOIyCTHM, 4YTO CTOsIIHE CIpaBa
yJieHbl TIOPSKOB < S 2 00pa3yloT MHOTOUJIEH OTHOCHTE/b-
Ho o. Koapouuwenr npu EPq? B JIeBOH uyacTH paBeHCTBa
Gyzer paBen A, (p—q)y, caefosatenbHo, Y=0 npu p #gq,
1 3TUM cHOpMYyJTUPOBAHHOE BhIIIE YTBEPXKJEHHE /0Ka3blBAETCS
g s+ 1. .
Tak Kak H 3aBHCHT TOJIbKO OT ®, TO

HE =7]Hwy HT) = EHu)r
H ypaBHeHHe (6) nepexojur B
(a4+B)oHy=0.

Tak kak wH,=Mo+ ... He OyJer CTeneHHbIM PALOM, TOX-
JIEeCTBEHHO PaBHbIM HYJIIO, TO M0JyYaeM YCJOBHE

a+B=0. | (7)
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BosBpatuMcsi eille pa3 K oflieMmy cayyaio ypaBHeHHs (2)°
U JIONYCTHM, YTO JJIF HaH/IeHHOTO peIUeHHs BLINONHAETCH
takke ycaopue (7). B caenyroomwem mnaparpade Oyjer mnoka-
3aHO, UYTO TOrjJia B cJydYae CXOAUMOCTH (yHKUuH [(x) pAjbl
y (&, m), «, B OYAYT TaKKe CXOAAIIMMHCS JJIs KOMIIJIEKCHBIX
£, M, MOIyJH KOTOpHIX JioctaTouHo MaJjnl. Ilostomy nude-
péHUHaJbHBle ypaBHeHHst (l) MOMyualoT HeKOTOPbIH CMBICI.
Corgsacuo yeaoBuio (7), 6yfeM uMeTb Tefepb

o =&+ bn=(a+p)n=0,

caefoBartelibHO, ®, &, B He 3aBHcaT or f. OTcioga ciaeayer
nanee
E=Ee™, m=mef. (8)
Iyets paa f(x) umeer onsATh JAeHcTBHTENbHbIE KO3(GH-

IHEHTHl ¥ A; YHCTO MHHMOe; Bbi6epeM HayaJjbHble 3HAUEHHS

£, To JNA nepeMeHHBIX £, 7 mnpd f{=0 B COOTBETCTBHH
¢ ycaodeM &, =p,m, U mnorpebyeM, urobun |&,| ObUIO JO-

CTAaTOYHO Masio. Torja, COIJIACHO paHee IOMYyYEHHOMY pe-
ayabTaty, uncna a =a (€, 1) = a (o, 7o) 7 B =B (€, 1) = B (£, o)
OyAyT KOMIJIEKCHO CONPSKeHRLIMH, C/ASAOBAaTeNbHO, COrJIaCHO
ycaoBuio (7), oHH OyAyT CONpSKEHHHIMH H UYHCTO MHHMAI-
Mu. B coorBercTBun ¢ (8), Toraa Takke &=pM A BCEX
JAedicTBHTeNbHBIX f M |E]|=|§,|; crenoBaTeNbHO, COraacHO
yIOMSIHyTOMY yxke peayabTaty, x (&, 1) Takxke Oyjer jeii-
cteuTeabHbIM. [losToMy (8) mpepcraBasier ceMeHCTBO Jeid-

CTBHTEJIbHBIX MEPUOJMYECKHX pelleHHd cucTeMbl aubde-

peHnHaJbHBIX ypaBHenu#i (13; 1), kKoTOpoe COAEpPXKHT KOM-

nyiekcHblif napamerp &, Tak Kak npaBble uactH Augdepen-

IHaJbHbIX = ypaBHeHuWH He 3aBHCAT ®BHO OT /, TO KaxJasi

KpHBasi, H306paXaiomas pelleHHe, TEDEXONUT cama B cebs;
ecnd ! 3aMeHuTb Ha f-+c npH TpoH3BoJbHOM c. [lostomy

JoctaTouHo BHIGpaTh £y=p >0. I[lepuon wumeer BesnuHHY
t(p)=2x/|a|, TRe a=D\ +...; caeaoBaTesbHO, < (0)=

=2=/|A;|. Tak Kak B COOTBeTCTBHH C HauweHi 3aMeHOH

Y1=84+..., Yp=7n-+..., TO NOAYyUHM TaK¥Ke, UTO Y;, Y,

NpH JOCTATOUYHO MajoM p > 0 JeHCTBMTENIbHO 3aBHCAT OT f,
U Torha « (p) ecTe MpUMUTHBHBIA mnepuoi. B cuay (8) Hait-

JEHHble CTENEHHBlE psiJbl MOryT ObIThb 3aNlHCaHbl B CJEAyIo-

uieM naparpage kKak psiisl ®ypre 1o kpatHbiM |« 2. Tlosro.

N
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My, TOCJIe TOTO KaK OyJeT npoBeleHO JOKa3aTeJIbCTBO CXO-
_AMMOCTH, OTClofia GOYyAeT cJe/loBaTh YTBEPXKJAEHHE TEOPEeMbl.

ITycte Temepr ¢ynkuua f(x) umeer JeACTBHUTENbHbIE
KO3(HUHEHTH W A, HeHCTBHTENbHO, a CJeLOBaTeNbHO, H
A, = — 1\, JelicTBuTeNbHO; BHIGEpEeM TOrJa HauaJbHbE 3HA-
venust &, 7, HAeHcTBHTeJbHBIMH H |[Ey|, |7o| XocTaTOuHO
MasibiMH. B 3ToM cayuae uwucaa a=a(g, m)=a (&, M) H
B= —a OyayT nelCTBHUTENbHBHIMH, CJIEJOBATENIbHO, B CHJY
paBeHcTB (8) u £, 7 HefiCTBHTENbHBI AJIsi BCeX JAeHCTBHTE/b-
meix f. Toraa x (£, v) cxoaurcs, BO BCAKOM cJjyyae, AJjs JO-
CTaTOYHO MaJblX |f| W ToXKe ABJAsETCS JeACTBHTEJbHBIM.
CeMeiictBo pewennit (8), saBucsulee B mjockoctd (£, ) oT
ReliCTBHTE/bHBIX NApaMeTpoB £y, 7o, €CTh CeMeACTBO pABHO-
CTOPOHHUX THNep6OJl HJH, TOYHee, eCJH pas3jHyaTh pas3Hble
8HaKH £, 7y, TO yeThipe ceMelcrBa runepbos. Taxkum obpa-
30M, Mbl TIOIYYHJIM UETbIpe OflHOTIapaMeTPHUYECKHX ceMeHCTBa
JelicTBHTENIbHBIX pemieHud cucrteMbl (13; 1). Ecam Tenepn
a>0u = —a <0, 10 * (cooTBeTCTBEHHO €F!) cTpeMHTCA
K co fIpH {— oo (COOTBETCTBEHHO NpH ¢ —> — o). CJefoBa-
TesbHO, TIPH £y = 0 B COOTBETCTBHH ¢ paBeHcTBaMH (8)
TOYKa £, v OCTaeTCs B 3aJj@aHHOH OTrpaHMYEHHOH OKPECTHOCTH
HayaJl KOOpJHHAT TOJIEKO B TeUYeHHe OrpPaHHYEHHOrO BPEMEHH,
B TO BpeMa Kak npu £,=0, 7y+0 u {—> co oHa, jBH-
rasicb 10 OCH 7, BO3BpallaeTcsi B Hayallo KGOPAMHAT; aHa-
JIOTHYHAA KapTHHA HMeeT MecTO HO ocH & mpu &, =0, 1,=0,
t — — co. COOTBETCTBEHHO ABYM BO3MOXHBIM 3HAaKaM 7, H &,
NOJYYaloTcsl YeThipe pemiendss x (f), Koropele npu f—>.co
(coOTBETCTBEHHO TNPH {—>— o0) ACUMOTOTHYECKH NPHOAH-
JKalOTCsl K pelieHHiO, COOTBETCTBYIOEMY. TIOJIOXCHHIO paB-
Hopecusi. Hanporus, pasi cayuas &g, +0 HaliieHHoe pemie-
Hue x(f) oOjajaer TeM CBOHCTBOM, YTO OHO OCTaeTcsl B JIO-
CTAaTOYHO MaJIOH OKPECTHOCTH HayaJsa KOoOpAHHAT X =0 TOJBKO
B TeyeHHe OrpaHHYeHHOIO BPEMEHH; 3HAYHT, OHO CHayaJja
GyJeT HEKOTOpoe BpeMsi HAXOJAHTbCS B 3TOH OKPECTHOCTH,
a moToM onATb yiizeT B OecKOHeYHOCTb. Bnpouem, Hesb3st
3aKJIIOUHTD, YTO :MEXJAY 3THMH pelueHHsMH OyAyT IEepHOJH-
yecKHe ¢ JEHCTBHTEJbHBIM TNIEPHOAOM, TaK KaK HEBO3MOXKHO
YCTaHOBHTb INEDHOJUYHOCTb, MHCMONb3Ysi TOJBKO JIOKaJbHOE
uccaesosanue. Eca nonoxuts e = g, tox,(¢) (k=1, ..., m)
6yayr psagaMd  JlopaHa OTHOCHTeJbHO  INepeMeHHOH ¢
u 6yAyT HMeTb MO { YHCTO MHHMBIH Nepuof 2wi/a. UTo6hl
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Jyulle pasbACHHTH STOT Pe3yJbTaT, PacCMOTPUM AJsi CpaB-
HEHHsI CHCTEMY

x=x+x(xyf, y=—y+yy),
KoTOpast 06pa3oBaHa o aHAJIOTHH ¢ cicTeMoii (13; 24); anecy g—
onsiTh 3aJlaHHOE HaTypajbHOe uucso. Torja

(xy) =2(xy)’"t, yx—xy=2xy.
PaccMoTpuM cHauasa cayyail xy =+ 0, Torja
xy=(a—2gt)~"9, x=nbye*
C JIByMsl TIOCTOSIHHBIMH HHTerpupoBanusi a # 0, b + 0; orciona
x=0"! (a—2gt)7'%, y=b""2eta—2gt)""*, (9)

B 70 BpeMs Kak Tnpu xy = 0 NoJyyaeTCsl YacTHOe pellleHde
x=0, y=ce"! n x=ce', y=0 c mocrosuuoit ¢. B 3TOM
ciayyae Ay =1, A;= — |, HO Bce e HeT pelleHHs] H3 OJHO-
napameTpuqecxoro ceMmeiictBa (9) ¢ KOMIUVIGKCHBIM TIEPHOJIOM.
Orciofia BbITEKAaeT aHAJUTHYHOCTH pellleHHH cucTeMbl ['aMuJib-
TOHA M JJsl JeHCTBHTEJLHOrO \,, KOTopas, BooOlle TrOBOps,
HE MMeeT MeCTa AJs cHcTeMnbl (13; 1).

Jlasi  nocslefioBaTeNIbHOTO — HAaXOXJIEHHSl KO3(HUHEHTOB
pasjoxeHHsl B psiipl GyHKUME y, o, f NyTeM CpaBHEHHS
K03(hHULUHEHTOB CYIIECTBEHHO, YTOObI BCe M — 2 OTHOLIEHHsI

Ag/Ay, ..., Ap/A, He paBHAJMCH ILeJbiM uHcaaM. B cayuae
cucreMsl ['aMHJIBTOHAZ 3TO COOTBETCTBYeT TOMY, YTOOBI HH
OftHO. M3 n -~ | oTHOWIEHHH A, /N,, ..., N\,/A; He ObLIO LieJbIM.

Ha npumepe nokaxem, YTO 3TO HpeANOJIOKEHHE He SBJAETCS
JHIIHAM 751 CTIPAaBEAJMBOCTH TEOPEMBI CYLIeCTBOBARHS. Boab-
MeM ¢yHKUHIO [ aMUIbTOHA B BU/ie MHOTOUJIEHA TPeThed CTeneH:

1 1 )
=5 (31 +40) — X5 — Y3 -+ X191 X% + 5 (XT— 47) Y-

TOF}:{a COOTBeTCTByIOULaH CHCTeMa
xl = Y1+ X1X2 — Y1Ya»

y1=—x1 ylxz X1Y2»

— 2y,

Yo = 2X3 — X1y,

I
", li (10)
)
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OUYEBH/IHO, HMEET PaBHOBECHOE DeIIeHHE X; = X, =Yy, = y, =0;
COGCTBEHHBIMH 3HAYCHUSIMH OY YT Ay = — Ay =i, Ay = —\, = 2i.
Bepa B KauecTBe COOCTBEHHOro0 3HAYECHHs, pacCMaTpHBae-
MOTO B TEOpeMe CYIECTBOBAHHS, YHCTO MHUMOE 3HAaueHHE M,
YZOBJIETBODHM I1PEJNIOJIOKEHHIO, YTO A,/A, = 1/2 He Oyger Le-
JILIM YHCJIOM, OTKYA CJeLyeT CYyIeCTBOBAHHE OJHONApaMeT-
PHYECKOro CeMeHCTBA NEePHOJAMYECKHX PeLieHHf ¢ NepHoaoM,
npuOJIM3NTENNBHO DPaBHBIM  2mi/h, == w. 2ITO peLIeHHe JErKo
NOJY4YUTb HemocpeACTBeHHO. [leficTBHTeNbHO, NPH HaYaJsibHBIX
3Ha4yeHuAX X, =y, =0 NoayuuM B CHJIy TEOPEMbl €IUHCTBEH-
HOCTH pellleHnit Ande peHIiHaNbHbIX ypaBHeHn# obuiee peleHue

x,=0, y =0,
Xy =a cos 2t — B sin 2¢,
Yo = a sin 2¢ + B cos 2¢

C MOCTOAHHBIMH o, B, ABJISIOIIEECS OKPYXHOCTbIO B IJIOCKC-
CTH (X5, Y,), KOTOpasi mpoberaeTcsi OIMH pa3 3a BpeMs .
[Tpu 3ToM paguyc ocrtaercsi NPOH3BOJBHBIM. 3TO KaK pa3 To
pellieHHe, KOTOpOe NOJy4YaeTcs H3 TeopeMel CYLIeCTBOBaHHS,
H TNIOTOMY TNepHOJ 3eCh pPaBeH TOYHO © M He TOJLKO B Ilep-
BoM npubmmkennn. Ho ecin B3siTh B KauecTBe COGCTBEHHOIO
3HaYeHHsi, pacCMaTPHBAEMOTO B TeOpeMe CYL{eCTBOBAHHSA,
BEJIMYHHY };, TO MOXHO NOKa3aTh, YTO (PAKTHYECKH He Cy-
IECTBYET MNEPHOAHYECKHX pelleHWH ¢ nepHoIoM, OJM3KHM
K 2mi/\ = 2®, ec/ld He PACCMATPHBATH TPHUBHAJIBHOE DELICHHE.
" Tak Kak B 3TOM cayuyae HapylIE€HO NPEJNOJIOKEHHE TEOPEMb
CYLUIECTBOBAHHS O TOM, YTO Ay/A; HE JIOMKHO DaBHSATLCS
LeJIOMy 4HCJay (37€Chb OHO paBHO JBYM), TO OTCIOa BHJHO,
YTO YKasaHHOE NPeANOJIOXKEHYe He SIBJISETCH HEeCyIleCTBEHHBIM,
Mbl BHAesnM yXKe, YTO BCe peLICHHSi C HAYajbHbHIMH 3HAye-
HHAIMH X, =y, =0 HMeloT nepuoj =. [lokaxem Temeps, uTO
BCE JpyrHe JeHCTBHTesbilble pelleHHs1 He GyIyT NepHONIH-
uyeckuMH. [lo TeopeMe o eguHCTBEHHOCTH pemnenuit augpe-
peHUHAJIbHLIX YPABHEHHH, JJs TaKHX pelleHHH, BO BCSIKOM
cayyae, GyJleT Bcerjia CpaBejIiBO HEPABEHCTBO p = xi+y3>0.
[lonoxum ¢ = x; +v;, torna u3 cucrembl (10), ecam coor-
BETCTBYIOWIHM 00pa3oM CrpYyNIMPOBaTh 4JeHbl, BECbMa MPOCTO
noayuaercs Ju¢pdepeHnnalbHoe ypaBHEHHE

p=14pg+p*.

9 3akaz M 1032
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Beaencrsue - yeaoBuii .p® >0, 4pg'>0 orciona noayuaercs,
4TO p €CcTh BhINyKJass (yHKUUS { B CTPOraM CMbiCJe, KOTO-
pasi, CJeJl0BaTeJIbHO, HE HABJAETCH nepuopnyeckoii. Hraxk,
B PaCCMOTPEHHOM cJiyyae (PaKTHYECKH He CYUleCTBYeT APYrHX
nepHOAUYECKHX pellleHHil, KpoMe Kpyrosoro. '

§ 15, RoxasaTelbCTBO CXOJMMOCTH

C noMompblo NpHMeHsIBIIErocss B § 4 MeToja MaxOpaHT
LOKaXXeM Tenepb CXOAMMOCTb CTENeHHbIX pPSfoB, HOPMANIbLHO
NOCTPOEHHLIX B NpefniAymem naparpage. Ilpu stom 6yznem
mpejonararh, YT0 NpH pelleRuH ypaBHenus (14; 3) Bbimos-
nserca ycaosue a-+ B=0. Ilaa cucrem ['amMnibTOHa 3TO
Tpe/noioKeHHe BCErja BhinojHeHo B cuay (14; 7).

Ilycts h=h(§, 1) ABAAETCS . CTENEHHBIM PANOM OTHOCH-
tenbHO £, m; ero Kosgpguuumentsr npu EPq? B pasiiomeHHH
ynkimu h(§, m) OyAeM oGosHauatb uepes {h},,. B cuiy
ypaBrenus (14; 3) Toraa.umeeM '

. {(yeE - yn’l) a— 8y}pq = {g (y)}pq’
npHyeM BMECTO Y H d c.nep;Ye‘r no,ucrésmb HCKOMble  Dsifibl
Tak xak ’ :

a=+ 3 {e)er (&)

SIBJISETCS  CTENEHHHIM PSAJOM TOJBKO OTHOCHTENBLHO &7, TO
nocje cpaBHeHHsi KoaddunuentoB B pasenctse (14; 3) moay-
unm i k=1, ..., m ;

[(p =) M= W] kgt 2 (=) {oker tdp—r. omr =

={gh (.’))}pq' ) (1)

npHueM CyMMa 3aKaHuHBaeTcs wienoM ¢ r = Min (p, g9). Ilyctb
cHauyana He OYAyT OXHOBPEMEHHO BBINOJIHATHCA PaBEHCTBA
E=1, p=q+1 nm k=2, g=p+ |; T0r1a, CEJ0OBATENLHO, .
(p—qg)N\ — N\, #0, B cymecTsyeT Takoe YHCJIO C; > 0, re -
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saBHcsiiliee OT K, p, ¢, 41O
. 1

I (P—q) My—he |<c"

pP—q

RS A S, Cye

= wh—u|<1
M3 paBenctBa (1) NPH CcAeJaHHBIX TpeAToIOKeHuAX TOT/ia

caefyeT, uTo-

l {yk}pq I = Cl ‘ {gk (y)}pq ] + 51 r§i l {a}rr {'yk}l’—r» q-r I (2)

B ocraBluuxcs HepacCMOTpeHHBIMH cJyyasiX, KOIJa OJHO"
BpeMeHHO k=1,” p=qg+I1 wm k=2, q=p+1, Oyjer
BCerfid BLINOJIHATLCA YCHOBHE {Yp}pq=0 mpu p+q> 1,
B TO BpeMst KakK {y;};=1{Ya}e = 1. CJeZOBaTEJILHO, B ITHX
caydasx u3 pasenctsa (1) monyuum

[{a)ge] = &1 ()} (P 0+1> 1), } <3)

Ilycts h saBnsieTcss KakuM-HHOYIb CTENEHHBIM DSZOM OTHO-
CHTEJBbHO &, 7; IIOJOXKHM TOrja, 4io

[a]=2 | {h}pqil e
»aq .

TakuMm obpasoM, psii |h| noayuaercs us - psja h 3ameHoH
BCeX €ro KO3((pHUHEHTOB HX aﬁcomo'mbmn 3Ha‘lEHHﬂMH
Hahee, o6osHauuM jJis COKpailenus y; =y, — &, y; =
yi=y, (k=3,..., m),a*=a—\,. Ec.rm yMHO}KHTb paBeH-
ctBa (2) u (3) nva &P4? m npocymMmupoBath To k, p, ¢, TO
NOJYYHTCS MaKOPAHTHOE COOTHOLIEHHE o

01+ 3 <3 B0+ S0 @

B KOoTOpoe GoJibille He BXOJAT NPOH3BOJHLIE.
HcnoneayeM onenky ast |gx(y)| u o6Go3nauuM - yepes

Cgs - + -5 Cg TIOAXOAAKMM 00pa3oM BBIOpPAHHBIE NOJNOKHTENbHHbIE
mnocrosinnbie. Ilo HameMy npeanosoxesdio m  (yHKnui
- fr(x) (=1, ..., m) perynsipHel B OKpecTHOCTH x = 0; ¢yHK-

e g, (Y), OﬂpeJ_IEJleHHbIe paBeHcTBOM (14; 4), TaKXe pery-
JAsipHbl B OKpecTHOCTH y = 0. Ilycth Tenepr ¢ynkuuu g, (y)
o e
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peryasipust npu |y, |<¢ ({=1,..., m), u nycte oHu O
a6CoJIOTHOR BeJIMYHHE <C3, TOrAa II])PI IOMOUIH nHTerpa.anou
¢dopmyasl Kowmn nonyuuMm coomomeﬂue

&r(y) '<_03H<1"‘_>

IpHYEM Yy, ..y Y paccMaTpUBAIOTCS KaK He3aBHCHMbIE [ie-
pemennsie. [lanee, nosiarast JJisi COKPAWIERHs § =Yy + .« . . + Yo,

GyzneM uMeTh
( 1 ___>—1 <(1-2)"< s

Tak Kak pasioxenus QyHKUUH Ly (y) HAYHHAIOTCA C YJIEHOB
BTOPOH CTENeHH, TO

g"(y)<l—-cs (k==1,, m)' (5)
Ec.nu [IOJIOXKHTL €lle ‘ _
-
2 uEl=s, (6)
TO, C APYroi CTOpOHD,
|s| <E+7+S.

Us ouenounsix nepasercts (4), (5), (6) moayunm

. ¥ ce (+1+8® | =5
E+)fe*|+S<¢ (W‘H“HS) .

B coorsercTBHH € HepaBeHCTBOM (6) JOCTAaTOUHO JOKasath
CXONUMOCTb PsifioB S ¥ |a*| B “OKPECTHOCTH E=0, =0,
M TaK KaK BCce KOI(QUIHEHTH pasiokeHull Oosblie HIH
paBHEl HYJIIO, TO JOCTATOYHO pacCMOTperb ciayvad § =7. Tak

Kak psaA S TaKKe HAauHHAeTC C YJeHOB BTOPOTO nopsuu(a
OTHOCHTEJIBHO £, 7; TO

2|a*;+e~ls U

GyneT CTeneHHLIM DPAJOM OTHOCHTEABHO & C Heoq‘pnna'renb-
HBIMH KO3(drLeHTaMH, He CofiepAKalliM NIOCTOAHEOTO 4JieHa,
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H OLEeHOYHOe HepaBeHCTBO (7) NaeT HaM

' S+ Uy
U<a( ke V)

Eciin nonoxuTh ewe

§+UFEU=V,
TO ' ,
| AU + U+ UB < V3,
C/Ie/I0BATE IBHO, |
V<E+U+V2<E+VE+C7(IE+VV+V2>
V<RI o=, (8)

¥ JIOCTATOYHO JI0Ka3aTh CXOAMMOCTb psiia V 1st pocTaTouHo
MaJiorO NOJOXHUTENBHOro &. Paccmo*rpum BMECTO OHEHOYHOT'O
HepaBeHCTBa (8) ypaBHenue . :

%4+W2 ' :

IJisl HEU3BECTHOTO CTeNeHHOro paaa- -
o
W=W(E).—4— 2 Y€

Eciy pasiioxHTh NpaBylo YacTh ypaBHeHus (9) Nno CTEneHHM
W u Beectu paa W (&), To Bce KO3(dHUHEHTH |, OJHO3HAY-,
HO OMpeJeJIIOTCS] IOC/el0BaTeIbHBIM CPABHEHHEM; U3 MOAY-
YaIOIHXCA NPH  3TOM peKyppeHTHEIX (OpMyJ1 ycMaTpHBaeM,
YTO B CHJIy OLEHOYHOro HepaBeHcTBa (8) psag W sBasercs
MaxkopHpylomuM Ais psja V. Ho ua pasencrsa (9) cenyer, uto

W2—2W +ct=0,
(1—cW)2=1-— czE,_-r
3HaAYHT,. . ‘

cﬁe .

2cW < (1 -—'CW)-zk—' 1 ﬁr_‘:z?é,

yeM JIOKa3bIBAeTCs CXOAMMOCTh psija W.(%) npu |&] <cl,
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Yro6bl ciesiaTh BbIKJaAKH Gojiee KOPOTKHMH, MBI OTKa-
3aJICh OT ONpejie/ieHHst SIBHOrO BhipaxkeHus Jus ¢ Ecam
JaTh B COOTBETCTBYIONHX MecTax GoJiee TOUHElE OLEHKH, TO
STHM NyTeM MOXHO MNPHATH K TNPaKTHYECKH NPHIOHBIM
pe3yJIbTaTaM.

§ 16. Tlpumenenue x pememiﬂm Jlarpanxka

[Tpumenum cdopmyanposannyio B § 14 Teopemy cyme-
CTBOBAHHA K 3ajlaye TpeX TeJ Ha IVIOCKOCTH M JOKakeM
CylLeCTBOBAHHE NEPHOJHYECKHX pellleHHAi BO/IH3H KPYrohiX
pewenufi Jlarpanxka. Ilpn stoM Mbl GyJieM HCIOJb30OBaTh
o603HaueHHst § 12, B KOTOPHX §up_y, Gan(k=1, 2, 3) GynyT
KOOpP/MHATaMU TpPEX MaTepHaJIbHHIX TOYEK B HENOJBHXXHOH
IJIOCKOCTH. Ypanﬂemm IBHXKEHHS 3anulieM B (popme
T'amMunbTOHA : v

qh""EPh ph= —th (k"’ 1, soer 6)’

rie q)yﬂxuml I‘amn.nm-oua E=T-U onpeziensieTcsi Bbipa-
xenueM (12; 1). Kanonnueckoe npeoGpasopanne (12; 3), (12; 4)
COOTBETCTBYET BPAIEHHIO CHCTEMbl KOODJHHAT B DacCMarpH-
BaeMO#f TJIOCKOCTH C TIOCTOSHHON' YrJIOBOH CKOPOCTBIO ©.
IlpeoGpa3oBannbie AH((bepeHnHaNbHEE YPABHEHHS HMEIOT BHJ

H="Fy, = =Fay (k=16 (1

rae '
F=E +wQ =T ~U+wQ, :

. : S

Q= 2 (xzhyah—l“’xzh-xyzh)s @

2 m (yéu..1+y2k) - (3

k—l

3fech B KauecTe paBHOBECHBIX pememm .IIOJTyYaJIiCh Tpey-
ro/IbHbIE M MPSAMOYroJibHble pelleHusi Jlarpanxka, InpHYeM o
BEIGHpasioch corjiacHo ycuosuaM (12;7) u (12;10). He orpa- -
HMYMBasi OOUIHOCTH, TOJNIOXHM o = |.

Utobul k cucteMe (1) npumeHHTH TeopeMmy cym,ecmona-
Hust § 14, HyXKHO pasnoxuts B paa ¢ysxkumo F = F (x, y)'
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B oxpec'moc'm coomm’myxomero PaBHOBECHOr0. pellleHHs!
Xp=1Xpoy, Yo =1Yno (R=1, ..., 6) N BHYHCAUTE YJIEHD( Bmpoﬁ'
crenenn. Eca TOJOXHTH zh-—xh Xnor Zree ™= Yn— Ynoy TO
pas.nomenne Tefiopa umeer BHR

F(x y)= Ifxo, Yo) + 5 Z Suzhzz'l'
R, I=1

rie Marphia © = (Sn1) Bbxﬁpana cumMerpHuHoi. CorJiacHo
§ 13, cooTBeTcTBYyIOIYE COGCTBEHHbIE 3HAYCHHS A, no.nyqalo'r-
cs M3 YypaBHEHHs JBeHajauartoit creneésu |A\E—FS —0
KOTOpO€ - MOXXHO ~TaKxKe -3amucath B BuAe [ \J+&|[=

. B nanbHefilieM MBI BHINOJHHM BbIYHC/ICHHE STOrO onpenenn-
Tensi, a cedyac JONYCTHM, . 4TO 3TO yxke cjenano. Torzma
B CJIyuae DaBHOCTOPOHHErO TPEYrOJILHHKA HOJyuHM -

NI+ G| =0 (N 1P (40 ), 4
rue .
27 mymy -+ mytig-+ mym
TS (©)

B CJyyae: npﬂmo.zmaennoro nnnmeuns, €C/IH P, JIeXHT MeK-
ny P, u P, .

|x3+6|—vo*+1>’[x4+(1—a)x2—a(2a+3>1 (6)
rnpe :

_mUdet b m(doite g
' my+my (p~2+-072)4-mg - ,

TIpHYeM o = | —p H p CYTb ONSATb PElleHHs yPABHEHHS (12; 10).
C.neuozare.nbﬂo, B 06OMX cayyasix nosyguM A =0 Kak JBOH- -
HOH KOpeHb M A= + i JiaXe KaK TPOHAHOH KOpeHb, B TO.Bpe-
M KaK B TeopeMe CyLIeCTBOBaHHS NpeAINoJarajoch, Y10 Bce
co6CTBeHHBle 3HAYeHHsE N, SIBJSIOTCS MPOCTHIMH, :

Koperb + i MOXHO NOJYYHTb H JAPyruM cnocoboM 6e3 .
BCSIKOTO ‘BhIYHCJIEHHS. A MMEHHO, BOSBPAaTHMCS K KOODAHHATAM .
g B HENOJBHIKHOH CHCTeMe OTCYETa; OHH JUIi paccMarpuBa-
€MOr0 PaBHOBECHOIO PElICHHS!, OYEBH/HO, HMEKT nepHoj 2.
Ecan Tenepb 3aMeHHTb KOODAMHATHL (5 3, Ggr HA oy + a,
Gan+0 (k=1, 2,°3), rne @ 1 b ABASIIOTCH TNPOH3BOJILHBIMH
HHSAHBIME Q)ynxummu OT [, T0 ypaBHEHHS IBMKEHHS 'YAO-
BAETBOPSIIOTCH. TakuM oﬁpasom, B CHJY npeoGpasonaHHﬁ"
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(12; 3), (12; 4) u3 Kaxjora paBHOBECHOrO pEIUEHHS ;\:ho, Yro
nosyuaeTcsi pelleHHe .

Xono1=Xgp_y, 0+ac+b5

Yar-1=Yon1,0+ ac + bs, ®
x2k - xgk,o as + bC, :

Yo =Yar,o—as+bc  (k=1, 2, 3).

Ono umeer neproj 2w, ecqn @ U b BbIGpaHbl NOCTOSIHHBIMH,
¥ TOrja pewenue (8) dBJsieTcss TPHBHAJNBLHBIM Ppas3JiOXKEHHEM
no crenenaM QyHkuui eM u e~M npu A=i, C ppyro# c10-
POHBI, TeopeMa cymiecTBoBauusi § 14 paer npsimoe pasnoxe-
HHE B DPsAJl PEIleHHs MO CTeneHsaM &* u e~ ¢ a=A+4 ...,
npuueM A ecTb YHCTO MHHMOe cofcrBeHHOe 3HayenHe. Ouye-
BH/IHO, YTO peuleruio (8) MOFyT COOTBETCTBOBATbH COGCTBEH-
Hele 3HaueHHs! + {. Bopouem, ¢akTHyeckd y mac +i sBag-
I0TCS JlaXKe MHOTOKPaTHbIMH KODHSMH, B CBfI3H C TeM YTO
B pewenrd (8) @ u b MOryT ObiTh JHHEAHHIMH (DYHKUHAMH
BpEMEHH; HO 3TO 3aMedaHHe T0KA ellle Hesb3sl JI0KasaTh, TaK
Kak B § 14 mna peub TOJBKO O NPOCTHIX COGCTBEHHBIX 3Ha-
uennsx. CyllecTBOBaHHE COOCTBEHHOrO SHaYeHHs \ = 0 TaKxe '
MMEeT CBOIO NpPHYHHY:, Mbl IOTOM IIOKaXeM, YTO 3TO Cle-
AyeT H3 HHTerpasia mJomazes.

' UroGbr MOXKHO OO0 NIPHMEHHTb TEOPEMY CYIIeCTBOBAHH ST
§ 14, HyXHO chenaTh KODHH IPOCTHIMH, YTO Yjaercs ciesaTb
NOHHIKEHHeM nopsiika cucrembl I'amuibToHa (1) ¢ momotbio
HHTErpajioB JIBHXKEHHSl LEHTPA HHEpUHH H HHTErpajoB ILIO-
maeii. [Ipex e Bcero BBeieM JiMHeHHOe KAHOHHYECKOe Npeobpa-
30Baude, aHaJoruuHoe npeo6pasosanuio (7; 4), (7; 5), a imMeHHO:

fok-1 = Xop1— X5 o =Xy —%s (k=1 2), 1
fomxy Bo=Xo m=u (k=1 9) t (of
M= Y1+ Y5+ Ys -"lo‘=ryz+y4‘+ys-' :

Tpy: noMolly 3Toro NpeoGpa3’OBaHHS Mbl BBOAHM OTHOCHTE/h"
Hble KOOPAHHATh! TOYeK P; H P, OTHOCUTENBHO TOYKH P,.
Teneps HOBble YpABHEHHS ABHIXKEHHsI HMEIOT CJEAYIOMHA BHA:

bp="Fup m=—Fy, (k=1,..., 6). (10)

Tax Kak U 3aBHCHT TONBKO OT. Pa3HOCTEH TNepBOHAYAJbHBIX.
KOODJMHAT, TO HOBble KOOpAuHATH &4 & B (yHKuMIO U mne
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Bolinyr. B cuny paseners (2), (3) naitnem F =T —~U+Q, rae
, .
Q =h§‘ (EonMon1—Ean-1Mar)s (11)

T= -;—rﬁ;‘ [(5—m3—")*+ (e—na—72)*] +
2 ‘ '

1 - -
+5 D) M (-1 + ) (12)
. R=1 . .
Benenersue cooTHomeHu#t Qi =n; U Qi = —7 H3 YypaBHe-
muil (10) cnepyer, B YacTHOCTH,
=T M= —Ts (13)

YTO COOTBETCTBYET TeOpEMe O /BHXKEHHH LEeHTPa HHepLHH
A BpamlaloeHcs: .CHCTeMbl KOOpAHHAT. ECJH NpeinoAoXHTb
Tenepb, YTO ILEHTP HHEPHUH B NePBOHAYaJbHOH CHCTEME
KOODAHHAT INOKOHTCH, KaK 3TO HMeeT MeCTO JJisi pelieHHH
Jlarpanxa, o %, = 0, 5 == 0. I1pu s70M peurenne cucremsl (10)
NPHBOJHTCA K HHTEr DHPOBAHHIO NPHBE/ICHHON cHcTeMbl [ aMunn-
TOHA - : »

. by=Fny, Te=—Fe (k=1,..., 4) (14)

H nocJelylollieMy OnpejiefieHuio KBaaparypamu &;, &g U3 ypas-
HeHui : -

E.5= F,]5=Es—mg'i("l3+"h), . } o (15)
Eg=Fpo= —E&; —my ! (ny+me)- .

Ws ypasuenufi (13) u (15) HenocpeiCTBEHHO BHIHO, UTO €OG-
CTBEHHblE 3HAYEHHUsl i, — i JIl PABHOBECHOIO  pelleHHs TpPH-
BelleHHOl cHcTeMbl GyAyT TOJILKO NpocThiMH. . CoiejioBaTeb-
HO, NpH 3TOM NpeoGpPa30OBaHHH B XapPAKTEPHCTHYECKHX YpaB-
nenusix (4) u (6) muoxurens (A 1)® samensiercss Ha nep-
ByIo crenenb MHoxkuteass M-+ 1. Ho octaercs eme A2, u 370T
MHOXHTe/b YCTpPaHSieTCsl C NOMOUIbIO HCIOJb30BAHHA HHTe-
rpana naowaneit Q. Ilpu atoM BeaefcTBHe M; = M, = 0 MMeeM

2 . _
Q = kgi (BanMan-1 — Ean-1er)- (16)



138 Ta. 11. Mepuoduueckue peuietun

IMokaxem cHauana, 4ro ABOHHOH KopeHb A =0 sBaAsercs
CAeiIcTBHEM CYUIECTBOBAHHA HE 3aBHUCALIEro OT t HHTEerpaJia Q.
- PaccMoTpHM onsiTh OOILYIO CHCTEMY

=Fa(x) (k=1,..., m), - (17)
uMmeromylo x =0 paBHOBecHhIM pemenueM. [lyctb GyHRIHH
fr(x) npu x =0 Oyxayr pery.n;lpammn, TaK UYTO CYIIeCTBYeT
pasaoxenne B paf f(x)=Ux+ ... . Tlpennmonoxum nasee,
uto npu x=0 cymecrByer HHTerpa.n 9 (x) cucremnt (17), xo-
TOphif He 3aBHCHT siBHO OT f. Ilycte ¢ (x)=¢(0)+cx+ ...
ecTh -pAf AJA {(x), mpuHueM, cJe/ioBaTeNbHO, ¢ 00O3HAYaeT
BEKTOP-CTPOKY. U3 ypaauemm B YaCTHBIX - IPOH3BOAHBIX

2 q’th h(x) 0

KOTOpOMY YJOBJETBOpSieT ¢, NOJydyaeM NpH CpaBHeHHH K03(¢-
¢uIHeHTOB JuHeHHbIX uieHoB, uto ¢ = 0. Ecan teneps ¢ =+ 0,
TO orciofia caenyeT |U|=0, u XxapakrepHcTHYeCKOe ypaBHe-
HHe | A& —U |=0 umeer Torza kopesb A=0. C TiOMOIBIO
Berpaxcennfi (2), (11) m (16) nnst Q nerko ycmarpusaercs,
YTO YaCTHhE NPOH3BOJHBIE NEPBOr0 TOPSJKA HE BCE pPaBHBI
HYJIO Uil TIOJIOKEHHS - PABHOBECHS, TaK YTO BHINOJHSETES
ycaoBue ¢ =+ 0. DTuM u OOBSICHAETCS HAJHYHE MHOXKHTENS A
B ypaBHeHusix (4) u (6); Tak kak |AJ+ &| ectb uerHas
GyHKIHSA OT A\, TO B 3TH YPaBHEHHS JOJIKEH BXOJHUTb MHOXKH-
Tesb A}, CliefiyerT 3aMeTHTh, YTO XOTSl MHTErpajhi JBUKEHHS
LleHTPa HHEPIHH TaK)Ke He 3aBHCAT OT { BO Bpallatoweics CH-
cTeMe KOODJHHAT, HO OHM BCE K€ He MOTyT OhiTb HCROJb3O-
~ BaHbl B BBIIIEH3JIOXEHHOM CMBIC/e BMecTO Q.-

- Mrak, s ycrpaneHHst MHOXKHTES A2 Heo6x0auMO NpO-
H3BECTH ellle 0/IHO NOHHKEHHE MOPS/KA CHCTeMb I'aMH/IbTOHS
C nomoupbio HHTerpana mJomagefi. [las sroro omnpelesum
TaKOe KaHOHHYeCKOe NpeoGpasoBanie, KOTOpoe BBOAMT Q Kak
HOBOe HesaBMCHMOe mnepeMenHoe. Takofi nepexox Onl1 ocy-
mecTBJieH - eme SIKOOM AJis1- NPOCTPAHCTBEHHON 3ajaul Tpex
TeJ, IJe STa. onepaluss HMeHyeTcsl HCKJ/IIOUEHHeM Y3JIOB.

'-I'ro6u l'lOﬂCHPITb ‘B0, paccmo*rpnm NPOU3BOJLHYIO CHCTEMY
T amunbToNHA Xy = H,,k, yh- — Hy, ¢ HeH3BeCTHbIMH (yHKIH-

AMH X;, Yy (R=1,..., n) ¥ DpelNnoJOKAM, HYTO CyUIeCTBYyeT
WHTETpan ¢ (x, y), He cojepxauuit f. BBegeM nocpencTBoM
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nopoxjaioueli GYHKIHR w=w(t, y) C NOMOMIBIO PABEHCTB
(3; 4) nojAcTaHOBKY ‘ ’ ‘

Ny = Wey, xh=w;,k»(k.= Loow, )y | Wiy |0, (18)

ABJSIOIYIOCH KaHOHHYECKHM NpeoGpasoBaHHEM X, y B &, 7,
H JiobbeMcsl TOro, 4robHl 1, = $ (¥, y). 3ro npusoaut K Audde-
PEHIHAJBHOMY YPaBHEHHIO B YaCTHBIX NPOU3BOJHBIX

w, =@y 5. (19)

[TpeanosnioxkuM, 4TO HMeeTcsl pellieHne ypasHenus (19), koro-
poe yAOBJETBOPSET YCJOBHIO | ws,y, | # 0. Ecau oGosHaunts

cTonbIhl NepeMeHHbIX X, y B § n COOTBETCTBEHHO Yepe3 2z
U 5, a GYHKIHOHAJbHYIO MaTpHly L, uepes ¢, To M Gyzer
cHMIJIEKTHYeCKOH, noatoMy IMIM' =T, orkyaa nonyuum
H,=MWH, ¢,=IM . TlosToMy BHpaxeHune

n . .

hzi (‘l’th v %hH xh) =43, (20)_
ocTaeTcsi NPH MEpexofie OT 2z K  HHBAPHAHTHBIM, C JApYro#
CTOPOHBI, OHO TOXJECTBEHHO PAaBHO HYJIO, TakK Kak ¢(x, y)
ectb uHterpan. Ho B cuny ypasnenndt (18) u (19) ¢=n,,
'H, 3HAyHT, ¢y, =1, B TO XKe Bpemsi JpyrHe 4YacTHble NPOH3-
Bofnble OT § Kak ¢yHKuMH { .Bce OyayT paBubl Hy/mo. H3
paBencrBa (20) noaromy .caepyer H:, =0, u BMecre ¢ TeM H
nocae BBeieHus &, m or &, He 3aBHcur. Ecsm eme npeano-
JIOXKHTb, UTO JaHHAS cHCTeMa 06JajaeT pPaBHOBECHBIM  pelle-
HHEM, B OKPECTHOCTH Koroporo ¢yHKuus [ aMu/ibTOHa # Ka-
HOHHUecKoe mpeoGpasoBanue (18) GyAyT aHAaJIHTHUYECKHMH, TO.
M3 HOBBLIX JH(epeHIHaNbHbIX YPaBHEHHH '

.Eh-—'-H-qha_';lnr—‘—HEh' (k=.’1,.._.,‘n)' (2D

caeflyer, 4To CTpoka B Matpuue U, COOTBETCTBYIOUlas mepe-
MEeHHO#l 7, H croJjbel, COOTBEeTCTBYIOmHH MHepeMeHHOH &,, -
COCTOAT H3 HyJeid. 3TO ONATb JOKasblBaeT. CYHIECTBOBAaHHE
MHOXHuTeast A B Buipaxkennd |MNE —A|. Ilpu nepexoxe k
NPHBEEHHOR CHCTEMe ' '

by=H,,, m=—H, (k=l,...,n‘f1) (22)
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aTOT MHOXHTeJb Bhinajaer. Ecam, Hakoweln, IPOMHTET PHPO-
BaTh cHcTeMy (22), To ¢yHKuMs &, NoJyuaercsi mocje 3TOTQ
KBaapaTypoll u3 AudepeHUHaNbHOTO YpaBHEHHS tn=Hy,.

STOT pe3ysibTaT MOMKHO- IPUMEHHTh K cucTeMe | aMuiib-
Tona (14), B koTOopo#t BMecTO X,. Yy, E, 1, ¢, n croat &, 7,
u, v, Q, 4. Tak xak Q B cuny pasencts (11) sBasercs 6u-
JuHedHOH (opMoll oTHOcHTeNBHO &, 7, TO Aas w(u, m) Gy-
A€M MCKaTb JHHEHHYIO NOACTAHOBKY

&
w=k§t Exy  8r= Gr (1),

C TNOMOWIbIO KOTOPOH YDaBHEHHE B YaCTHBIX IIPOMSBOAHBIX
(19) nepexojur B ‘
& 2 _ .

_ 2 Gruge = 2 (82rMok—1 — Lan-1Mar);

h=1 - k=1 .
HTaK, 4 o o
g2h~1,us = Lops» &on,ug = — Qar1 (k""—' ]:‘ 2)- (23)
YactHoe perienne -

gl = ulc, g2 = ""uls,
B3 =UsCtUsS, L= — UsS+ UL,
c=Cosu,, s=sinu,

ypaBrenuit (23) yzoBneTBOPSET NPH.U, 0 YCOBHIO | Wy, | =
=0, TaK KaK |Wy,q,| =] g, |= —u,. Torpa npu- stom
npenosioeHHH B cHay ypasuenufi (18) HCKOMOe KaHOHH-
© yeckoe npeoGpa3OBaHHE HMEET BHJ :

£ = ulc'_, . o By= s, } (24)
Gy=upctugs,  Ey= —us+ug, ’
U= ME — NS,

Up = N3l = MNgS, ‘ : ,
U = M3S + N4C, v o (25)

2
Oy = hgi (EarMon—1 — Esn-1Man) = Q. )
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Tlpn npeoGpasoBaHUK TIOC/AENHEr0 yPaBHEHHS NOJYUHM:
Uy = Uyl — Uyl — thy (138 + 5€),
CJIE/I0BATEIBHO,
MS+ 1 = vy, ~(26)
NpHYEM 3HAYEHHe
. v, = Uy (Us0, — Uyl — 0,)

‘Moxer ObiThb onpenesneno. To, uro ¢ynkuusa I'amuaprona F
B HOBBIX KOODAMHATaX 4, U He 3aBHCHT GoJiblle OT ug, MOJY-
YaeTCsl TaKXKe H NPSAMbIM NyTeM. Hmenno B - CHJIY PaBEHCTB
(25), (26) umeeM

v+l =1+,
U1+vo'-7h+7lz,
(v, + 09"+ (v3+ 00)2 =(n 'i‘ mg)® + ("lz'l"’h)

H BCJEACTBHE m;=7g=0 U3 paseucrsa (12) mosryunm qmp-
MyJay

T =5 {m? (0} + ) + mp* @3+ o) +
5 (0 + 00)* + (g + )1 }

tak yrto T u Q=uv, He cojepxkar u,. YTo0bl NOKa3aTb TO XKe
camoe st U, npumeM BO BHUMaHHE, YTO B CHJIy DPaBeHCTB
(24) npeoGpasoBanue &, (=1, ..., 4) B u, ecTb NOBOPOT
Ha yroil —u, OKOJO MaTepHaJbHOH TOWKH Py KaK IleHTpa
BpauieHud, npHueM ToukH (y, &,), (&5, &,) nepexomar B (¢, 0), .
(uq, ug).- Cnenopareanso, (u,, 0), (uy, uy) OyAyT KOOpJHMHA-
Tami - P,, P, B mpSMOYToJbHOH JAEKapTOBOH cucTeMe KOOpAH-
HaT C HayaJoM B P, och abcuuce KOTOpOH HanpasJieHa
B P,. B uacrHocTH, nosromy uﬁeo Tak xak U 3aBucHT
TOJIBKO OT B3aHMHBIX DACCTOSIHHH TpeX MaTepHajbHBIX TOYEK,
10 U Gyler QyHKUueHd OAHHX Uy, U,, Ug. CucreMa Iamuib-
Tona (14) nepexomuT Tenepb BC/IEACTBHE BBEJCHHS HOBRIX
KOOpJHHAT B APYrylo cucreMy Gojiee HH3KOTO NOPsijiKa

uh;th, éhg—Fuh’ (kﬁlo 2’ 3)’ (27)
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Al

W OTHENJSETCS CHCTEMa
iy =Fo,, 0,=0. (28)

JIasi v, Gyser BHGPaHO NOCTOSIHHOE 3HauyeHHE, COOTBETCTBY~
jolliee NOJIOXKEHHIO paBHOBecHs. Torja, ec/ii NPOHWHTErpHPO-.
Barb ypaBHeHHs (27), To u, nojyyaercs H3 T[epPBOro Ypas-
Henusi (28) -kBagparypofi. OueBHAHO, UYTO JJISl CHCTEMBI
T'amuabTona (27) xapaKTepHCTHYeCKHHI MHOTOWJIEH MMeeT. LJIs
cayuas pPaBHOCTODOHHEro TpeyrosbHHKa BuA (M4 1) (M 4+
4 A% 4-y) U A5l CAyuas NPSAMOIHHEHHOTO ABHKeHus (A2 + 1) X
X [M4(1 —a) N2 —a(2a+3)], npuueM 3HaYeHHS Y U o 3aja-
HEl paBeHcTBaMd (5) ® (7). _ '

PaccmorpuMm cnepBa cayyall paBHOCTOPOHHErO TpeyroJib-
HAKa. Ecau mnosioXHTb a

V—},——Y=P. a;=~;—+9, faa_—*-%-—p.
M+ DR )=+ 1) A2+ a,) (\ + ay).

Tak kak y> 0, T0 cayyali KPaTHOCTH COGCTBEHHHIX 3Haye-
HHH BCTpETHTCS Toﬂbko hpn Y= %—'; ‘3TOT cayuvail MOXHO
uckiarounte. Econ Y > ‘—i-, 'TO @j, Ay KOMIUVIEKCHO COMPSIMKEHBI

H pas.nwiuu; g < % Gyner 0 <a,<a; <. CuieoBa-

TeNbHO, 00 Teopeme cyulecTBoBanus § 14 KopuiaM Ag=i,
¢= —1i COOTBETCTBYeT OJIHONapaMeTpHUecKoe CeMelCTBO
NepHOAUYECKHX pelleHHi ypaBHeHuH (27), nexamux BOJH3H
PaBHOBECHOTO pellieHHst U HMEIOIHX NEepHOJl, NPUOIH3IUTENHHO
paBHbiii 2. Ho STH pelleHus y»Ke M3BECTHH: OHH ObiJH
HafijeHbl Kak o6o6ueHHbe peinenns Jlarpanxa B konue § 12;
KOTJla HCKaJHCb YaCTHHIE PpEeIlEeHHs C SJJIHNTHYECKOH opOu-
Tol, OGau3KHe K KPyrosmM pemennsM Jlarpanxka. Hcnons-
3ysl U3BecTHble QOPMYJIH JJIsi . pellleHHsi 3ajiayd - ABYX TeJ,
JIETKO YCTaHOBHTb, 4YTO TpH (HKCHPOBAHHOM 3HAUEHUH
NOCTOSIHHOM HHTerpaja .IUIOMajeli v, CYIIECTByeT elle ORHO
CeMefCTBO 3JUIMNTHYECKHX pelleHufi, NapaMeTpoM ' KOTOphIX
MOXHO BEIGpaTh NeEpHOA ©. EC/H MOJOXKHTH ¢ = cos (f—u,),
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s=sin(t—u,), To us ypasnenuit (12;3), (12;4), (9) u (24)
noayuaercs

‘h—qs=“10a ‘72"%=u15:

Gs— G5 =UsC — UgS, Gy — g = UgS+ UsC, -
Py =U1C — U5, pPs= 038 + Uy,
Ds=UC—UgS, - Py="US+0gC,

TaK 4TO 4y, C, S, Uy, Uz, Uy, Up H Uy JNEHCTBHTEJNBHO HMEIOT
nepuof t. IT03TOMY MOXKHO OTrpaHHYHTLECS Tenepb JABYMs Jpy-

THMH YHCTO MHHMLIMH napaMH KOpHeH A, A= —A H
. , , )

Ay, A= _—-12, KOTOpre CYWECTBYIOT TpH Y <7, T. € IpH

YCJIOBHH

<27 (mymy - mams + msml) < (my+my+ mg)®.

Ouesujlo, ytO 310 'HEPaBEHCTBO H €CThb YCJOBHE Ast m,,
My, Mg; OHO, HANpHMeEp, He BHINOJHEHO, €CJH .My = My = My
Bripouem, Hesib3sl CKa3aTh, YTO B STOM cJjydae He OyjeT Apy-
FHX NEPHOJHYECKHX pellleHHH; OHAKO STH pelIeHHs HeJb3sl
NOJY4HTH C MOMOILBIO 3aMeH § 12 n § 14,

- IMonoxum Tenepp A} = —a,, \} = —a, U NOCMOTPAM BHI-
noausteTes JI4 yCJIOBHE, trrodu O'rﬂomenua lk/)\ opy k=2, 3
HE HMEJH LeJIOYHCJIEHHBIX aHaquHﬁ. Hmeem

—MN=1>- )q-a,> >a=—7\ >0

cnenosa're.nbﬂo, 0< ( a ) <lunl< < ) < 2 Tosromy

o6a ycJoBHst BblﬂOJlHeHbl, | 0o Teopeme cymecraonannsl noJy-
yaeM ceMeHCTBO NepHOAHWYECKHUX pellleHHH ¢ NePHOJOM, INpu-
6JIM3HTENIbHO paBHBIM 2%i/A;, UToOH HCCeROBaTh OTHOIIEHHS
MA/A, ipu R =1, 3, moaoxuM Ig/A,=x, Toraa, caefioa-
TEJNbHO, A= —x", OTKYJa TOJYYaeTcH %;* — %2 +71=0.
[TostoMy Hy:XHO NOTPeGOBATb, YTOOW AJA Beex ue.m:xx YHCea
g€ > | BHINONHANOCH HEpaBEHCTBO :

1+g°—g* - (29

Ec/M NONOXHTh aHAJOTHYHO /A, =%, OTKyZa A®=x%\},
¥ > 1 (x)\,)‘—l-(z)\z)’—}-y 0, uto BC/IGACTBHE I +)ﬁ+y 0



144 Ta. 1. Hepuoduneckue pewenun

gaer (' — ) M4-(2 = )M =0, (4 1)M+1=0,
P+ D)2—(2+ 1)+ y=0.

CaenoBatesibHO, HYXKHO B JaJibHefillleM noTpe6oBaTh, UTOGH!
AN BCexX Leabix g > 1

T+ (g+g )™ . (30)

Ecan psi y BHNOJHAETCA CUETHOE MHOXKECTBO ycaoBHi (29)
n (30), To no TeopeMe CYHMIECTBOBAaHHSI HMeercsi BTOpoe ce-
MeHCTBO NePHOAHYECKHX pelllenuit ¢ NpuO/MKEHHLIM 3HAUEHHEM
nepuoja 2wi/h,. ~

[16106HBIM 3Ke 06pa3soM MOMKHO pacCMOTPETh MEPUOUYE-
CKHe pelleHuss BOJH3U NPAMOJHHEHHHIX pelreHud. B 3aToM
cJyyae onsiTh NOJyHaeTcsi CEMeHCTBO 3IJNIMITHYECKHX perle-
Huit - Jlarpanxka, Koropble JexxatT BOJII3H KPYFOBBIX H COOT- .
BETCTBYIOT MNape COOCTBEHHbIX 3HaueHuidl i, —i. Ocrajbubte
coGcTBeHHble SHAYEHHA MOJIyYaloTCs H3 KopHe# A%, A} kBajpar-
HOTO ypaBHEHHS '

¥+ (l —a)x —a(2a43)=0, | (3-1)’.

npruem. a onpeaensercst Qopmyaoft (7). Tak xkak a> 0,
TO 3TH KODNIH JEHCTBHTEJbHbI M HMEIOT NPOTHBOIOJOXKHEIE
3HaKH, TMO3TOMY MOXHO NPEANOJOXHTb, uto A} <0, A} > 0.
CaefoBaTesibHo, KpoMme -+ Ay= 4 i, HMeercs eule OjjHa napa
YHCTO MHHMBbIX COOCTBEHHbIX 3HauyeHHH, a uMeHHO + A,. Tak
KaK JieBasi yactb ypasHenus (31) uMeer npu x= — 1 orpm-
uaTesbHOE  3HaueHHe — 2u (a4 1), TO OTpHLATENBHBIA KOpEHb
ypaBHerus (31) y/OBNETBOPRET HepaBEHCTBY

M<—1=2<0,

H TIO3TOMY - OTHOLIEHHE Ay/A, He MOMeT OhiThb LieNIbIM UYHCJIOM.
Bcenescrsre 3toro B6iM3H npsiMosHEeHEbIX pewsennit Jlarpanka
HMeeTCs] NMPOCTOE CEeMEHCTBO MepHOAMYECKHX pelleHuft ¢ npH-
GimXeHHBIM 3HaueHHeM nepHoza 2wi/\;. CorJacHo § 14, mape
ReACTBUTENbHBIX COGCTREHHBIX 3HAUEHHH 4 A, COOTBETCTBYIOT
YeThipe peIlCHHs 3aJaYH TPeX TeJs, KOTOpHie aCHMNTOTHYECKH
CTPEMSITCAI NP {—» co M, COOTBETCTBEHHO, MNPH f —» — 0O
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K DaBHOBECHOMY peEIUEHHIO, KPOMe TOro ceMeicTBa pelueHHi,
KOTOpPOE TOJbKO JJSi OTPaHMUEHHOrO HHTEpPBAJA  BpEMEHH
ocTaercs B MaJioil OKPECTHOCTH PaBHOBECHOTO peLueHHs.

[epuoauyeckue pellleHus, -CyIEeCTBOBAHHE KOTOPBIX OBLIO
JI0Ka3aHO, MOTYT GhiTb DasJiOMeHbl C NOMOIIbIO 3aMeHBI, yIio-
MaHyToit B § 14, B pams ®ypoe.

B sakmouende paccMOTPHM BbIYHCJEHHE ONpPENe/HTe s
[ A+ &]. B cayyae paBHOCTOpPOHHErO Tpeyro.nbnnxa HCIIOJb-
3Y€M OTHOCHTeJIbHbIE KOOP/HATAL Evy T (R=1, ,» 6) u obo-
- BHauyWM yepes X, 7i MX 3HAUEHHs AJS peIIIeHHﬂ .Harpamxa.
[IpuMeM, uTe mocjie COOTBETCTBYIOLIErO NOBOPOTa

= —f=F, B=t=3V3

3amenmm Temepb &, M Ha &+ &Y, 7H-TI* H pasnomnm U no
crenensim &, (k=1, ..., 6). BBogs jans cokpauenuss 06o-
3HayeHus s ’

Ser = 2072 {(%n — %) (X8 — XT) + (Xpas = X148) (Xh4s — Xi4s)}s
Gy =12 {(% = %,)* +{Xpss — xua\)g} ‘
npu 1<k <1<3, Gynem uMern
rid =1 (145 + th)_llz'—"-‘
_— 3 :
=r1(11——;4“——;-1]‘“-_1-—5831-!-,..), 32)

U, TAakuM oOGpasoM, /il UYJEHOB BTOPOH CTENEHH OTHOCH-
TeJbHO £, B BhIpaxeHHH i — 2U moayuum

V=100 (8- 61358, —58) +

T (12 461/ B, —58) +
+ 0 L (g - 8 — 26— &) -

Toma B CHIY ypaaﬂeﬂuﬁ (ll) u (12) & 6yner Manuueﬁ
KBajipaTHYHOH (hopMbl +2Q-|-2T OTHOCHTEJIbHO JBEHAAIATH
nepeMeHHuix &, M (R=1, , 6). Ec.ma TIOJOKHTH  ellle

10 3akas Ne 1032
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mit =y, (k=1, 2, 3) H BBECTH MATDUIL UETBEPTOrO NOPsJKA

py—Bpg —3V 3, 8pg 0
gf = Tamams —3V3m -5 0
o 8pg 0 ; m—8s 3)3m
0 —4dpy V3w 45y
ffr =1 0 0
i1 N0 -0
B=lo o =1]
o o1 af
i1 —n 1 0 0
-1 =2 0. 0
=l 0. 0o - 1
0 _ 0 —1 —x
O e 0 0
D= ) 0 s 0 B3
: s 0 pates 0 '
0 o Ps 0 Pat it
TO Torla o ‘
Ce oy A B
AR A S = ()2 2 ‘
o nsdel=et g g -
BeaencTaae L '
| € r%ss'll l%t B A—-BDE 0
o € flle 27 @ ss"
OyxeM uMeTs - o -
A B e :
=|DUA — m1
g o|TIPU-DBYTE

OTKY/a HENOCPeACTBEHHbHIM BBLIYHCJIEHHEM ONpeAeNHTeNs YeT-
BEPTOTO NOPSKA MOJYYHM, cooTHomennst (4) u (5). ~

. B cayyae npamoniHefiHOro ABHKEHUS MOXKHO /ISl KOOD-
AMHAT X2p—y=x3x_1 (=1, 2, 3) HCXOAHOTO pPABHOBECHOrO'
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pellleHHs TOACTABHTb WX 3HAueHHsi, HAH[CHHEHIC' M3 peLieHHs!
ypasrenufi (12;8); B 10 ke Bpems x3,=0. Ilonaras :

Uy = Xop_1 — X3p—1, 4
Upy3 = X3 — X3,

3
Urt+6 = Yort1 — Y3r-1, (33)
Un+9 = Y2r— Y3 } :

(k=1,23),

PasioXuM GYHKUMIO F 1O CTeNeHsM 4y, .. ., Uy, NOJYIHM
: 12
F(x,y) =F (¢*, y*) +
(6, ) =F(x* y*)+5 X ryuu,+ ...
. R, l=1 . .
C CHMMeTpHYHOH MaTpHuel (r,;) = R, umeiomeii JiBeHa/AThIH
nopanok. Tak kak JuHeiiHasi moacraHoBKa (33) Gyjer Ka-
HoHHuecKOH, T0 |[AJ+&|=|A\J+R|; ¢ apyrok cTopoumi,
HCNOJNb3ysl paBeHCTBO (32), Halijem, uto -
- 2B 0. A& -—-€

0 ® G 2
5 i o &

—AE € M of’
—-€C — AN 0 9p°
rae i o ’ . .
po-tpgp®  — Pafi_s - Py
B = mymymga™® | — pyo~ pep P+ p 07 —po® |,

N _"P1_°—3 . ppt e

w00
g]}: 0 p,;ln 0 1,
' 0 0 pls

TIDHYEM @, p, © MMEIOT 3HaueHHS, moayuenHnle B § 12. Kpag-
paTHuHasi opMa TPEX AeACTBHTENBHBIX NePeMEeHHBIX w,, W,, W,

10*
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' KOTOpOHl COOTBETCTBYET MaTpHUa ||m; m, my,||™ a®qg, umeer
BH, , . o .
141073 (Wp — Wy) % 4 prg (Wg — w})? + 3072 (w0, — W) > 0;
C/Ie/IOBaTe/IbHO, OHA HEOTDHIATENbHA, HO HYXKHO 3aMETHTb,
YTO OHA IPH W, =W, =W, paBHa HyJo. OTciofa noJyyae,
yro g8 |="0. Jl1s auaronajbHOd MaTpHUb! ABEHAJUATOro IO-

paaKa :
mo 0 O
R 0O M O O
00 MO
0 0 0 W
-6yner |R|=1, nostomy
' IR =|ROF+R)N| =
— 28 0 ¢ -6
_ 0 & €& 2\
—AE ¢ ] 0f
—E =2\ 0 €
‘ - G =MmBM.
Tak Kak onpefenHTeNb JIBEHAaJUATOrO MOPsJKAa COCTaB-
JIeH M3 MaTPHIl TPETLEro NMOPAJKA, TO €r0 MOKHO PacKphiTh Gop-
MaJIbHO KaK OIpeJle/IuTeNib HeTBepToro Mopsiika M NOJYYHThb

Y +8] =]+ 1%+ (1~ 1) 8 — 28| =
= L@+ +a—2)p—2h), (39

© k=1

€CJH Yy, Tg, {s OYAyT coGCTBEeHHBIME 3HaueHHsiMH @. Tak Kak
| BW| =0, umeem Takxke, ut0 |@{=0, NO3TOMY OJAHO COBCTBEH-
HOE 3HAYEHHE PaBHO HVJIO, TMYCTh; Hanpumep, Y;=0. dns
OnpefiesieHHsl {; U Y, 3aMETHM, YTO H3 CYLIECTBOBAHHS HHTEr-
pana mnJowajed ciaelyeT pPaBeHCTBO HYJIO ONpefeJuTeis
|N\J+ @S| npu A=0. [Tosromy mnpu coorBercTBYyIOWIEH HyMe-
paudH Yy H 7, ’

O0=1471,—2y3=(1+2y,) (1 — o).
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~ Marpuiia @ Bmecte ¢ %8 Takxke HeOTPHUATENbHa, CJENOBa-
TeNbHO, T3>0, T. e. y,= 1. Tak kak & umeer ciex

httet+ts=1=a3[m (1 +07%)+
my (57 575)  my (1 + 079, (35)

10 {3, =7— 1. Ecim BHecTH HalfijeHHble 3HAUEHHS Y,, Y2; Ys -
B paBeHCTBO (34), To, BBOAS [/l COKpauleHHsi 0003HAYeHWs
@ =Y —2, noJyunM

IS+ 6] = K (A4 1P M (1 —a) M —a (24 + 3)]. (36)

BesenctBue coorHowenndt x5 — xy = pa, x; -——x, =oa C TIOMO-
b0 ypaBHeHuit (12; 8) nomyyum

— 1= my (pa) ™ (oa) * — my (pa) 0™ — (my +mo) (@)%, (37)
— 1= my (ca) ™ (pa) 2 —my (00)™ @ — (my+ mg) (sa) > (38)

[MpuikMast BO BHHMaHHE, UTO p+ o = 1, croXeHHeM PaBeHCTB
(35), (37) u (38) noayuum COOTHOLIEHE

a=ma *(l+pt+ o)+ ma3(l +o14 0’2) - (39)
Hakonen, cnoxeHue AByX ypaBHeHu#t (12; 9) JacT
v @®=my+my (p7 + 07%) o my. (40)

Tenepnr u3 paBencts (36), (39) u (40) noayvawrcs ypasHe-
Hust (6) u (7). :

§ 17. 3anava Xuina

TloneiTaemcsi Tenepb HafiTH NepHOJMUYECKHe PelleHHs 3ajia-
yd TPeX TeJl, OTJIMYHbIE OT pPacCMOTPEHHbIX B IpejbAylleM
-naparpage. Ilpu 3TOM Mbl OrpaHHYMMCSl ONAThH TOJBLKO ILIO-
CKHMH pellleHHSIMH. DBHauajie HCKMIOUMM H3 paccMOTPEHHS
MaTepHaJbHYI0O TOYKY P, ¥ pacCMOTPHM J(BHXKEHHsS TOJBKO
JIBYX MaTepuasibHbiX TO4YeK P; U Pj;. OTH TOYKH ONHCHIBAIOT
KOHHYECKHEe CEeUeHHsS, ¥ MOXHO, B YacCTHOCTH, INPHHATb, YTO
OHH MMEIOT KpYyroBble OpOUTHI BOKPYr HX OOUIero IeHTpa
niepunu P,. 3amenum Tteneps P,, P; uepe3 P, H BBeJeM B
paccMoTpeHHe TPeThiO MaTepHaJbHYI0 TOUKY P,. Cpenu Bcex
BO3MOXHBIX JBHXKeHHH P, U P, pacCMOTDHM ONSITb TOJLKO
kpyroseie. Eciu P, JOCTaTOYHO yjasieHa OT OCTaJbHHX Macc,
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TO U3 3TOro I‘IpPlﬁJIH}KEHHOPO PeleHHs -yJaeTcs no.nqub
CTPOroe pellleHHe.

MoxHo npuiiTdH K BecbMa npocToMy Aas paccmorpenml
npe/ieJIbHOMY CJIydalo HasBaHHOH 3aJlauH, €CJ/M HCXOJHTb BMe-
CTO- ofuleli 3ajayd TPeX TeJl H3 TaK Ha3kIBAEMOH. OTpaHH-
yenHOH 3ajauu Tpex Tes. [locnepusisi ecTb wacTHHE cayuail
IUIOCKOH 3ajiaul. TPEX TeJ, B KOTOpoi Macca TOUKH Pg paBHa
HyJiO, @ TOUKH P;, P, OUHCHBAOT OKpyXKHOCTH!). UTOGHI
IOy YHTh nuq)q)epenuuanbﬂue ypaBHEHMS] JABHMKEHHA JJIA TOU-
KH Pj, BBeJieM B 3aJaHHOM MJOCKOCTH BpAUAIOUIYIOCS CH-
cTeMy OcCeil C HayaJoM B LEHTPE HHEPUHH ToUek P, H P,
TaK YTO TOYKH P; ¥ Py OTHOCHTEJBLHO HOBOH CHCTEMHI KOOp-
auHat OynyT Henonamxrxmm. Bes orpannuenus OOIIHOCTH
MOXHO TPHHATH, UTO YIJIOBas CKOpPOCTb w = |; B CHJy ypaB-
"Hennft (12; 5) AnA npsMOyroJbHEIX KOOPAHHAT Xgk—1, Xa2p TOY-
Ku P, (k=1, 2, 3) Bo Bpamawomefcs CHCTeMe KOOPAHHAT
noJIyvalorcsi cJefyiomge AupepeHuuanbHble ypaBHEHUS:

Xok—1 = Mi'Yor—1+Xon,  Yar-1=Usxy  +Yon,
Xon = Mi' Yor — X2h—1, Yor=Usy — Y21,

OTKyJa, MCKJIOYast Yan—1, Y2k, NOJNYUHM Amptpepenuuanbuue_
ypaBHeHHs BTOpOl“O nopsiika

¥ono1 = 2ban + Xor—-1 -+ m;‘Uka__;; v 1)
K= — 2);211—1 + Xon i m,;‘U_xz,‘ (=1, 2, 3).

Ilpu 3TOM m,; mOKa He CUMTaeTCsl PaBHOR HYJIO, H TOYKH
Py; P, eme He. cyutaiorcst nokosimuMucs. Jlanee

mk‘U,c oy = 2 my (Xop—1 — Xon—1) 7il,

{(2)
mg sth=l§km1 (xztj-xzh)"hl‘,’, @

1) OGbiuHO moj OrpaBHuEHHOA 3ajauell Tpex TeJ MOHHMAIOT H3yue-
HHe JBHXeHHs MaTepuaJbHOA TOUKH Py nojy jeficTBHEM HPHTAXKEHHS
TOYKaMH P, ¥’ P, ToukM P; M P, JABHXKYTCA N0 KEMJEPOBCKHM OpOuTaM;
_ Touka Py MOXeT HMETb M HE NJIOCKOe JBHXKeHHe, H ee feficTBHE. Ha
TOYKH Py U P, He yuHThBaeTcA.— [Ipum. nepes. :
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J1eCh npaBble YacTH HMeIOT cMbica npu mg=0. Ho B TOM
ngqae cucrema (1) mas k=1, 2 paer nuddepernuanbHbEe
YPaBHEHUsI 3aJaYd JBYX TeJ JJIsi MaTepHANbHBIX TOUeK P,
P,. Eciu ewme NONOXHTE my+my=1 0 my=p, my=1-—p
npn 0<p<l, TO Kak uYacTHOoe pellleHHe TOJy4aeTcs
xy=1—p, xa.—-O Xg= —p, ¥,=0, UYTO ‘B HENOABHKHLIX
OCSIX COOTBETCTBYeT KpPYroBuM opbutaM ToueK Py u P,.
Torpa ypaBHeHHSI ABHXKeHUSt JJIsl TpeTbe#l TOUKH Pj ¢ KOOp-
JMHAaTaMH Xz= X, Xg= Yy MNOJIY4alOTCsl B BHJE

- Ty

X=2y+x+F, y=-2+y+F, 3)
NpHYEM 3Jech '
PR R (o) [ gt +

+P[(X+9— 12+ g2,

910 ¥ ecTh und@epeﬂnna.nbuue yPaBHEHHS! OrpaHHYeHHOH 3a-
AauH TpeX TeJ. XoTl 3Ta CHCTEMa HMEET TOJbKO YeTBepThif
NOPSIIOK, MBI cefiyac emle JAajeKd OT €€ [OJHOTO PellieHHs.
Onddepennuanshnie ypaBHenHs (3) BLIFOAHO 3aNuMcaTh B KOM-
OJIEKCHO COMNPAXEHHBIX NepeMeHHHX

p=(@+p—D+iy, qg=p= (x+p—1)—ty, G
IIPA 3TOM, O'-leBH}lHO P ecTb BEKTOP B KOMIIJIEKCHOHA IJIOCKO-
CTH, np.yumﬁ ns P, B P8 Torpa
® 1—p
PV "ViznaTa
Fo=Fy,+F,
F,=i(F,—F),

TakuM 06pasoM, _ :
p=—2ip+p—p+1+2F,
g=2iq+q—p+ 1+2F,,
a nosaras

G= pq+(1—p)(p+q)+2F pg+Et—w)(p+9)+
2—2u

prq+V(l+p)“+q)
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|
» /"
TONY4YHM npeo6pa303aﬂnue auddepennnanbabie’ ypaBHeHHﬂ
B e o
p-—2tp+0q, q= 2tq+G " (5)
- Yrobul onpefesUTL NEPHOJHUYECKHe pelleHust cHcTeMbl . (5),

cleNiaeM ellle OJHO YIpolleHHe, KOTOpoe - BBefeHO XHJIOM
H 3aHMCTBOBAaHO M3 acTpoHomuH. Ecan BhiGpaTh P, B Kaue-
crBe Cosnua, P,—kak 3emsio H P;—Kak JlyHy, To Macca
3emsnu p HamHOro MeHbme Maccnl CoJaHma |—p;« pH 3TOM -
npuOAHIKEHHO MOXKHO NpPHHATH, yTo CosHle B 3eMJIss ONHCHI-
BalOT Kpyroeble OpOMTHI BOKPYr MX OOLIEro LEHTpa HHEepLHUH,
a JlyHa apuxercsi nprOJH3HTENbHO B TJIOCKOCTH 3TOH. Kpyro-
Boi opGurhl. Kpome Toro, macca JIyHbl 3HauHMTeJIbHO MeHblle
Macchl 3emus, nostomy npumeM m,=0. Byzem uckarb ne-
PHOJHYECKOe pelleHHe CHCTEMBI (D) IIpH MaJjibiX 3HAUEHHSX .

Tak kak |p| ecTb paccrosiHue ot JIyHn 10 3emJH, KOTOpoe
3HAYHTEJIbHO MEHbIUIEe PACCTOSIHHSA OT 3eMJH JI0 Co.mma, paB-
'HOTO eJIHHHIe, To Oy/ieM HCKaTh TaKHe NepHOJHYECKHe pellle-
HHsl, A8 KoTophix |p| mano. Eciu BHauane MbI KakHM-HH-

Synb cnoco6oM HCKMIOYHM W3 ypaBHeHuit (5) uieHbi— 2ip,
2ig u ocraBuM B G TONLKO TJIaBHBIK wieH 2 (pg)='/2, T0 nosy-
YUTCSl CHCTEMa ,

p=—vp(pg)"2, q=—pq(pg)=*s. (6)
Mol nosyynan onath audpdepeHHHaNbHBIE YpaBHEHHs 3aJayd
AByX Tena P, u P,, sanucaHHble B KOMIUIEKCHOH (opme, KOTO-

pasi yXe HCNOJb30Bajach HaMd B ypaBueHnu (12;12). Itn
ypaBHEHHs UIMEIOT, B YaCTHOCTH, KPYrOBOe pelleHHe p = pl/seit,

g=p=pset |p|=|q|=p"s. TlosToMy HarpammBaeTcs
npeobpasoBaHde NepeMeHHbIX . :
p=p'ltu, q=p'/%, : (7)
1ocJle BLIO/HEHHS] KOTOPOTO 1OJLy 4HM ‘
u=—2u+H, v=2v+H,, (8)
‘TAe ’

H=p—"G = uv + p=/3(1=p) (u + 0) +
2 2u-/s(1—p)

* 1/70+V1+p"°u>(1+u‘/8v>"
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Paayxox(enne ¢yukuuy, H 1o Bo3pacTaiolluM CTemeHsM '/
HMeeT BHJ
H=uv+p="/*(u+v)+
+2p~%3(1— %9’/% +% p*/ou?) (1 — —;— w/o - %92/302) +
+2(uo)"Ve 4 ... = '
=2p%s 4 %(u + )2+ 2 mo)y-t2 4 ...,

OpUYeM HeHanuCaHHble YJIeHbl CONEPIKAT TOJLKO TMOJIOKHTE/b--
HBle cTeneHH p'/3. Tak Kak p ObLIO NPHHSITO MAaJbiM, TO OTKH-
HEM OCTaJbHbie UJieHb H paCCMOTpHM BMecTO cucTeMbl (8).
CHCTEMY

iz'==—2it'¢+ —‘-32—(u—|—v)—-u(uv)‘3/2, ©)
U= 20 + > (u+ 1) — v (uv)~*.

910 ¥ ectb Au(pepenunanbubie ypaHenus Xuana. Mx obuiee
pellieHHe HEeH3BECTHO; Mbl ONpeJeJIUM Telepb HePHORHUECKHE
pelnenns ojo6HO ToMy, Kak 3T0 Obuwio cienaHo B § 14, ¢
TIOMOIIbIO - HEKOTOPOH TOJICTAHOBKH B BHJIe  CTeMeHHbIX
PSLAOB.

Yto6bl HAaHTH 3Ty NOACTAHOBKY, paCCMOTpHM eme pas
YNPOILEHHYIO CHCTEMY, aua.norwmylo cucreme (6);

U=—u(w), v= — v (uv)~®'2, . (10)

KOTOpasi COOTBETCTBYeT OTOpachiBaHMIO B cHcTeMe (9) mepBbIX
uNeHOB B NpaBbiX uacTsX. DByjeM. uckath neprojuuecKue
pellleHHsi, JJsi KOTOPbIX U==u; B 3TOM cCJyuae, B CHJIY
paBenctB (4) u (7), koopRuHathl x, y OyAyT HAeHCTBHTEJb-
HbIMH. O/IHHM U3 TaKHX PelueHHil SBSETCA KPYroBoe U = tyeM.

= v~ M, rie M= — (uv)~%2 = — (ugvy)~/2, Uy = U, Ecan .
NOJIOXKHTb JJIfl  VHHYTOXKEHHSl pajuKkanoB u=E§4, v=17% 10

E=Ee®, n=nye— 4, 'E=aE,-:q= —am, rie a;—=—’,i—= vi%(éono)"?,

Ne==E. Jn TouHOro peienusi ypaBuenufi (9) BBeJgeM HO-
Bble nepeMeHHble §, 7 C MOMOLIbIO NOACTAHOBKH C HeoNpeje-
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JeHHbIME KO3(rIHeHTaMH aj, ,
u==t4(l + ZGMES”*“ n3e—4l),
i . :

| (11)
o=t (14 X ayt%=4 7%+4),

npuueM k, | mpoGeraior Bce maphl IeJbIX YHCEN, YLOBJETBO-
psiomux ycuoBusM 3k > 41|, & > 0. CneunainbHpii BUA 3TOM
NoJICTaHOBKU Gyzet oGocHoBaH nosjee. Ilo npeasapuTe/bHBIM
cooGpaXKeHHSIM HOBble HeW3BecTHbie &, 7 JIOJIKHBI YAOBJIETBO-
paTh AHGdepeHIHaNLHBIM YPABHEHUAM :

E=at, 1= -an, = 4 —j; (&m)=2, (12)
U3 KOTOphIX omsith (§n)' =abn+&(—an)=0, u Toraa
E=bet, n=me=, a=+ &) (18)

C TOCTOSIHHLIME &g, 7y, OTJIHYHBIMH OT HyJf. .
OGpasyeM ¢opMmasbHblie INPOH3BOAHbIE MO { IOYJIEHHBIM
nuddepeHITUPOBAHHEM CTENEHHBIX PSAOB AJs 4 M U, TOpHYEM

-

£, m BolpaxaloTcs uepe3s &, m paBeHcTBamH (12). Beoas co-
KpauieHue o

Ty = §3RH4L pobeel (14)

Oy UM

. {f=4ae4[1+'2(2z+1)a,u:m],
u= (484 (14 2 2L+ 1) el
0= —4art [1+ (2 +1) ayln],
_ o=(4a)"1¢ [l + 2 (2 + 1)* @S]
3pecs u fanee B 3ToM naparpade- éyMMbl paCIpOCTpaHeHEl
.Ha TakHe mapbl 3HayeHud R, l, s KOTOPBIX MNOKas3aTesH

3k+4l, 3k—4l B paBencrBe (l4) HeoTpHIaTe/bHB, & HX
cymma 6k nosoxuresbHa. HasoseM & NOPAAKOM Gy, H NOJIOKHM

A= — Zamchz; BA” — Zamch.__r

Uto6h M36exkaTh B ypaBHeHHsX (9) oTpHIaTesbHBIX MOKasa- -
Tenel, YMHOXHM [IepBOe H3 ITHX ypaBHEHHH Ha £2n%u noay-
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YHM, YUHTBIBast PaBEHCTBO 4a = = i(§7)~, ceayiomue Bhipa-
MKEHHAA JIl OTAENbHBIX UJEHOB:

— Uty = 14 2 (204 1)* @y Cuss
— Qiuky® = +2 [Cm + 2 20+ 1) ahzch}l.t] ;

(u+v) Ez <£20+ Zalek+gl>+ ‘ 5(]5)
2(Ca.—1T 2 AnShes, —1> |

— u-—‘/zv—’/zeﬂ-n = —(1—A)=Ys(1 —B)~*, . )
TIPUYEM B Pas3jiokKeHHE B
IR T (B Rl

=(14+54+.. )(1+ B+. )—

=l+5Aa+3B4..0 (16)

no creneHssM A u B HyxXHO. nonCTame BMecro A u B pagsl
no &y;. Tak kak Gy Lo =Cp.p,1.n TO NpaBasi yacTb TNOCJEN-
Hero .ypaBHeHHsi (15) Oyaer Takxke psifioM BuAa Zcy, y, Kak
5T0 HMeeT MeCTO JJsi APYTHX CTpok. HroGul nepBoe ande-
peHunanbHoe ypaBHenue (9) QopMabHO YIOBJIETBOPAJIOCH,
ONpeJie/IuM NIOCTOSIHHBIE @);; TAKHM 00pasoM, YTOGH! cymua
BhipaxeHu# (15) Gbl1a paBHA TOXIECTBEHHO HYJIO 1O (.
Ecau ymHoxuts BTOpoe ypaBhenne (9) Ha £%4%, 10 JIJIH
OT/Ie/IbHBIX WIEHOB TIONIYYaloTCs PAJbl, - aHAJOIHUHEIE  COAEep-
KauuMcsd B ypaBHerusix (15). DT pagul- nojyyatcs npsMo
H3 ypaBHeHH# (15), ecau & c 71 NMOMEHATb MeCTaMH H Hamu-
caTh, CJEJIOBATENbHO, Ly, , BMECTO (. Ilpu aToM HyxHO B

JeBoi YaCTH BTOPOrO ypaBHEHHS 3aMennTh — 2iut’7® Ha

2ivkdy?, Torja cTosMMe B NpaBbIX YACTSAX SHAKH - OCTAIOTCH
6es usmenenusi. Takum 0GpasoM, TOJNyYaeTCs, UTO CpPaBHEHUE
Ko3(punuenToB npu {,; B nepBoM’ ypaBHeHuH (9) naeT Te ke
caMmble YCJIOBHSI JJISl @y, KaK H COOTBETCTBYloUlee CpaBHEHHe
K03(¢¢duUKeHTOB npH L, _, Bo BropoM ypaBuenuu (9). Ilo-
3TOMY - IOCTATOUHO ONpPEeAe]NTh HeU3BeCTHble KO(PPHUHEHTH
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‘@, TaK, YTo6Hl CyMMa deTblpeX NpaBHX vacTei = ypaBHeHu#
(15) Gbl1a TOXKAECTBEHHO paBHA HYJMO. Mbl TNOKaXeM, YTO
3TO BO3MOXKHO CJeJiaTh €RWHCTBEHHbIM 00pasoM H UTO Bce '
ay, OyayT palMOHAJbLHBIMH YHCJAMH.

Jloka3aTeNnbCTBO 3TOr0 yTBEpIKIAEHHS INPOBEAEM METOJOM
noJHO# WHAYKUHH To k. M3 paccMoTpeHHss HamIMX TOJCTa-
HOBOK OYEBHJHO, YTO yTBepXKJeHHe CIpaBelJHBO AJs IOCTO-
SIHHBIX wieHoB. Ilycte Temepn 7> 1, ¥ nNpeAnoJioXuM, UTO
ans 0 < k< r—1 Bce a;; MOryT OLITb . €IHHCTBEHHBIM 00pa3oM
BbIOpannl TaK, 4TOObl CpaBHeHHE KO3((PUIHEHTOB IPOXOAHJIO
JJIS BCeX UJIeHOB mopsifkoB 1, 2, ..., r—1; nycTe Ko3¢gu-
LIMEHTbl @), SBJSIOTCS NPH 3TOM pAHOHANBHBIMH YHCJAMH.
Hns r=1 3ro oueBunHo. YroObl mnokasatb, 4YTO MpPEANOJO-
JeHHe BepHO M i a,; (4]1]| < 3r), sameTuM, 4TO pasioxe-
HHe B pSiJi BhIpaxeHHs ' :

D=(1—A) (1 -B) ™ —1—1A-3B (7)

no creneHsM A u B HauWHaeTcsl ¢ YJ€HOB BTOPOro nopsijka.
[MosTomy, ecau nocraButh Bvecto A U B ux psaget mo {,
10 B D Ko3dpduuHeHTOM npH {,, OyAeT MHOTOWIEH MO @
(3nece k <r), mpuueM OH yxXe oOnpejesieH eJHHCTBEH-
HBIM oOpasoM H paunoHaneH. Kosdduuuenramu 3t0ro
MHorousneHa OyAyT BHOJIHE OmnpejesieHHble PpalHOHAJbHbIE
yucaa. Ilostomy koadpuunmenr npu {,, B npaBoii  yacTH

e . . 1
nocnejsell cTpokd ypapHeHuii Y15) pasen cymme o a, +
+5@,,; H SBISETCS TaKxe ONPEeJeJ]EHHBIM PalHOHAIbHBIM

ypc/oM. Ec/iH NpHHSATS BO BHUMaHHE NepBMe TPH YpaBHe-
nus (15), To cpaBHeHUe KO3(XDHIHEHTOB JA€T YCJOBHE

[@+1+g]atga,=p = (18

c onﬂoaﬂaqﬂo Onpesie/IeHHbIMU PAlHOHAJIbHBIME YHCIAMH ..
Hasi [ =0 orciofa noJsyuaercs
3,0 = Pros ’ (19

CJeJIOBATeNbHO, @, . ABJSETCA  pPAlHOHAJBLHBIM  YHCJIOM.
Ecau 1+ 0, To, uaMensis 3Hagk y [/ B ycaosuu (18), Mul 1o-
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.nyun BTOpPOE ypaBHEHHE :
) 1
ot (24045 ] e a=pna (20)

Tak Kak y cucTeMbl JHHeHHbIX ypaBHeHu# (18) u (20) mns
a,, a, _, onpefenuTelb '

[+t [(—a++5]-(5)=
= 40242 — 1) ; (1)

GyJieT NMOJIOXKHTENIbHBIM H TaK KakK KOI(XpHLHEHTHl 3THX ypaB-
HeHH# panuoHa/JbHbl, TO OTCIOAA Q,, @, _, ONpeJessIoTCs
€/IMHCTBEHHLIM 00pa3oM U SBJSIOTCS PAallHOHAJbHBIMH YHCJIAMH. -
TakuM 00pa3oM, HHAYKLHS TOJHOCTbIO IIPOBEJEHaA.

JlokaxeM mocje 3TOro, YTO HalieHHble psfbl A U, U
a6CoIOTHO cXoasTcs, ecad | £ | ¥ || gocraTouno mansl. Ecau,
KpoMme TOro, 7 =&, TO BCJEACTBHE JEHCTBHTENLHOCTH ay; 00e
BEJMYHHBI 4, U KOMIVIEKCHO COMNpSIKeHbI, MO3TOMY I€PBOHa-
yaJibHble KOOPJMHATH X, y JAeHcTBHTesnbHBI. CJe0BaTeNbHO,
B paBeHcTBax (13) MoxHO BHIOpaTh M, =E&,. S e ;

Ias oKa3aTesqbCTBA CXOJUMOCTH HCIIOJBb3yeM; Kak H B
§ 15, merox maxopant. Ilycts '

=Nl lp= Echzesk”lﬂM'H

GyzeT (GopMalbHBIM DSIJIOM C TIOCTOSHHBIMH KO3((HLHEHTaMH
Cp;; OyleM noJiaraTb VIl COKpAeHHsl Cy = {¢},,. Ecau eme
pa3 HanMcaTb ypaBHeHHe, N0JyuaeMoe H3 CpaBHeHHsS KO3(-
¢uupueHToB, TO U3 ypaBHenu#t (15) m (17) Ml mosyyum co-
OTHOLIeHHE

o= {0 F 2MLo+ B2+ 1) @y Sun i)
=3l +A=3LL 4B} 5 (@)
C Apyro#fl CTOpOH, | A

| 3

(—2np LY =20 »
1 LN 2 kRl 2 Th, -1

ak0=’§Ph0’ ap, = [- YL (41::'_1) (l #0). (23)
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Yro6bl n0KazaTh abCOMIOTHYIO CXONHMOCTb CTENEHHBIX -PSZOB
u ¥ U B KOMIVIEKCHOH OKPECTHOCTH TOYKH £ =0, 7 =0, Bb-

GepeM cHadasa & =. Toraa {y, = §3k*4in3h-4l —gek -k rpe

{==£% u toraa nocratouHo B cuay paBeHcts (11) nokasats

° CXOAMMOCTBH psiia _ : o '
Z=3|ay|C*

ans Hekotoporo > 0. Tlpexpge Bcero Ma}xopapyem D.
Benencteue § =7 Gyaem umers A=B < Z, npHYeM { Tenepb
paccMarpHBaeTcsl KaK He3aBHCHMas mepeMeHHas. Jlasee, Tak

. -1 ¢ -8
kak pasnoxkenne (1—A)"/2(1—B)™ no crenensm A, B
HMeeT TOJIbKO NOJIOXKHTeAbHbIE KO3(pHIHEeHTE], TO '

D<(1—-2y2—1-2Z2="

4 - 273 372 372
S=zp— =75 < (=2 < T—57 ° | (24)

H, KpOMe TOro,
— s lw(I+4A) - 30 (1 4+B) <32 (142). (25)

Torza Beaepctehe- |20+ 1{> 1 u3 ouenok ‘(22),‘ (24) u (25)
NOJNIy4HM - . . -

322 ' o
3 |,2,”_“;, |t <z +3 1+ D)+ 2 (142). (26)
lNpunuMas BO BHHMaHHE, YTO 06a OTHOIIEHHS
Cenfa-artg ] Fedn
‘ T @EE1) . ' B @RIy
orpanHueHs IpH BceX menbix [ % 0, u3-ouenok (23) u (26)

nojyuyaeM YyCJOBHE. - o ‘ :
’ : YAS . :
Z<o [ Zm+t0+2)+5(1+2) ]
[Ipu 3TOM ¢;, TaK Ke KaK ¥ B JaJbHEilIeM BeJHYHHBI
Cg . .., C5 OyJET MOJNOXHTENBHOH nocrosnHofd. C moMoubi
cootHomenus 1+ Z < (1 —2Z)™ nonyuaem
L CHE42)?
a2 Xata2gro
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Tof;xa s V==C+Z umeem
‘ % |-V
V<e Ty

omyna ‘cOrylacHO J0Ka3aHHOMYy B § 15, clielyeT CXOAMMOCTb
V npu { < ¢;. CneoBaresibHO, CTeneHHble Psfbl uwn v abco-
JIOTHO cxoAaTca npH |&] < ¢, |n] < Cg.

ManoxuM KpaTko pesyabrarhl. B pemennn

§ =5, n=me - (27)

Au¢pdepeHunanbubiX,  ypaBHenndt (12) nonaraem 1, = Ey W
0< [Eol =» < ey Torua BeJIHYHHA

- a'—' (Eo'flo)* = :l: 4 P

6yZeT YHCTO MHHMOH, M, CiaefoBaTeNbHO, N =E, |&|=p s
BCex JAeficTBHTENbHBIX f, [losTomMy creneHHble psiinl 4 H U

CXOIATCH M BHIOJIHSETCS TOXKMIECTBO U= 4, - CJIeJ0BaTeJILHO,
pellleHHe B IepBOHAuaJbHHIX KOOPAMHATAX X, y Gyner Aeficr-
BHTe/IbHbIM. DyHKUWH &, 7, a TaKKe & =E; e"“‘, 7¢ = phe—bet

u {p, = §3t+al g3kt glat Gynyr nepuOsHuECKHMH (DYHKIHAMH
oT I, HO}ICTaBHB 3TH QYHKUHH B CcTeneHHbie psaani (11); mony-
unM 4, U, a Tax)xe X W Yy KaK nepuopuyecKue QyHKUHH OT !

¢ nepnonom —ﬂ- 2wp° B cun paBeHCTB (27) coorerct-
| y

Bywumm cmmrom t MOXHO noayunth & =1,="p. ITonoxum
p? =0 u OyjileM CYHTaTbL 3Ty BeJHIHHY HesaBHCPleIM napa-
merpoM B mHTépBane 0 < o < cj=c; Paput ans x, y Oynyr
pajiaMu Dypne OTHOCHTEJBHO €%, H xoatp(pmmem'm Dypbe
- OYyAYT CTENEHHHIMH PSIJAMHM N0 0, KOTOpHle Takxe a6COMIOTHO
cxonatess npu |o| < ¢, Ecnu saMenuth t Ha —1f, TO & H Y,
‘a TakKe 4 Uy 0OMEHFIOTCA MeCTaMH, M TNOTOMY TOUYKa X, y
3ePKaJbHO OTOOPA3HTC OTHOCHTENLHO OCH X H Iepefifer B
TOUKY X, — Y, JTO OTPASUTCH HA DAa3JOKEHHH <Dypbe cre-

aytomuM obpasoMm: x OyferT DsOM MO KOCHHYCaM, a y 10
‘cunycaM. - C/leIoBaTesIbHO, TPAeKTOPHS PACNOJIOXKEHa CHMMET-
PHYHO OTHOCHTEJIbHO OCH X. MBl noJyyaeM, TakHM 06GpasoM,
CeMeHCTBO NepHOJMYECKHX pellleHufl, 3aBHCSLIUX OT JeHCTBH-
TEJIBHOTO MapaMeTpa ¢ W HMelomux nepuop 2we’. Tak kak
B ypaBHeHuﬂx (12) mmeercst nBe BO3MOMHOCTH AJIl 3HAKa d,
YTO BHOCHT 3HAaK = H BO BTOpOe ypannenne (15), To moay-
aloTCs NIBa PASJHYHBIK CeMeACTBA NEPHOAHYECKUX pelleHnN,
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KOTOpble COOTBETCTBYIOT DPasJIHYHbIM HANPABJIEHHSIM JBHXKEHHS
Jlyust P, BOKpyr 3ema P,; HMEHHO, AJfl MOJOXKHTEJLHOro
3HaKa NOJIy4yaeTcsi TO e camoe HanpaBjeHHe, Kak H AJs
3emsm Bokpyr CoJsiHIa, a JJfi OTPHLATENLHOIO 3HAKa — MPO-
THBOTIOJIOXKHOE HanpaBjeHHe. TpaeKTopuH oGOMX ceMelcTB
JeACTBHTENIbHO OTJIHYAlOTCA JPYr OT Jpyra.

Pemrenust 4 u v nuddepeHiHasbHbIX ypaBHeHu# (9) Bnep-
Bble Gbiid mionydensl XuwioMm [1] B 1878 r. Ou Hawen ux
HECKOJIbKO JIPyTHM IyTeM, HCIIOJb3ys MEePHOJ .PelueHHs] Kak
napaMeTp H BBOJA HenocpeJcTBeHHO psajnl Pypbe c Heomnpe-
JeJeHHBIMH Ko3dpuuuentamu. CpaBHeHHe KO3(pHIHEHTOB
Aano GeCKOHEYHYIO CHCTEMY ypaBHEHHH, B KOTOPOH Kaxkjoe
yPaBHEHHe COAEPIKHUT OGeCKOHEUHOe KOJHYECTBO HeH3BECTHBIX.
C noMoupblo pasoxeHuss B CTENEHHOH psAJ| MO napamMeTpy OH
NpHILies K PeKYPPEHTHBIM (OpMyJiaM, KOTOphbieé COBMAjfaloT C
ypaBuenusmu (18), (19). Ho Xuan ne pokasan cxomuMocTb

- NOJIyYeHHBIX MM " psfioB. JlokasaTenbCcTBO CXOAMMOCTH GhlJO
AaHo B 1925 r. BuntaepoMm [2]1). '

§ 18. O6o6mennas 3afaya Xuana

B npeppiayiieM naparpade Mol HaUlIH TOJBKO OPHOIH-
JKEHHOE . pellieHHe 3ajayd Tpex TeJ;, Tenepb OyneM HCKaTb
TOYHble TNeEpHOAUYECKHe pellieHHs 3ajlayd TpeX TeJ, M3 KOTO-
phix pemienve Xuwjia mojiydaercsl Kak npefelbHbld cayuai.
‘Ho npu 3ToM MBI OrpaHHYMMCSl TOJBKO IJIOCKOH -3ajaveit
TpeX TeJ WU NPUMEM 3a OCHOBY pacCyXJeHue, IPHBEIEHHOE
B Havasie § 17. 3amenuM MaTepuaibHble TOUKH P, u Pg HX
OGLIAM LEHTPOM HHepUMH P, ¢ Maccoll m;+ mg=y U pony-
CTHM, YTQ OTHOCHTEJbHOE ABHXXeHHe P, BOKpPYr P, eCTb Kpy-
roBoe, C yrJaoBofl ckopocTelo o = 1. Bhifepem enununy Mac-
Chl TaK, 4TOOWI M, - m,+ my= 1, clegoBarenbHo, my=1—p
1 0 < p < 1. ITpoBesieHHOe paHee ' pPaCCMOTPEHHE NOKA3bIBAET,
YTO TOrja paccrosibne OoT P, 10 P, NOMKHO PaBHATLCH €RH-
Huue. [ycTh paccrosinke oT P; J0 Pg OyA€T MajbiM IO CpaB-
HEHHUIO ¢ epuHuuedl ¥ nycTs Py # P, ONHUCHIBAIOT KPYroBhle.
Op6uTHl BOKPYr HX LeHTpa HHepuuu P,. Mbl XotuM Tenepsb

. 1) Bnepsule cxogEMocTh psifoB XHAna Oblna foKasaHa B 1874 r.

A. M. JlSnyHOBHM, KOTOPHWH jan TaKXe HHTepecHui, OpHrHHAIbHHIA
MeTof, AN MOCTPOEHHS STHX PAZOB. DTOT METOA OT/IWYEH H OT METOAa
Xunna, n or Meropa 3urens.— [Tpusm. nepes. : - :
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J0Ka3aTh, YTO CYUIECTBYIOT CTPOTHE pelIeHHs 3aJauH Tpex
Te, GiM3KHEe K 3THM KPYroBHIM: op6maM _ )

Tak Kak peub HAET O IVIOCKOH 3ajaye, TO AJs oOnpeje-
JIeHHsl TIOJNIOXKEHHUS] MaTepPHaJbHOH TOUKH MOMKHO BBECTH KOM-
TJeKCHble KOOPJHHATH 2, (k=0, 1, 2, 3), koTophie yxKe OblIH
ucnosn3oBanbl B § 12, Torpa neficTButesibHas yacTb 2, JAacT
abcuuccy, a MHEMast — OpAMHATY TOYKH Pj. IIpH 3TOM MOKHO®
BBECTH CHCTEMYy oOcCeH, KOTOpble BpAllaioTCsl BOKPYT LieHTpa
MHEPUHH Tpex MaTepHaNbHBIX Touek P,, P, P, ‘c yrjoBoi
CKOPOCThIO, paBHOH ejunuue. Torja

myz, 4 myzy +myzy=0, -
B2Zg = M2y + M2y = — MyZ,,
OTKyja clefyer

2, =p (23— 2), (2 —25)=my (2, —2)

W3 ypasrennit (17; 1) u (17; 2) nosyyarcs ypaBHEHHS ABHUXKeE- -
HHSA :

z, + Qtzk—zk- 2 m (2, —z) |z — 2z (k=1,2,3). (1)
1k : .

Tak Kak GbLI0 TPHHATO, YTO PAacCCTOSIHHME 7,3 3HAYHUTEJbHO

MeHbIIIe eMHHULbI, 3 PACCTOSHUS 7'yy H o3 TPUONH3HTENBHO PaB-

Hbl €JMHHIE M 4TO TOYKH P, u P, HaxoAaTcs (npuOIHKEHHO)

B NI0KO€ BO-Bpallaolencs cncreme OTCHeTa, TO eJiecoo6pa3Ho’

cjeNaTh IMOJICTaHOBKY '

2 —23= X, 30“22=1+ya

rae x H y o6o3HAyalOT JBe HOBble KOMILJIEKCHbIE NepeMeH-
nele. Torpa 2,, 2;, 2, H 24 6ynyT SIBAATHCS JIMHEHHBIMH DYHK-
HHUAMH X H Y, a HMEHHO,

= (=0 (1+5),
7= (1) (14 9)+ 2 1

z3=(1—p>(1+y>—%x,
Honpu x=y=0 OyleM UMeTb Z,=2;=23=1—1p, Z,= —p.

11 3akas M 1032



162 - Ca. 11. Hepuoduueckue pewenusn

Hrak, nalineM B o6o0weHHo#l 3anave Xuaia nepHoguye-
CKHe pelleHusi cucteMbl (1), A/5°KOTOphIX a6GCOJIOTHLIE 3Ha-
YeHus x¥ H y OyAyT JOCTaToyHO MaubiMH. Ecan noJoxurb
JNsl COKpallleHus :

my=3%p, Mmg=3yp, O3=18, §=1-3,
T 0<<d< 1l ,
21—2y,=14y+3x, '23-2,=1+y—ox.
Us ypapuenuit (1) aas x, y noayunm jBa AuddepeHHaNbHBIX
ypaBHeHHUs
3c'+2i£—x#m2(zg—zl)r;:+m2(zs 2) s +ue(z—2)ry,
Y+2yg—y=1+8(z,—2)ris +3 (22— 23) 155, -
rjle NpaBble YaCTH HYMKHO BbIPAsuTh yepes X, y. Ho Temeps
rh=x%, r=(1+y—28x)(1+y—0),
a2 (1+y+3x) (1 +§+:63§),
H DasiokeHHe B PAX JaeT
(2s—25) 133 = (1 +y— alxr"* (I+y—hx) "=
=15 (=)~ G—20)+ ..
(ZBi—2)rp=1+y+ a3")_1/2 (I+y+ i\)3’?)—3/8 =
1 3~ 2 o)
=l—5 (y+8:%)—5 (4 + 3%) + ..
Tak kKak ¢;=38;, 6;=1—3, TO 3TH pAJAH CXOZATCH TpPH
|x|+ |yl <1, 0<6< 1 1 NpuToM pPaBHOMEPHO OTHOCHTEJHHO
X, Yy U 6, y/IOBJETBOPSIOLIMX YCJOBHIO | X | +|y| <& ans Kax-
loi moJoxuTebHOH mnocrosinHOd § < 1. TlogcraBass st

CTeneHHbIE DpAJbl B NPUBCACHHbIC BhIIIE ypaBHEHI/Iﬁ g x, Yy,
nocJe NPOCTBIX IPOMEXKYTOUHBIX BbLIKJIAAOK IIOJYUYUM

X+ 2i}é+-§—(p—3§x+—‘°’- (s—1) %+ pa—Voz-* = P,
§+2i—5 (4+9)=Q.

Tpu stom P, Q cyTh CTeNeHHbie PSiisl 1O X, Y, X, Y, KOTO-
phie HAaUMHAIOTCS C YIEHOB BTOPOrO NOPSIAKA H CXOASITCS NPH

(2)
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| %|+]y| < 1. Kospduumentsi sTHX pPsijoB ‘CyTh MHOrouJe:
HbI OTHOCHTEJBHO b M G C DAallHOHAJBHBIMH KOS(QHUHEHTaMH.
MbL XOTHM HafiTH NepHOJMYECKHE - DElyeHHs CHCTeMbl (2)

H JUIsl 9TOrO 3aME€HHM X, X, Y, y ONATb CTENEHHLIMH psiJaMH
110 HOBBIM nepemeHm:IM,E, . Ilpu stom £, m no/KHBL yAO-
BJIETBOPATh, KaK H B NpejpiiylieM naparpade, AuddepeHnu-
aJIbHBIM ypaBHEHHSM

E=at, m=—oun, o=t ©)
Ha stor pas BBeieM 00603HauerHs

Chl —_ Eh+2l,nk—zl’ Ck = cko — (En)h
H cJeJjiaeM NOJACTAHOBKY

=g (1F 2" (1+ 3, aulur)
%= (1F 26) "0t (1 2 anla, )
=p¥s X b N o
.i/_ P k§3 klckl
y =p¥s > bklch,—l’
B>3

rle cyMMmupoBanusi nmo ! Begyrcss npu ycdoBum 2|1|<<k.
BeiGop 3Haka B MHOXKHTeJE

(1 F 2,) 2=y

IS X B X onpeJesisieTcs _BLIGOPOM 3HAKa @ B ypaBHeHHSX (3).
BriGop ¢opMbl 3TOfi NOACTAHOBKH ONPAB/ILIBAETCS CJie/1yIOMHM
CpaBHEHHEM Koa(quuuemon O6pa3syeM - IpOH3BOJHEIE OT

X, y mo t ¥ BBIpa3’HM £, W COOTBETCTBEHHO U3 ypaBHeHHil (3)
yepes §, 7, OpHUEM 3aMETHM, YTO MHOKHTENb Y OT ! He 3a-
BHCHT. MEI nosy4nM

=ﬂmu£mwn+za+n%@Ji
i:wm%4ﬁﬂﬁ§U+W%%L
g=p¥s (£ i3Y) X 16y Curs
k>3 o

=p/s (=L ~k§3 POy Sn- |
e
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HoxcraBum Tenepy pasw ans X, y, X, y U A4S TNPOU3BOJHBIX
or x, y B jauddepeHnuasbHble ypaBHeHHsi (2), YMHOXHM
nepBoe ypaBHeHHe Ha —p~'/3y%t74(,, BTOpPOE ypaBHEHHe-—Ha
—p~¥8; nocse HeKOTOpLIX npocmx npeoGpasoBaHuii No-
JIyYHM

(1;253)[2 l+l amCmi22 I+ 1) apCy.s.]+

D Lol £2) tbmcm,, +% z‘, (Ot +1,) Shron = &5
BR>3 R>3 . k>3 (5)

3/1eCb

A =k§4 a‘klckl" B =h§ r,-1s
F={a+ A7+ B 14 5 A+ § B} + 4+
5 (L F Z) [(0—3) L (1 4+ A) +3 (p—1) G, (1 + B)]—
—e (1 F xs)*’“cg,_l (6)
= —7Q. (7)

Ecan pasnoxuts (14 A4)"2 (1 + B)™* 1o ctenensm ‘A n B

M BHECTH B P ® Q psifsl 41 X, y, X H Y, T0 [ U g TakxKe
CTaHyT CTENEeHHLIMH psijaMu No & H 7 cjaefywloiled Gopmsl:

f= Z fallr, &= f &rlur- 7
ES0 k=0 .

Mpu 3ToM KOS(QUIHEHTH fy;, &y, OYAYT MHOrOUJEHaMH
no an, b, s H 6 ¢ PallHOHAILHBIME K03(pduL HeHTaMH;
pasnoxenns P, Q no X, y, X, y HAYHHAIOTCS C WYJIEHOB BTO-
poro mopsiika, a X H X (coomercmenao Y 4 y) HMeIOT mocJe
NOACTAHOBKH OOWMA MHOXHTEJNb (/8 (coo*rsemmeuuo p?/s).
Hccaenyem stu MHOrO'/IEHE! noapo6ﬂee

Buipaxenue (,, =Et"29"*"% umeer cremen» 2k; HasoBeM

k Becom (,,. Tak xak pag g P mo x, y, X Wy Ha-
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YMHAETCS] MO MeHblleli Mepe C UYJEHOB BTOPOH CTeneHH,
H, C JpYro#l CTOPOHH, pa3JiOXeHUs X, Y, X H Y 1O CTENEHAM
£, M HauMHAIOTCSI C YJIEHOB, BeC KOTOpbIX Oyler mo kpaiued
Mepe paBeH HIBYM, 'TO BeC WUJIEHOB ‘B pa3jioXeHHH P 1o
crenenssM & ®u 7 He Menblie 4. To ke camoe Oyjer AJjs
Q, u Torna- B cuay pasenctBa (7) npu R< 10 g, =0.
CoOTBeTCTBEHHO pasjioxenne {, ,P HauHHaeTcs ¢ WYJIEHOB
‘Beca >8. Tak Kak; jajnee,- A ¥ B no onpefieJeHHIO He
coflepKaT YJEHOB C BecoM < 5, To ¢urypHeie CKOOKH B Bhi-
paxennn (6) HaumHaoorcs unenamu ¢ BecoM > 10. Toraa us
ypaBnenusi (6) caenyer, uto f,, =0 npu k <8, 3a uckJio-
yeHHEM fg, H fq,_o. HYXKHO ellie yCTaHOBUTH, Uepes KakHe Gy,
bxy BBIPAKAIOTCS KOIPOHUMEHTH! fyi) G- g sroro 3ame-
THM, YTO pasiioxende P 10 X, y, X W y HauMHAeTCH C uJje-
HOB BTOPOrO MOpsAKA, H, C JAPYrOji CTOPOHbI, psfbl AAA
X, Y, XM y no £, 1 HAUMHAIOTCA UleHaMH ¢ Becom > 2. Cre-
/OBATE/IbHO, €CJIA BHECTH CTENEHHble DSl s X, Y, xHuy
B (,Q, TO b., KOTOpOE BXOAMT B y MJIH Yy, MOXKeT BOHTH
TOJNBKO B TaKOH ujeH BhIpaxkeHusi (,Q, Bec KOTOporo He
Menbuie yeM x+6-2=x+8. Tlostomy aast b, KoTOpbI
BXOJST B g),;, OyJIeT BHIIOJHEHO HepaBeHCTBO x <k —8.  Ecom
NPHHATH BO BHUMAHHE, UTO DS AJst X (coome'rcmenﬂo A5t x)
CO/IEPKHUT MHOXKHTEJb §% = (jy (coomeTcmeHHo =04 1) T
MOXKHO 3aMETHThb, 4TO B g, BOHAYT TOJbKO TaKHE Qy, ,111191
KOTOpBIX %< k—10. Cnenosa're.nbﬂo, ecau 0603HAYUTDL JJist
cokpameHus yepes P (r, s) Kakoii-Hu6yAb MHOTOYJeH QTHOCH-
TEJABHO Quy, bpyy p'/2 M 0 € <1, RS ¢ PalHOHALHEIMH
Kos(punueHTaMH, TO ,

gu=PB(—10, k—8) (k>10. (8

TouHO TaK e MOXHO 3aKJIOUHTb, -YTO KO3(ULHEHT TpH Ly,
B {,,_, P nmeer Bug P (k—8, k—6). Tak kak A, B coxepxar
TOMIBKO Q; W -TPH 3TOM Rk >5, TOo Ko3(dHUHEHTH npu Cui
B QUT'ypHBIX CKOOKAX BbIpasKeHHUs (6) nmeiorq)opmy P (k—5, 0)
CJle}.IOBaTEJleO, B CHITY ypaBhenuit (6),

R S T

CpaéHﬁM 'Ten.epb KOS(PQUUHEHTE B yApééﬁe(H—HﬂX»M) H-(5).
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Beoxs coxpameﬂnn ‘
=0+ +g]eutya, L T
:F21(1+1)ak—31_4(l'|‘1)ak 6,0 — [ris (10)

Gy, =1%y, £ 2lbk—3 1Ty (bk—61+bk—s l)—gkz» (11)
6yAeM HMeTb YCJOBHS
) Fhl—-—‘o, Ghl=0’ (12)
KOTOpbIE BBINOJIHAIOTCS JJIS BCeX LeJblX R, [, yAOBJAETBOPSIIO-
mux ycaoBuio 2| 1| < k. TIpn 3TOM HYKHO MOJOXKUTH aﬂ—O
by=0, ecam 2|A| > x; janee, B COOTBETCTBHH C Haiefl
HOACTaHOBKOH, OyjleM HMeThb TakXe a,=0 npu x<5
H by=0 npu x < 4. Tak Kak gy, =0 npu k£ < 10, To ycuo-
BuUf G,,=0 Bomoansiorcss npu kR < 10, u ycaosusi G, =0
npu k< 4. Ha ToM Xe OCHOBaHHH Fk, =0 npu k<5
B wacrhoctn, B cuny pasencts (10) u (I1) nosyuaeM
Fro=3aro— 40 60— fro»  Oro=3bp_6,0—8&ro» (13)
Jajee
Fr=— g+ T4 84, .
M=% Gt 5y F 4843, — 8k g3~ [r1>
3 I (14)
Fya=70+5, 1 p-1 :
W OTCIOfia TaKiKe 4 _
Fpisn—3Fp,31=F 4y, — 8 3, fk+3 1+ 3frisae (15)

Kpome Toro, npn 10, + 1 HyXHO HCIIONB30BATL COOT-
HOILIeHHe

) 3
Proa=yact[(-04g]aas | o
+ 2 (1= a5, —4(1 =) ay g 1—Ffr,—is

ypaBHenust (10) u (16) ciepyer noHuMaTh Kak jBa JHHEH-
HhIX YPaBHEHHS JAJA Gy, @y, ;. Jas omnpefienuresisi cHCTe-
Mbl HaXOJHM BblpayKeHHe

C+1p+5 1 [a-0+5]-(2)=r@e-1n>0
[errr+3]] z]-

>, ananoruunoe (17; 21) u mosyualomeecs H3 Hero
3ameHol 2/ Ha /. :
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Mﬂnyxunﬁ npoBOAHTCS caefyiomuM obpasoM. Ilycrs r—Hary-
paJjbHOe uHcJO. PaccMoTpuM Bce ypaBHeHHS

Gu=0 (I+#0), Gpgo=0, (17)
Fpu=0 (I #1),  Fruy,—38Fp,5.,=0 (18)

npu k<r. HWx uneBble uwactu B coorBercrBuu ¢ (8), (9),
(10), (11), (13), (14) u (15) Gyayr mpu x < r MHOrouJe-
HaAMH OTHOCHTEJIbHO @y,.bxy; MBI NPEANOJOMHM, YTO 3TH
YPaBHEHHSI yxe HMEIOT €JMHCTBEHHOe. PellleHHe. ITO IpeAno-
JIOXKEHHE BBLITIOJIHSIETCS NpH 7 < 5 TpHBHANbLHBIM 00pa3oM B CH-
Jly TOro, 4ro GblIO BBIGPAHO @y =0 (x < 5), by =0 (» < 4),
' TaK Kak g, =0 (k< 10), f,,=0 (k< 6), fq =0 (l =0, —2).
[lpu r=5 by (!+0) u b,, onpenensioTcss OJHO3HAYHO H3
G,=0(l+0)u G,,=0, B TO Bpems Kak ypapHeuus (18)
OIfITh. TPUBHAJBHBIM 00Pa30M OKa3blBAIOTCA CIPABEJIHBBIMU
npu k=4 Bcaepcrsue f,, = 0. Ilycts Temeps r > 5. B cuay
(8), (1) m (13) b, (! 0)u b,, npu k=r onaTb 0JHO3HAUHO
onpefiensitotcss M3 ypasrenu#t (17).. BemencrBue (9), (10),
(13) m (16) a, (I + 1) onHo3znauHo omnpexessilOTCS H3
F.,=0 (ls++ 1), u B coorserctBun--c - (9), (14) u (15)
@, W @,_; TaKXKEe ONHO3HAUHO onpejestoTess H3. F, .5, —
r3,1=0, F._;=0. Takum o6pa3om; 3THM IpHEMOM
JI0Ka3aHo, yro Hallle NPeANoJIOKEHHE CNPaBeJIHBO  AJS
r+1, ec OHO cIpaBe/UMBO JJIs 7, @ NOSTOMY OHO  Clipa-
BEJUIHBO M JJs Bcex r.. M3 ypasuenuit (17) u- (18) npH
k>0, 10 u npu k>6, [ =0 renepsp ciepyer G,, =0,
anpu k>0, 1 u npu k>3, [=1 crenyer F,, =0, B
TO BpeMsl KaK B OCTaJbHBIX CJydasix k <6, [=0 (uju, co-
OTBETCTBeHHO, k <3, [=1), ycnoBua (l2) esmnoansiorcs
TPUBHAJbHEIM 06pa3oM. Tak Kak fri B gy, ObUIH MHOrO-
YJIeHaMH OTHOCHTEJBHO Gy, bn, p'/8 H & C paUMOHAJBHEIMH
YHCJIOBRIMH  KO3((HLIHEHTaMH M . TaK KaK HaxOxkJeHHe
a,, ¥ by, u3 pexyppentHix opmya (17) u (18) Tpebyer
TOJIbKO pellleHHs JIMHEHHBIX YDPaBHEHHH C OJHHMH W TEMH XK€
NOCTOSHHBIME  KO3((HIMEHTAMH B JIEBHIX .4acTAX, TO, CJELO-
BaTeJIbHO, BCe @,; H by, NONy4aioTcs OJHO3HAYHO B BHJE
MHOTOYJICHOB OTHOCHTEJNILHO p'/8 U 8 C panHOHAJILHBIME YHCJIO-
BBHIMH KO3(puIlieHTaMH; B YaCTHOCTH, Bce OHH OyayT Jeil-
CTBHTEJLHBIMH.
JI0Ka3aTeNLCTBO  CXOAUMOCTH AJs. HaWJEHHBHIX  DAJOB
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N0 MepeMeHHBIM X, Y, X, Y, TaK XKe, Kak H JJs pememk‘ﬁ
Xwuana, POBOJUTCS METOJOM Ma>KOPAHT; MBI HE INPHBOJIHM
3leChb 3TO JIOKa3aTebCTBO, TAK KAK OHO He COJEPIKHT KaKHX-
au6o HOBHIX - Ujed. MoxHo nokasate [1], ‘uto paccmoTpen-
Hble psAbl aGCOMIOTHO M PAaBHOMEPHO CXOAATCS B 06JacTH
O0<e< ], 0<o<], 8] <e, |m|<e¢, npuueM ¢ ecTh mOJO-
JKUTeJIbHASi TIOCTOSIHHAsI, He paBHAs HYJIO. g
BHecem Temepb pemenue cucremnl (3) -

E=pett, n=pe~, a=+ ¢t (0<p<o)

B CTelleHHble pPsfbl AJS X, Y, X U Yy, TPHYEM HaM HYKHO
‘6ymeT elle CABMHYTh HAyaJo oOTcyeTa BpeMeHH. Bennuuubl
£ H 7 KOMIVIEKCHO CONPSKEHbl, CJe0BATeNbHO, §, =10y,
U akTHuUeCKH pAAB AN X H Yy KOMILIEKCHO COIpPSIKeHb
C pAjaMy AJsl. X M Yy, TaK KaK KOS(DHIHEHTHl a;, b, Io-
JIYYHIHCh  JledcTBUTeNbHRIME.  TI03TOMYy  COOTBETCTBEHHO
Bb160py 3HaKa a NOJIy4aloTcsl JBa ceMeficTBa pelieHHH NJO-
CKO# 3ajjayd TpexX TeJl, KOTOpbi€é 3aBHCAT OT MNapaMerpa p
O<p<c) ¥ HMEIOT BO BpaUIAIOMUXCS  OCAX neproz

I =2np%. HyxHo NOJYEPKHY Th, 'yTo = 5TH pemeﬂuﬂ

CYWECTBYIOT AJs  NPOH3BOJILHO Bblﬁpauﬂbrx p H 3 H3
uHrepBaioB 0 <p <1, 06K 1, nostoMy He Tpebyercs Hu-
KaKoro OrpaHHYeHHs JJs1 BeTHYuH TpeXx Macc. CliefoBaTebHO,
MOXeT GbiTh. H c.nylx_aﬁ p=2, 8————;—,; KOrja BCe Macchl
PaBHBY,. - : ' : :

B mpepenshoM ciyuae p=0, 8=0. HO.le"-IalOTCﬂ pemeHnﬂ
Xunad, KoTophle ObLIH BBIBEJIEHBI B TpeibifyllleM naparpade,.
rfie pacCMOTPeHHE peKyppeHTHbIX (opMya Anast Ko3(pHueH-
ToB OblI0 GoJiee TIPOCTHIM, NOTOMY 4YTo BMmecTo [ Bxoauao 2/
# OTCYTCTBOBaJa - 0coGeHHOCTb. npH [= + 1. Tlpu 6¢=0
# 0<p< 1 nonysaeM orpaHHYeHHYIO 3ajady Tpex Ted,
B KoTopo# Mmacca JIyHbl paBHa HyJ10. Hns storo cayuas
TIepHOJMYECKOe peuteHHe Obuio HakjeHo Bpayhom [2] mo me-
tony Xunna. TonyuenHoe .HaMu ofmee pemenue Obuio Haii-
fitHO MyJIbTOHOM - IPYTHM - CHOCOOOM, ;a° HMEHHO, C TOMOIULbIO
'MeTOJa MaJjioro napamerpa HyaHKape S'romy METOAY ‘NOCBS-
HieH:-CaeAYIOMUH. -naparpag.::
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§ 19. -Meron madoro napamerpa

B nepsoM naparpade 3Tofi raaBbl pacCMaTpHBAJCS METOJ
" OnpejiesIeHHsl NePHOJMYECKHX pelueHuH cucTeMbl I aMHJIBTOHa
C NOMOWIBIO CTENeHHBIX -PSAAOB. B AByX npeibiymux napa-
rpajax OblIH NOJYYeHbl 3THM METOJOM NEPHOJHYECKHe pelte-
HUs TJIOCKOH 3ajauH Tpex TeJ, KOTOphle HMEIOT 3HauyeHHe
B TeopuH ABMKeHus JIynb. B aToM naparpade Gynrer pac-
CMOTpeH TpeTHH MeToJ onpefeseHHst NepHOAHYECKUX perieHuH
cucreMel fu¢QepeHunanbEbIX ypaBHeHHH. DBoOabluas yacth H3-
JIOXKEHHbIX HHXKe pe3yJ/IbTaTOB HMEeeT MeCTO He TOJBKO INpH
perysisipHoCTH, HO ¥ NpH Gojee cjabbix NpejnoNOKEHUsIX;
BCE )K€ pajH MPOCTOTH MPEANOJIONeHHe O permepHocm
GyneT B JajbHeAlleM COXPaHEHO.

PaccMoTtpuM cucteMy AuddepeHIHAIbHBIX Y paBHEHHH -

Be=fuln ) (k=1 .., m), - (])

KOTOpas 3aBHCHT OT OlIHOI‘O napamerpa a. ITycTb npaBb1e~
yactH f, npu

|x,—E|<r (z=1, ,..',,m),- 2€G 2

AABJIIIOTCS  PEryJiipHbIMH  QYHKUMSMH m + 1 KOMIJIEKCHBIX
JlepeEMeHHbIX X; M o, mpuyeM G ecTb 06,1acTh KOMIJEKCHOH
~-IJIOCKOCTH. Ila.nee. I'IyC'l‘b npn YCI0BHAX (2) BhImosHAIOTCH
HepaBeHcma .

[fo (%, @) | <M (=1, ..., m). _ (3)'
Tpex/ie 4eM TPHMEHSITh METOJ MAJOro NapaMeTpa, HecJe:

AyeM B3aBHCHMOCTb pelleHuil cucrembl (1) or napamerpa [
¥ HayaJbHbIX 3HAYeHHH £, .., 6.

Tlycrs &, . . ., §,,—Kakue-uulyap KOMIIJIEKCHbIE BEJIMUHHEL,
YAOBJI€TBOPSIOLIlAe "YCIOBHAM ‘ ,
| -8 <5 (l=l‘,....,m).' e
Torpa npu | a |
. |t —&l<%, «€G

f,, (x,7a) 6y}1yT peryJsisipHBIMH ¢yuxunﬂmn nepeMeHHbIX X, H as
H.B.3TOH 00jacTH .cnpapefyuBa. ouenka (3). CoraacHo Teo
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t
|

peme cymecrsopanusi Ko (§ 4), cucrema (1) umeer enuH-
cTBeHHoe pemenne x (¢, &, a), ans koroporo x (0, &, a)=E
" x,(t & a) (B=1,...,m) cyTb peryJspHbe aHATUTHYECKHE
$YHKIMHM KOMIJIEKCHOH IepeMeHHOH { B Kpyre

| r
I <smrm="
IMocJieHee CrnpaBeIHBo st JMOGOro sHauenns & u3 o6aacTu (4)

u Jas Juoboro a u3 (. IlokakeMm Temepb, uTO X, (f, §, a)
B o6JacTy : :

[ti<o, |a—&I<5 (=1,...,m) «€G (5)

OyAyT peryJsapHbIMH (YHKUHAMH BCEX M-+2 He3aBHCHMBIX
 KOMIJIEKCHBIX IlepeMeBHbIX £, &, a. 3TO cJejyeT U3 JoKa-
satenncTBa Teopembl Komn, nannoro B § 4. Koaddunuents ay,
pasjoxenuss B pAj X, (f, &, &) 0O cTeneHsiMm { NpH CpaBHEHHH
KO3((HUIHEHTOB OKa3blBAIOTCS MHOTOUJIEHAMH OTHOCHTEJbHO
Ko3(puunentoB ' pasnoxenuss Te#sopa ynkuum f, (x, a)
({=1,...,m) no crenensim x, —&,, ..., x,, — £,,; 3TH nOCJIE]]-
- HHe Ko3(ypuumenTel no gopmyse Tedsopa Gyayr aHaauTHYe-
CKUMH (yHKuHAMH OT £, ..., &, ., a B obnactyu &, —Eh| <

<%(h=],‘...,m), «€G. Tak Kak, c JpYyroi CTOpOHHI,

Ansi pasnioxenudl GyHKUMH X, (£, £, o) 1O cTeneHAM { MOXKHO
yKasaTb Makopupyiomue (yHKIuM, KOI(DODHUHEHTH KOTOPbIX -
33aBHCAT TOJNBKO OT M u 7, TO 3TH psfibl CXOXATCS PaBHO-
MEpHO 1O §;, H o B Kax/OM OTKpbITOM oTpe3ke |f|<p. Cae-
JoBaTeJbHO, X (¢, £, @) mo u3BecTHOH Teopeme Beliepmitpacca
GYAyT peryJsipHbIME TI0 BCEM 1 -+ 2 IepeMeHHBIM B o6JactH (5).
Eciu 3navenns . x, (¢, &, a) npa kakom-smGo { H3 HHTEp-
Basa 0<{< p, HampuMmep 0pu f=p/2, CUHTATH OINSThH
HaYaJIbHHIMH 3HAYEHHSIMH, TO pellleHHe MOXKHO IIPOJIOJIKUTD
aHaJUTHYECKH M 3a Touky ¢=p. IlycTs pemenune x (¢, &, a)
npu 3aKpelienHbx & = £¥*, a = a* npojo/mKeHo, Kak GpyHkuus ¢,
Ha Becb uHTepBant 0 <{ < ¢,. Ecan Torpa Kpuas x (¢, &%, a*)
npu 0< ¢ < ¢, BCA JEKHAT B 00J1ACTH PEryJsipHOCTH [, (X, a),...
-+ +s [ne(X, @), TO, KaK 3TO CJIEyeT M3 TEOpeMBl O NOKPHITHH,
H3 N0CJIeI0BATENbLHOTO [IPHUMEHEHUS BbIICYNIOMSHYTHIX Olepa-
uuil crefyer, 4TO B JOCTATOYHO Majiol okpectocTd U TOUKH
=§&*, a=0* pemenne x (f, &, @) Moxer GbiThb NPOAOJIKEHO
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Ha uHTepBaN 0<f{<#;, U TaM OyJeT OCcTaBaThCsi PEryJisipHOM
¢ynkuueil Bcex nepeMennnlx f, &, a. Ho uem Gosbiue 6yjeT
BbIOpaHO £, TeM MeHblle Gyger BooGlle OKpecTHOCTH U,
B KOTOPOH pEryJsipHOCTb COXPAHHTCSI TNPH AHAJHTHYECKOM
npopomkerud. HyxHO 3amernTh, YTO 3TO paccyXjeHue
MOXKHO NIPOBECTH W /IS TaKHX JH(hepeHIUaNbHbIX YPaBHEHHH

p=fa(t t,a) (k=1,...,m), (6)

B IIpaBbleé YaCTH KOTOPbIX BXOJUT SIBHO He3aBHCHMasl Tepe-
MeHHast f. lIMeHHO, ecJH BBeCTH HOBYIO HEU3BECTHYIO X,
U 3aMenuth cucreMy (6) cucremoi

Yo=1, Xp=Fu(t, %0 0) (k=1,...,m),

TO mpaBble uacTH 3THX M- | pudipepennyanbHBIX ypaBHEHHI
He cofiepxar 6oJsiee mepeMeHHOH f. :

Tak kak x,(t, & a) Gymer mpu O0<{<t, perysspsoil
Gynknued &, B OkpecTHOCTH £ =£*, TO Tam, B YaCTHOCTH,
CYIIECTBYIOT YACTHbIE NPOU3BOJHBIE Xrz, (t, &, ). Buny Toro
4TO JafibHEHIee pacCMOTpeHHe He 3aBHCHT OT a, MO0 Oyjer
IpeJNoJaraThCs, 4YT0O o HMeeT IIOCTOSTHHOE SHAYEHHE, Mbl
He OyjeM nucath ¢ B KayecTBe aprymenta ¢yHguuii. Ecunm
U3BECTHO Telepb peulende x (f, £) ajs cucreMbl (pMKCHPOBaH-
HBIX HayaJ/bHbIX 3Havenwi & (I=1, ..., m), T0 yacTHble IpO-
U3BOJIHBIE Xp: = Xpt, (¢, &%) omnpejesstiorcsi ciepyiouaM o6pa-
30M M3 TaK HasblBaeMbIX ypaBHeHuil B Bapuanusix. Tak Kak
§, ! MOXKHO paccMaTpHBaTh IO OTHOIUEHHIO K X, (£, &) Kak
He3aBHCHMble IepeMeHHble, TO M3 aHdepeHIHabHbIX ypaBHe-
nuit (1) nudbepennupoBanueM mo £, nosyuaem

m

-’Eke, =Y, karxra,,
r=1
fre,=Frs [£ (¢, 89)]  (k=1,...,m; I=1,...,m).
Ecnu BBeCTH MaTpuubl m-ro nopsijka E=(xnz) = (fax), TO
AIsi X mosyuaeTcsl ypaBHEHHE B BapHAlHsX
x=3&, (7)

npnqu- &% ussectHo. Tak Kak x(0,&)=E, 1o npu £=0
X = €. Urak, marpuny X=X (f) MOKHO NOJYUHTb HHTErpu-
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poBanHeM JHHeHHOro Ju¢depeHIHaNLHOrO - ypaBHeHHﬂ )
npu HayaabHoM ycsioud X (0) = €. 310 HuTerpupoBanue MOX-
HO TNPOBECTH NOCJIeJOBATENbHBIMA NIPHOIHKEHHSIMH C HCIIONB30--
BaHHEM MHTETPajbHOTO YpPaBHEHHS '

t
) 0 Lo

JUIsi DEIeHHs] KOTOPOrO MOXKHO HCNIO/b30BAaTh MATPHUHYIO
noc.neuOBaTeanocn ’
t .
%=6 %, —-(&+S{§-I£n_1dt (n=1,2...)%
. : 0
MOXHO TaKiKe HCIOJb30BaTh METOJ ®paBHEHUST KO3(uIlueH-
TOB, KaK 3TO GbUIO CJeNiaHO TNpH JOKa3aTe/ILCTBE | TeOpeMbl
cyuectBoBauus Kouuw.
Hast onpeuenme.rm A=|%| nonyqae'rca
m
A 3]
A == ! xke IX lh; (8)
h,l=1 .
npuueM X, eCTb aare6panyeckoe JONOJHEHHE SJIEMEHTA Xpe,
B-MaTpuue X, T. €. MHHOD 3/eMEHTa Xxz,, B3ATHI CO 3HAKOM
(— 1)*+L. Ecsm BBectH eme MaTpuiy )= (X,,), COCTaBJeHHYIO
u3 asnre6panyecKHX - IONOJHEHHH 3jemMeHTOB X, TO PaBEHCTBO
(8) MOXxHO 3amucarh B BHJE :

A=s(29),
rjie ¢ o603HaYaeT cJej Ma'rpuubl £9). C noMouipto ypaBHe-
HHSA (7) HMeeM

i- =5 (3%Y).
C. zpyroit croponsi, %9 = A€, orxyna
A=bo(F)=be, (9)

rie

7= 28 = 3 Jm
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HX=x (t, &*). IlpuHumMas BO BHHMaHHe, YTO HayaJbHQE 3HA--
yenne A (0) pynkuuu A=213(¢, £*) = A () Beneactue X (0) =€
PaBHO eJlUHHIle, TyTeM HHTErpUpOBAHHsl ypaBHeHHs (9) NONMYUHM:
k.
InA={ odr.
d

Moxno cumrtath, uto cucteMa (1) ectb cucreMma audpepen-:
IMaJIbHBIX ypaBHEHHA ABHXKEHHsl IIOTOKA XKMJKOCTH, IpHYEM
x,(k=1,...,m) CyTb KOOpAMHATHI YAaCTHI[ XKHAKOCTH. Tak
Kak MNpaBble YacTH He COJAepXkaT SIBHO He3aBHCHMOH NepeMeH-
HOM, TO HMEeT MEeCTO ycTaHOBHBLieecsi jABuxenue. Ilpu {=0"
NIOJIOXKEHHE YaCTHIL XKHUJKOCTH Onpejie/isieTcsl KOOpAHHaTaMH §,.
Mo npowecTBrin BpeMenn ! vactuubl nepefixyr u3 & Bx (¢, £),
YyeM YCTaHaBJHMBaeTcs oOToOpaxeHue & Ha X. DyHKIHOHAJb-
Hasi MarpHua 3TOro oroGpaxenust ecth (xpz,) =X (¢, €),

¥ (yHKIHOHAJLHLIA - onipesienHTesb paBeH A. Ecam A toxge-
CTBEHHO paBHO eJMHHLE, MNoJyyaercs oroOpaskeHHe, COXpa-
Hsomee o0nLeM, 4TO COOTBETCTBYET HECHKHMAEMOMY IIOTOKY.
B cootBercTBHHM ¢ ypaBHeHHeM (9) 3TO O3HauaeT, 4ToO '

m R
o= fax,=0. , " (10)
. hmi ) . .
HOasi cucremsl IamuabToHa
ih.-—:E‘Uk’ y‘h=_Exk (kdl,...,n)

HnMeeM

n
o= hzi [(Euk)xk + ( - Exk)’yh] = 0,1
TaK 4To B 3TOM ciayyae paBeHcTBO (10) BhinoausieTcsi.

Meron Masoro napamerpa, npejsioxensnid Ilyankape [1],
BO3HHK U3 caepylowei 3anaun. PaccMoTpum peurenne x (2, §, a)
cuctemsl (1) onAThb B 3aBHCHMOCTH OT § H o H JONYCTHM,
YTO0 NpH o =a* CcHCTEMa HMeeT MNepPHOJUYECKOoe pelleHHe.
[Tycts 3TOMy pelLIeHHIO COOTBETCTBYIOT HayasbHble 3HAYEHHS
t=¢&* Torga x=x(t, t*, a*). [Ipexnosio:kumM mpH 3TOM, HTO
peyp HJET He O paBHOBeCHOM. pellenuH. [lyctb <* > 0 Gyjer
nepuofoM x (¢, &%, a*) no ¢, mpryem 310 Heo0sA3aTeNbHO HaH-
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MEHBIIHA  IOJOXKHTEJbHEIH - [IeDHOA, M NYCTb BCH KpUBast
x(t, &*, a*) gexur npu 0<¢<+t* B 06/aCTH. pery.JsipHOCTH

¢ysknui fy, ..., f, "o x u a. Torga st yTBepXKACHUS
CIpaBe/JIUBbI 111151 BCAKOrO JIeHCTBUTENBLHOrO #, TaK Kak
X (t 4% &% a¥) =x (¢, E¥, a*). (1D

[To Teopeme 0 emMHCTBEHHOCTH pelueHull IuddepeHIHaIb-
HBIX YypaBHeHu# pasenctBo (l11) cmpaBepnuso npu Beex f,
€CJIH OHO BE€PHO XOTs Obl IPH OXHOM 3HAYEHUH, HaIpUMep
npu ¢t =0. [ocraBuM Bompoc, umeer jm cucrema (1) mepuo-
JUYECKHE pelleHHs [/ HECKOJbKO HM3MEHEHHhIX HayaJibHBIX
3HaueHu# &, a.

Bynem HckaTh cHayasa mepHORMYECKHE DEIUEHHs C TeM XkKe
cambiM nepuogoMm <*. Urobbl x (f, &, @) uMes0 mepHOA ¥,
0O TeopeMe €JUHCTBEHHOCTH HeoOXOJMMO M J0CTATOYHO, UTOOHI
x(v*, & a)=x(0, & a)=§. Ecan nonoxuthb

ex (& “)=x_k(‘*,5.d)—5m (12

TO, CJEJOBATE/LHO, HYXKHO YAOBJETBOPHTH i AHANMTHUECKHM
ypaBHEHHSIM '

op(§,0)=0 (k=1,...,m). (13)

910 GyJeT CHCTeMa HefBHBIX YpPaBHEHHi, KOTOpbIE YJOBJe-
TBOPAIOTCA NpH §=£&*, a =a* B CHIy NEPHOJMYHOCTH HCXOJ-
Horo pewenus. CienoBaTesbHO, €CJH (DYHKIHOHAJIBHBIH ompe-
Ae.nme.nb | pn:, | mopsiaka m oryMyeH or Hyns npH £ =E§¥,
o =a*, TO MOXHO HafiTH pellenre cHcTeMb! (13) B6H3H @ = ¥,
H N0 H3BECTHOH TeopeMe CYLIECTBOBAHHS JJisl HESIBHBIX (byﬂx-
nuit m pasHocreil &, — £} mosnyyalorcst B Bujie CTENEHHBIX PSIIOB
noa — a*, NpHYeM 3TH PSJIbl He COAEPIKAT NOCTOSIHHBIX YJIEHOB.
Ho storo asiech Kak pas M He MOXeT ObiTh, TaK KaK MMEHHO
onpefieNuTeNb |y | 00si3aTeNbHO paBeH Hymo. dTy TPYA-

HOCTb, OJIHAKO, MOXKHO OGOHTH HeGO/NBbHINM BHAOU3MEHEHHEM
paccyxjenns. HecaepyeM, noueMy onpefesuTe]b JOKEH
obpamiatbcsi B Hyab. IlycTh a=a*. Eciu onfiTh NOMOXKHTbL
&= [xn:, (¢, §)] u BBectn marpuuy € (¢, §) =% — G, o0 B cuy
pasencrsa (12) umeeM 118 (YHKIHOHAJNBHOH MaTpHIbL

llonz | = € (=*, £*) = €. (14)

C npyroit cropomnl, ‘ecsi & Oyner KakoH-HHOYAb TOUKOM
Ha TpaekTopuH X (¢, £*¥), TO mpu cooTBeTCTBYyIOmEM BhiGOpE 1’
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MOKHO TNOJIOXXHTb, 4YTO
E=x(t', &%), (15)

T. e. BesmuuHa & GyneT Q)yHKuneﬁ t’. Tak Kak mnpaBele 4a-

CTH nnq)q)epeﬂuuanbﬂblx ypaBHenml (1) sBHO He 3aBHCAT OT
t, T0

x(E+1, E*)=x(t,£). (16)

Huddepennupya paeencrso (16) no ¢', B cooTBeTCTBHH C (1)
" (15) NOJIYYHM YpaBHEHHS

fu L2 (2, E)]—Z xrz, (2, E)fl(E) (k=1,...,m),
CJIe[OBATEJIbHO,
F)=2%f@€), Fx)—FE)=C( &),
rae f(x)— BexkTOp, HMelOUMHA cocTaBasOmHe fy (x), . .., [ (%),

¥ r[€ HYXHO NOJOXKHTb X=X (¢,§). Toraa, B wactHocTH,
npu E=£% {=<* Gynem wumerb f(x)=/f(), u nosromy

Cf=0, f=F(@. (17)

Tak xak paccmaTpuBaeMoe nepHOAMYecKoe pellieHue x (f,E£¥)
He $§BJsieTCsl paBHOBecHBIM, TO [ (&%) Be Oyler HyJieBbIM
BEeKTOPOM; cJiefioBatelibHo, | € |=0. ITostoMy ocHoBHasi mpu-
yyHa ofpailenus onpefeautenss € B HyJb COCTOHT B TOM,
YTO IIPH NPOU3BOJILHOM CJIBHIe HauaJbHbIX 3HaueHuH & Ha Tpaek-
TOpHH X (t, E¥) moJyuaercss oOHsiTH nepHoJInYecKoe pelrenue,
a MMEHHO, Ta Xe camasi TpPaeKTOpHs, /s KOTOpOH TOJbKO ¢
YBEJIMUCHO Ha MOCTOSIHHYIO £'. DTOro MOKHO H30eXaTb, €CJIH
BapbHpOBAaTh HayajbHble 3HayeHusl & TOJbKO B (m— 1)-mep- -
HOH IJOCKOCTH, KOTOpasi He Kacaercss HHTerpajbHOH KDHBOH
B HavasbHOH Touke &*. Meul yxke Bujenu, uto f(E*) He ecTb
HYJIEBOH BEeKTOp, MOITOMY MOXHO BhHIGpaTh OGO3HAaUeHHS TaK,
uroGbl mocsieusisl cocTaBasiomast fp, (§%) + 0. Torpa *B coor-
BeTCTBHH ¢ cucreMoll (1) x,, = & u GyneT Takol NJOCKOCTBIO.
CniefoBaTeIbHO, MOXKHO no.nox{mb &n=4&n H BapbHpPOBATH
TOJIbKO M — 1 HayaJpHBIX 3HaYeHHH §1p+ier€py. Ho 1ax
KaK JIOJUKHBl OBITH YAOBJETBOPeHBl m ypaBHeHuil (13), Mbl
6yneM Tenepb NpeAnoJiaraTh MepHOj HCKOMOTrO NepPHOAUYECKOro
pelleHHs © TaK)Ke BEJHUHHOH IepeMeHHOH.
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Ecan nosoxute Tenepb

Pr (<, & “)‘_;xh (<, Er:h)"—sh’ (18)
OT m ypaBHeHHH : ' ‘
‘ or(r, §,a)=0 (k=1,...,m) (19)

JOJRKHBI OBITb YJIOBJIETBODEHB! NpPH JOMNOQJHHTEJbHOM YCJOBHH
En = & Onu ¥MeoT OYeBHAHOE pelueHHe t=r1% §=2§%,
« =a*. ByneM paccmarpusath &;,...,&,., H T B ypaBHe-
-Husix (19) xak HemsBecTHHIe, a & KaK HE3aBHCHMYIO NepeMeH-
HYIO, H Hal/leM COOTBETCTBYIOLLYIO (PyHKIIHOHAJIbHYIO MaTpHLy B
nopsi/ika -m, Kotopasi nonyyaercsi u3 € 3ameHoil crosbua :
' cooTBeTCTBYMOWEro &, CTONOLOM ¢ = @+ (t*, &%, a*). Teneps,
B COOTBETCTBHMM ¢ cucTeMo#t (1) u cooTHowenunem (18),

Ce=x(%, & @) =f[x(s, & d),a],
CJieOBaTEJIbHO, B TOUKe t=t*, §=£* a=a*

o= (¥ a*)=T,

B=(pz--- 95,0 (20)
rje nepebie m—1 cTonGLOB CyTH
9t =9z, (¢%, £, o¥) (k=1 ..., m—1]).

Ecau onpepesurens || oTaHYEH OT-HYJS, TO CHCTEMY YpaB-
nenndi (19) Moxuo mpH &, =Ef, pa3peliTb B OKPeCTHOCTH
a=a* OTHOCHTENbHO ©, &, ..., £,y U MOJYYHTH ANt pas-
Hocredt: t—t*, £, —EF, ..., §,_y—Em—1 CTENeHHbIE PsfBI [O
a—a*, He cojepxkailue NOCTOSHHBIX uieHoB. CrefoBaTelibHO,
Torja AJsl BCeX 3HauYeHMil napamerpa « B JOCTaTOYHOH Oay-
30CcTH OT &* MOXHO onpeJie/iMTh TaKHe HayaJbHble 3HAYEHHA
&5 -« s Epmys & =E&m H TaKOH NEPHOA T, YTO COOTBETCTBYIO-
lee WM HauaJbHBIM 3HaYeHHsM pellenue Oyier nepHoaH-
yeckHM ¢ nepuofoM t. UToGbl BBIYHCJHTD MaTpuly B, HYK-
HO B COOTBEICTBHH C paBeHCTBOM (14) npouHTErpHpOBATH.
TONbKO CHCTeMy JHHefiHHIX ypasHewudi B BapHauusx (7),
npuueM X =x(f, §*, a*) caenyer B3ATL B KayecTBe H3BECT-
HOTO HMCXOJHOrO MEPHOXHYECKOro pelleHHsi C HayaJbHbIMH
3HayeHUsIMH & = £*, a=a*. MOXHO MOCTPOHMTHL MPOCThHIE MpH-
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Meph!, II0Ka3blBalollde, YTO ompejesurtesb |B| B oTIHUHE OT
onpefiesutens | €| He Bcerja paseH HYJIO.

Tlyankape pacnpocTpaHHA CBOH MeTOX H Ha oOmui cay-
yail, Korja DnpaBble YacTH Au(pepeHUMAJLHBIX YpaBHEHHH
3aBHCAT $IBHO OT f; IIPH 5TOM NpaBHle YacTH NOJKHHI ObiThb,
OfiHaKo, mnepuojuueckuMu ¢yHkuusamu ¢. IIpepmonaraercs,
YTO CYLIECTBYeT INepHOJHYEecKoe pelleHHe C TeM Ke CaMbIM
NIePHOJIOM; JIeTKO TOKa3aTh Ha IIpHMepax, YTO aHAJOrHYHO
NOACUNTHIBAEMBIHl ONpejiesTe]b 1O KpalfiHel Mepe He Bcerpa
paBeH HyJmo. [Jociensee mpaBionofo6HO, Tak Kak AJs 000-
CHOBaHUS PaBeHCTBA HYJIO ONpefie/idTe sl CYHeCTBEHHYIO POJIb
y Hac Wrpaja CTallMOHAapHOCTb NOTOKAa. Mbl me OyzeM GoJb-
mie 3/leCb H jajiee yray6nsitbesd B BaXKHble W HHTepecHble
BOMNPOCH!, CBfi3aHHble ¢ Teopuelt AudpepeHNHANbHEIX YypaBHE-
Huli ¢ nepuopmueckumd Koa¢puineHTamu. Béapuryio uwactb
U3BECTHBIX METOJIOB U PE€3yJLTAaTOB STOH TEODHH MOXKHO HC-
TOJIKOBAaTh C HOMOIIBIO PAaCCMOTPEHHBIX HaMH CTalHOHAPHBIX
NOTOKOB; KpOMe TOro, INpH HavajbHOM pAacCMOTPEHHH He
pelileHHoll eime 3ajayH cJeAyeT OTDAHHUYUBATLCH pPasboOpoM
NPOCTHIX HETPHBUAJBHBIX CJyuaeB.

M nokaxkeM Tenephb, UTO MOXHO HalTH nepuHojHYecKoe
penmieHHe A8 3HAYeHWs o, OMHBKOro K «*, ¢ TeM ke CaMbiM
NepHOZOM © = ¥, KaK ¥ B HCXORHOM DEWIeHHH, €CJIH H3BeCTeH
He 3aBHCAIMA oT [ uHTerpax ¢(x, «), Koropnill npu x=_~E¥,
a = a* He ABAseTCs CTanHoHApHHIM. IIpu 3TOM npeanoyioXuM,
yTo HHTerpas ¢(x, a) OyfeT aHAJNTHYECKHM OTHOCHTEJHHO
X, & B OKPECTHOCTH HCXONHOrO IEpHOAMYECKOTO pellleHns
x(t, £*, o*) u 3HaueHus a*. SIBAASICL MHTErpajioM CHCTEMbI

(1), $=19(x, «) yHOBAETBOpSET ypaBHEHHIO B YaCTHBHIX TpO-
H3BOJHBIX

m
h§1 “kafk (x’ d)=0
TOMK/IECTBEHHO M0 X M a. EC/M BBECTH Teneps BEKTOD-CTPOKY
Y. ¢ coctaBasiowuMa Px, (8%, a*), 10, B yacTHOCTH,
. f=0. 21)

Mzl npeARnOJIOXHMIM, HYTO ¢ He SBJSETCH CTALHOHAPHBIM
npH X ==t*, a=a* nosromy ¢, He sABJAETCH HYJEBLIM BeK-
tTopoM. Tak Kak, ¢ gpyrofi cTopoHH, f, (&¥, a*) #= 0, To He
12 3axes e 1082
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BCe BeJMUHHH s, (8%, a*) npu k=1, ..., m—1 paBuul Hyo.
BriGepem Tenepb 06O3HAaueHHsI TaKuM 06GpasoM, 4TOGHI
s, , (§%,2*) # 0. Tax Kak HHTerpan $(x, a) mMeer nocro-
SIHHOE 3HAYeHWe Ha KaXJOH TPaeKTOpHH, TO PaBEHCTBO

lx(, & @), al =0 (&, ) (22)
yIOBJETBOpsieTCs: TOXaecTBeHHO no ¢, &, «. Orciona, nudde-
peHnupyst no §;, mosyduMm .

’2‘ Yy (%, @) Xnz, = b€, @) (=1, ...,m)

Ha Kaxjo# TpaekTopuH X=X (t, §, ). Ecam 3lech NONOXHTH
=t* t=t* oa=a* T €. eum x==£§% TO B BeKTOpHOM
¢dopMe nONYUYHM '

bR (>, BY—¢,=9,€=0. (23)

Us ypapuennit (14), (20), (21) n (23) npexae Bcero cie-
ayer 9,8 =0, Tak yTO B Clyyae CylleCTBOBaHHS HECTAllHOHAP-
HOrO MHTErpasia onpejlesutesb |B| paBeH HyJo, H NO3TOMY
HeJb3si NPAMO DPHMEHHTb METOJ, Pa3BHTHIH Bhillie. Y CJOBHs
TOro, 4ro x (¢, & a) GyAeT NepHOJMYECKHM pelHeHHeM C Ile-
puosiom <*, naloress m ypasHenusimu (13). IlosoxuM onstb
£, =&m, H TOrja HyXHO ONpPEAeNHTh elle m—| HeH3BECTHhIX
E1s ovvs Em_y» YAOBJIETBOPSIOUIHX 3THM m ypaBHeHHUAM. Pas-
pemiEM npexjie Bcero m—1 ypaBHeHHH . :

o @)=0 (ktm—1) (24)

H- BEIpasuM E};—E;".(l= 1, ..., m—1) B Bufie CTENeHHHX Dd-
JOB N0 o.—a*, He COofiepKailluX NOCTOSIHHBIX YJIEHOB, TNPHYEM
NPe/INOJIOKEM, YTO COOTBETCTBYIOIMA (DyHKIHOHAJLHEIA Ompe-
JeauTesb He paBeH Hymo npu & =E*, a=a* CooTBETCTBYIO-.
mas ¢yHKUHOHANbHAas Marpuua m—1 mopsaaxa U nosyvaercs
u3 € BbiuepKMBaHHEM IOCJe/Hero cTojbla M Npeanoc/efHed
- crpoku. Toraa npu |%| == 0 B OKPeCTHOCTH a = a* ypaBHEHUs
" (24) ynomnerBopsioTcsi. OcTaercs NoOKasaTh, YTO BCJEJCTBHE
CYIIeCTBOBaHMsI MHTerpana ¢(x, o) BHINOJHSETCS TaKke H
nocJie/inee ypaBHenue @, ; (£, a)=0. Ecan o6pasoath ¢ Haii-
JEHHHIMH HauaJ>HbIME 3HAUEHHSAMH £y, ..., £,y H &y = E&n pe-
menre x=x (¢, £, a), TO Ha 3TOH TPaEKTOPHH YAOBJIETBOPsET-
ca ypaBrenne (22). [lonoxum snecw, B YacTHOCTH, {=7* M
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NpHMEHHUM TEOPEMY O CpejlHeM 3HaYeHHH M3 Au(depeHIHab-
HOTO HCYHCJEHHS K QYHKHMH ¢(Xx, a) H NepeMeHHOH X, ;.
Toraa, npuHMMasi BO BHHMaHHe ypaBHeHus (24), moJNy4HM

0=¢[x(x* &, a), al—9(t @) =tup (&, @) s (&, @),

rae x,=t, (k+ m—1), B X, JEXHT MeX1y .1 H
X1 (v*, &, @). BeaencTeue toro uro ¢y, (8%, a*) # 0, Gyzem
TaKke HMeTh {x (X, )+ 0, eciu TOJIbKO o JOCTATOUHO

O/H3KO K a*; OTCIOfa H NOJYYHTCS HyXKHOe HaM ypaBHEHHE
P (§, @) =0. DTUM caMbIM JJOKa3aHO CYIECTBOBAHHUE NEPHO-
JMYECKHX pelleHHH C nepHofioM t* B OKPECTHOCTH a* B mpex-
nosioxenut, uro | % |+ 0. '

Bynem cumrath Temepb ¢ mapaMeTpoM M NOJIOXKHM o = a¥.
Ecmi m—1 ycaoBuli nepuojnunocTH

(v & @) =xp(s, & a*)—8=0 (k#m—1) (25)

BBINOJHEHBl, TO TaK »Ke, KaK W Bblllle, BHIIOJHAETCH OCTAIO-.
ieecs ycJoBHe @, ,(t, &, a*)=0. B kavecTBe QyHKIHOHANB-.
HOTO onpefie/uTeNss Adsd < =-+*, E=£%, OueBHAHO, MOJYyYHM
onare | % [. ‘Cnenosarennbro, B npeanosoxennu | A | = 0 cyue-
CTBYIOT TaKiKe IlepHOJHYeCKHe pelieHusi C (PHKCHPOBAHHBIM
napamMerpoM a* H ¢ JIOObIM 3a/laHHEIM EPUOJOM <, HOCTATOUHO
6/M3KEM K t*, HavaJbHble SHaYeHHs! 3TOTrO PEIIEHHS MOXKHO
pasnoxuth no creneHaM t—s¥. Jlasg HekorophIx HccJesioBa-
HUH BHIFO{HO BBECTH BMECTO © 3HaueHHe HHTErpasa ¢ (¥, a)=1y
Ha pacCMaTpPHBaeMOH 3aMKHYTOH TPaeKTOPHH KaK HOBYIO Iiepe-
meHnyo. Ilyctb ¥ = y* 1ag Hcxonuoro pemenus x = x (£, £*, a*).
Torpa x m~—1 ypaBHenusiM (25) npuGasasiercs eie caelyio-
uee: ,

(&, a*)—y=0. (26)
Ito GyRyT m ypaBHeRu#l ¢ m HeH3BeCTHHIMH &, ..., £, 1, 7.
DyHKLHOHAJbHASS MAaTpHIA 3TOH cHCTeMH mpu £ =E*, ©=<*
nojsyyaercsi u3 MaTtpuunl (m -+ 1)-ro nopsizka
€ 7
¢ 0

BblYepDKHBaHHEM m-ro crosnbua u (m— 1)-i cTpoku. Bceaeacr-
Bue ycjosuit (17), (21) u (23) (m—1)-1 cTpoka B D He 3a-

12+

D= (27)
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BHCHT OT OCTaJbHBIX; TO K€ CaMOe HMeeT MEeCTO JJsi m-ro
croa6ua. CrejioBaTesibHO, Haul ONpejiesMTeNb 00SI3aTeNbHO
OT/IHUEH OT HyJsi, ecji Matpuna D umeer paur m. Ilpu sToMm
IpeiNOJIOKEHUH BhIIIETIPHBEICHHYIO CHCTEMY yPaBHEHHH MOXKHO
paspellluTh B OKPECTHOCTH Y= Y* pasjoXkeHHeM B DPsifibl pas-
nocreil £, —&f (=1, ..., m— 1) 1 t—<* no crenensm y—y*.
BrinonHenue ycJoBHst ¢, ;(t, &, a*)=0 K nepHOAMYHOCTH
0GyCJIOBJIEHbl CyIECTBOBAHHEM MHTErpasa.

Haxonen, ecnd a Gyaer nepemenHod, a y=1{* ¢uKcupo-
BaHO, NpH TeX Ke MNpPEJTOJIOKEHHsX NOJyyaeM CyulecTBOBa-
‘HHe COOTBETCTBYIOIMUX pasnoxenud no crenensm o — a*. Torja,
CJIefl0BaTeNbHO, [JS KaXaoro ¢ BOAu3M o¥ CyHIeCTBYyeT B OK-
PECTHOCTH HCXOJHOTO peHleHHsl ITepPHOJHYECKOe pelleHHe ¢
ONHHM ¥ TeM e 3HAueHHeM NOCTOSHHON uHTerpaia y=y*.

Jlns1 nefCTBUTEJILHOTO ONpE/IE/IeHHS TeX Pa3JoXeHH# B cTe-
TNeHHble PSABl, O KOTOPBIX IIVIa peyb, HeoGXOAUMO, pasyMeercs,
3HaTh mMoaHoe pemenue x (£, &) B okpectHocTH £=~E*, {=1%
B TO BpeMs.KaK A5 TOr0, 4TOOb! MPOBEPHUTH, OTJIHYEH JIA COOT-
BeTCTBYIOUMH (DYyHKIHOHAJNLEBIA OmpejenuTe/b OT Hyls, Tpe-
6yeTcsi TOAbKO HHTErpUpOBaHHe JHHefiHo# cucremul (7) c uc-
HOJIB30BAHUEM YK€ H3BECTHOTO HCXOJHOIO IepPHOJMYECKOro
pelleHHs.

Ecru Gygzer u3BecTHO Gosbluee YHCJO HHTErpaios, He 3a-
BHCSIMX OT f, TO METOX MOKHO COOTBETCTBYIOUEM 0GpPasoM
H3MEHHTb, HO He OYeHb CHJBLHO. ,

[NpumeHHM Temepb METOJ MaJOro HapaMerpa K OrpaHHYeH-
HOll 3ajaue Tpex Ted. Ilyctb Toukm P,, P,, P; HMEIOT Macchl
my=p, My=1—p, my=0, rae 0 <p<1 u nycs P, P,
BpamAlOTCA € YIVIOBOH CKOPOCTBIO, PAaBHOH e/IHHHIE, BOKPYr
ofmero neHTpa HHepuuu. Bpegem, kak B § 17, Bpamaio-
IIYIOCS CHCTEMY KOOPJIMHAT, OTHOCHTEJbHO KOoTOpoH Py, P, u
Pg 6ynyt umeTb KoopmunaTel (Il —p, 0), (—p, 0) ¥ (%, y).
Ec/i NMONOXKUTB X, =X, Xy=1Y, X3=X H X,=}Yy, TO CACTeMa
(17; 3) mact ciepytomuye ypaBHEHRS ABHMKCHHS TOUKH P,

X=Xy Xg=4y, Xg=2gt x4+ Fe, Xy= — 205+ Xy+Fa,
(28)

rjae

F=(1=p)[(x,+ )2+ 23] /24 [0 Fp— D] (29)
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dra cucreMa uMeeT Ty Xe opMy, uyTo H cucrema (l), ¢ na-
pamerpoM a=pHu ¢ m=4. [Ipu p=0 macca Toukn P, oGpa-
aeTcsl B HyJb H (POPMYJIH

X =1C, Xg=1S, Xz= —I0S, X,=Troc, (30)
¢ = cos (wf), s=sin(wt)

JAIOT TOrjJa NpH JeficTBHTE bHOM MOCTOAHHOH ® # 0 nepHoau-
yeckoe pemgeHue, ecau r®(m-+1)2=1. Ilepuopg sroro peie-
HES ©¥ = 2% | w |7, D10 pellenue BoiOepeM 3a HCXOJHOE, MOJA-
rag o*=0. [Ipu 3TOM NIpEANONOKHM, YTO r 5 l; B MpOTHB-
HOM cJrydyae Toyka P, lo/KHa Oblia 6bl NPOHTH Yepes MecTo pac-
nosoxeHus (1, 0) Toukn P,, a 370 HEBO3MOXKHO, T. K. TOUKA X; =
1 —p, x4 =0 6yzer ocoGoit Toukol cucteMbl (28) npu p 0, u
3Ta TouKa cTpemutcst K P, npn p—> 0. TouHo Tak ke cienyer
HpefNoNOKUTh, UTO @ = — 2, — |, 0. Ham Hano ycraHoBHTE,
CYILIECTBYIOT JIi TNEPHOJMYECKHe pelueHusi cucteMbl (28) npu
JOCTATOYHO MasbiX IOJOXKHTEJbHBIX 3HAUEHHAX p.

Ecmt uepes f,(x, p)(k=1, ..., 4) obosHaynth mpaBbie
yacTy cucTeMsl (28) i uepes £} 0603HAYHTDL HAYaJIbHBIE 3HAUEHHS
tf=r, 8=£3=0, tf=ro wucxomuoro pemenus npu (=0,
10 f3 (%, 0) = — ro? + 0. CnenoBarenbro, BMecTO f, # 0 Gy-
neM uMeTh fg = 0. las npumeHeHust MeTo/ia MaJoOro napamerpa
HeoGXOJMMO HalTH pelllenue ypaBHenuidl B Bapuanusax (7). B
HalleM cJydyae OHH HHTErpHPYIOTCS B dJleMEeHTapHbIX (PYHKUHAX,
npuyeM AJs HMHTErDHPOBAHHSI HYXHO cJie]aTh IOJICTAHOBKY

Yshoa = Xap 1€+ XopS, Yo = — Xgp 1S+ ¥guC (B = 1, 2).

O6pasyem tenepb Mmarpuuy & =X — €, u orcioga B coor-
BeTCTBHH ¢ paBeHcTBoM (20) marpruy B, HO npu 3TOM 3ame-
HEM Ha f TpeTHii cTon6ey Matpuubl € BMecTo nocsexsero cToJG-
na. Briancaenne nokaseiBaer, uyto | B | = 0, nostomy nepsoiil Me-
TOJ NPHMEHSTh Hesb3s. [IpHYHHA 3TOMY — CyIIeCTBOBaHHE AJist
OrpaHMueHHOH 3ajayd TpeX TeJ TaK Ha3blBaeMOro MHTErpaja
Akobu -

§ (5 )= (Btx— 2 —x)~F. (31)

Janee, b, (*, 0)=ro #0, TakuM 00pasoM Mol BMECTO
x,p_, 7 0 HMeeM ¢, + 0. Ecom 0GpasoBath KBaApaTHYIO MaTpu-
Iy TPETHEro Nopsijika U BbluePKHBAHHEM TPETHErO CTOJIOA H YeT"
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Beproii cTpokn Marpuunl €, TO BhuHCNEHMe JiaeT
|9 | = 24w sin® =

Yro6sl 9TOT onpefieuTenb He Obll paBeH HYJIO, HYXHO IO-
TpeGoBath, KpoMe ® 7%= —2, —1, 0, TaKkXKe BHINOJHEHHS
YCJIOBHS ’ '

o£g' (g=+£1, £2,...). (32)

Ilnsxvpannyca r HCXOJHOI'O pelIeHHs] COOTBETCTBEHHO II0Jy4a-

forcst sHauenuss (g714-1)™"/® ¢ Toukoit Haxkomsenus 1, KoTo-
past HcKJoyaeTcs W3 paccmorpenusi. ClieloBaTesIbHO, NPH 3TH
NPEANOJIOKEHHAX /ISl JOCTATOYHO MAaJbiX IOJIOXKHTEeNbHBIX )&
CyLIeCTBYIOT MepHOJUUeCKHe pellleHHs cHcTeMul (28) ¢ mepHo-
oM t=1*=2x |o | '
Hanee, nyctb p=p* GyleT JAOCTATOYHO MaJbIM MOJOXKH-
TeJIbHBIM YHCJIOM, JIJIsI KOTOPOrO HMeeTCsl IePHOJIHYECKoe pelile-
nue cucreMnl (28) c nepuogoM t=1*=2n|w|? u mycre y*
€CTh COOTBETCTBYIOLIEE 3HAYEHHE [I0CTOSTHHOA HHTerpana SIkoOu
(31). Tlokaxem, ucnoms3ys Merop Ilyankape, uro s Kax-
JOr0 JOCTAaTO4YHO Oau3koro K y* 3Hauenms y OyAyT CyLmecT-
BOBaTb NEPHOHYECKHE pELIeHHsi C NepPHOJOM, ONH3KHM K ©*.
Jlnsi 3T0T0 HCcAeflyeM Temepb DaHr KBajipaTHOH MaTpHIbI
maroro mopsaka ¥, onpefenenHodl pasenctBoM (27). Ecau
BHIYEPKHYTh B D TpeTuil cTos0ell U YETBEPTYIO CTPOKY, TO
cooTBeTcTBylomuii MuHOp npu E=§%, t=1% p=0 nmeer

N . 119 .
snauenne 4rlo®sin® —, KoToOpoe He PaBHO HYJO, €CJH BbIION-

nsiercst ycnosue (32). Ecim Temepb npH (PMKCHPOBAHHOM ®
BHIOPATh MOJIOKHTENbHOE YHCJO p* JOCTATOYHO MaJbiM, TO
panr Marpuns ® nmpu p=p* Ha paccMaTpUBaeMOM IEDHOJH»
yecKoM pellieHnH paBeH 4. ClieloBaTeJbHO, ISt KaXJOro Ta-
KOTO 3HaueHHs p* CyllecTByeT CeMeHACTBO NEPHOJWYECKHUX pe-
IIeHHH, saBHCsliee OT Y; MEPHOA T . 3THX peliieHuil Moxer
6hITh pasNoKeH B OKDECTHOCTH Y* mo cremensM y—1*, H
npu Y = y* OH uMeeT HCXOHOe 3Hauenue <*. TakuM 06pa3oM, uc-
x0ns U3 p= 0 ¥ KPYroBOro pellleHHs C NeprofioM t* = 2w o™t
(0 0, —2, g™!), HaM yjaeTcsl HalTH NpPH MaJbiX NOJOXH-
TeJBHBIX p CHAuaja TePHOJMYECKHe pellleHHs cHCTeMsi (28)
C TeM 3Ke CaMbiM IEpPHOJIOM H 3aTeM nocje (PHKCHPOBAHHA
yzaercs HaliTH ceMefiCTBO NEPHOAWYECKHX peLleHHH, 3aBHCSH-



$ 19. Memod manozo napamempa 183

IHX OT napameTpa y, IpUYeM NEepHOJ] STHX pellleHn#l <, BooGuie
rosopsi, He paBeH t*. _ ‘

MeToJ MaJjioro .napamerpa. jaer NepHOAMYECKHE peLIeHHs
TOJIBKO JI/Ifl OCTATOYHO MaJoif OKpecTHOCTH 3Hauenud y. M-
TepeCHO OblI0 Obl H3Y4YHTb IOBEJeHHEe DeleHHH NPH aHAJH-
THYECKOM INPOJOJIKeHHH MO Y. PaccMOTpHM .ToJbKO Ciaydai
cucteMnl T aMu/IbTOHA

Jéh'—"EVh’ !}h:"Exh (k=1, ..., n), (33)

Aas KoTopoit m=2n; rtorga ¢ =E (x, y) Oyner HHTerpajom
3TO# CHCTeMBl. B 4acTHOCTH, MpH n=2 H Yy, = X3 —X,, Y3 =
= X, + x, nonyyaercsi cucreMa (28), ans Koropoi ¢ ompene-
nsiercs BeipaxkenueM (31). ITyctb Tenepp G ecTb o6nacthb Jefi-
CTBHTEJILHOrQ NpocTpaHcTBa (X, y), B Koropo# ¢ynknus Ia-
mMuabToHa E peryjsippa M He HMeeT -CTallHOHapHbIX TOYeK.
Byaem HcXopuTh K3 nepHOAMYecKoro peinenHs C, Jexatiero
B G, KOTOPOoE K TOMy e He siBIsgeTcs paBHOBecHbM. Ha
3TOM peutenun HHTerpan ¢ =E Takxke He OyjeT HHTJe CTa-
uuonapusiM. [TycTb paHr COOTBETCTBYIOUeH MaTpuubl D, ompe-
Jenennoit paseHcTBoM (27), ectb m. Ecam o6osHaunth depes
y* sHaueHHe mnapameTrpa E =7 Juifl 3aJlaHHOrO peLIEHHs, TO
METOJl MaJioro napameTpa JaeT CeMeHCTBO MEPHOJUYECKHX pe-
wenufi Cy, 3aBHCsiee OT NapameTpa Yy, HayajbHble 3HAYEHHS
KOTOPHIX X=2£§, 'y =" W NepHOJ T MOXKHO Pa3JIOXHTb MO CTe-
neusiM Y —y* B okpecrHocTd 1*. Ilpu stoM Cye GyJieT HCXOA-
HOH KpHBO# ceMeficTBa C M JiIsl IOCTaTOYHO MaJbiX mo a6co-
JIOTHOH BeJHuuHe y—7Y* KpuBasf Cy JexuT ueaukoM B G.
[TopropHO 'mpHMeHsis MeTOJi MaJOTrO napameTpa, NPOAOJIKHM
aHAJIATHYECKH 3TO pellleHWe BIOJb JeACTBHTENIBHOA OCH 7.
[Ipu 3TOM npeanosoxum, 4T0 Bce pellleHHs Cy NPOJOIIKEHH
Ha Becb HHTepBaa Y* <Y<Y, ¥ Bce onH JexaT B G. Hccie-
AyeMm nosejienue Cy IPH {—> Y,. Ecanm 1jg KaXJoH 3aMKHY-
Tofl orpaHMuenHoil- mogoGsactH f -obiactm G cymecTByer
gucno e > 0, Takoe, YTO NPH YCJOBHH Y,—e < Y < Y, HHKa-
Kasg Cy yXe He JIeXKHT LeJukoM B H, 70 Mbl Oyjaem roso-
purs, uro Cy nokupaer ‘G mpu y—> Y,. Ilycth paccmarp--
Baercsi He 3rtor cayuail. Torja mo TeopeMe O HAaKOIVIEHHH
MOXHO HaHTH Takoe H H TaKylo NOCJEN0BaTEIbHOCTh Y ~> Yo,
uro Bce Cy GYLYT LEJHKOM JiexXaTb B fI M COOTBETCTBYIOIIHE
HavyaJbHele 3HaueHus &, n OYAyT CXOAMTbCA K Touke &, 7,
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obnacty H. Ilpu 3ToM BO3MOXKeH ciyuail, KOrfia ajst KamaoH -
TaKOH IIOCJIE/I0BATEJbHOCTH TEPHOA T = Ty, COOTBETCTBYIOMHUN
KpuBOH Cy, CTPEMUTCH K ©0. IJTOT Cayyall MbI TaKKe HCKJIO-
yaeM u3 paccMoTpenusi. Torjia MoxkHO HaliTH Takylo nojnocJe-
JOBATEILHOCTD, JJIsi KOTOPOH Ty CTPeMATCS K KOHEUHOMY Ipe-
JeNILHOMY 3HAYEHHIO Ty, Beanunna t,, He MoxerT GuiTh HyJEM,
TaK KaK B NPOTHBHOM CJlyyae BCJIEJCTBHE HeNpephiBHOR 3a-
BHCHMOCTH pellleHH# OT HayaJbHbIX JAaHHBIX TOuKa &,, 71, COOT- -
BETCTBOBAaJ1a Obl PABHOBECHOMY DellleHHIO CHCTeMSI (33), B TO Bpe-
Ml Kak OblJIo NIPEATIOJIOKEHO, YTO U3 06jactd G MCKJIOYeHsl CTa-
1HOHApHbie TOUKHM HHTerpasia E. Toria BesejcTBue Tex ke
CaMbIX TEOPEM HENPEPLIBHOCTH pewenusi C., IpUHA /e alIYe Ha~
3BAHHOMH TIOCJIEOBATENLHOCTH, CTPEMSATCS K PELICHHIO Cy, ¢ Ha-
YaJbHBIMH 3HAYEHHAMH §&,, M, H NIePHOOM Ty, H 3T0 peile-

HHe, BO BCSKOM cJyuae, JiexXuT B H, a cnepoBaressno, u B G.

Ecum panr Matpunst ® yis pelnenus Cyo paBeH ONsATh M, TO
pewenre Cy MOXHO, OYEBHJHO, NPONOJDKHTH 3a Y,. Ocraercs
paccMOTpeThb cydail, Korja pasnr MeHbiue m. [o3ToMy HyXKHO
HCCJIE/I0BaTh NPH CTaphlX OGO3HAYEHHSX 1M AHAJMTHYECKHX
ypaBHenuit (25) u (26) BOJH3H Y=1{,, T, &, (R m—1), qas
KOTOPBIX (yHKIMOHANLHBINA ONPeleNIATENb PABEH HYJIIO TOXKAECT-
BEHHO OTHOCHTENBHO T H &, HO B TO Ke caMoe BpeMsi NpH
Y —> Yo HMEETCs1 OJIHONapaMeTpHUUIecKoe ceMefiCTBO AefiCTBHTEb-
Hbix pewenuil. Toraa myrem HcnoJssoBauusi JeMmbl Beiiep-
IITpacca MOXHO NOKa3aTb, YTO CYIIECTBYET pelieHHe B BHJE
PANOB HO CTENeHAM (yo--y)”p C JeficTBUTeJIbHBIMH Ko03didu-
LIMEHTaMH, TA€ p €CTh BhiOpaHHOE NOAXOASLIMM OGPa3oOM Hau-
MeHbllee HaTypaabHoe yucJo. ClelloBaTesibHO, B 3TOM Clyuae
HMeeTCsl TOYKa BETBJICHHS IOPAZKA p — |, ¥ pellieHHe MOKHO PO~
ROJUKHTH U 1PH ¥ = Y,. Ecam p HeueTHoe, TO ANs Y > Y, TOJyYHM
onsATh JeHCTBHTE IbHbIE 3HAYEHHS PSJ0B 14 =, §,. HanpoTus, ec-
JI p 4eTHOE, TO KOpeHb (Y, —7)'/P mmeer npH 1 < Y, ABa pas-
JHYHEIX JACHCTBHTEJBHBIX 3Hauenusi. CJieoBaTeNbHO, €CJIH B
TIOCIe[HEM CJiyyae Y YCTPEMHTDb K {, O APYrol JedcTBHTE/b-
HOH BeTBH (Y, — Y)!/P, TO NOAYYHTCH BTOpOE CEMEHCTBO nepHo-
JHYECKHX PelleHHH, KOTOPOe OTJIHYHO OT NEPBOHAYAJILHOTO.
[losToMy B mocienneM ciyyae TakyKe MOMKHO NOCTPOUTH 4Ha-
JIHTHYECKOE TNPOROJIKEHHE pEILeHHH.

AHa/IOruuHO MOXKHO DaccMOTperb cJydal, Korma y yObi-
BaeT OT 3HaueHHs {*. C Apyro#t CTOpOHBI, MOXHO ONsATH Ha-
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4aTh NPOLECC MPOAOJIKEHHS INPH Y, H NOJYYHTh B JaHHOM
cjiyuae Jpyrue TOYKH BETBJEHHS Yy, Yy, ... NPH JeACTBHTEND-
HOM HpOJIOJIKEHHH pelleHHss B HHTepBaje OT Y, ; JHAO ‘Y
(k=1,2, ...). Takoe npogosxenne 6yeT BOSMOXKHbLIM, €CJH
He BCTPETHTCS KaKOH-HHOYAb MCKJIOYEHHHIH H3 PacCMOTpPEHHS
caydait, T. e. 6o ecau Cy nokuser obnactb G, au60 ecH
©y OyJleT HeOrpaHHYEHHO BO3PACTATH.

Ins orpasuuenHol 3aiaun Tpex Tesi B KauecTBe G MOXKHO
BbIGpaTh NPOCTPAHCTBO BCEX NEHCTBHTENBHBIX Xy, X, Y, U Y,,
H3 KOTOPOro ocobble TOUKH X;= —p U X, =0, a TakKe NATh
CTaLMOHAPHBIX ToueK (ynkuuM E BuiGpomennt. Eciu Tpaek-
topusi Cy npu - Y, NOKKHAaer obaacts G, To 370 O3HAYaeT,
YTO BHLIOPOILEHHBIE TOYKH SIBJSIIOTCS TOYKAMU HAKOIUIEHHS TO-
ek Cy. Jag crauuoHapHbix Touek (GyHKUUH E npejiesbHbIM
nepexofiom u3 Cy moJyuaeM paBHOBECHble pemenus. JIis oco-
OblX TOYEK M3BECTHO COOTBETCTBYIOIEE peryJisipusupyloliee
npeoGpasoBanHe, KOTOpPOe JAeT B Npejiesie TPAeKTOPHH CTOJIK-
HOBEHHUS] H NOKasbiBaeT, YTO M 3/leCb MOXKHO IIOCTPOHTH aHa-
JHTHYECKOe npojo/kenue no y. ITponece mpogosmkenust nepro-
JHYECKMX pellleHHH OrpaHHYeHHOH 3ajaud Tpex Tea Ctpem-
I'PEHOM M €ro COTPyJAHHKaMH OB OCYIIECTBJIEH YHCJIEHHO.
Berpeuaromyecst Ipu 3TOM TeOPETHYECKHE BONPOCH! THOXPOGHO
paspa6orannl Buntrepom [2].

§ 20. MeTox HemoABHXKHOH TOUKH

Huxecnenyiomuil MeTOX OTHICKaHHS INEPHOAHYECKHX pe-
wennd TakxKe Geper Bayaso B paborax Ilyamkape. Paccmor-
puM onsTh cHcreMy ARudipepeHHHaNbHBIX ypaBHeHUH

o=fr(x) (k=1,..., m), (1

KOTOpasi Telepb He 3aBHCHT OT napamerpa. Ilyctb ¢yHRuHM
fr(x) O6ynyT peryasipubiME B o6jacte G HeHCTBHTENLHOrO
X-IPOCTPaHCTBA H NyCTb X (¢, &) (R=1, ..., m)— peuenue
C HaYaJbHbIMHM 3HaueHHsIMH X, (0, §) = §&,. Ilyctb x (¢, &%) npu
§=§* Oyner nepHOAMYECKHM pelUeHHEM, KOTOpoe IIeJHKOM
JeXHT B G ¥ He sBisercs paBHOBecHHM. Ilyctb mnepmop
aToro peinenus ectb ¥ > (0. Tak kKak me Bce f, (§*) paBHHI
HYJO, TO MOXHO NpPeAnoJoXuthb, 410- f, (€*) % 0. Torza
nepHOAHYeCKOe pelueHue x (¢, E¥)  mepecekaeT mJIOCKOCTh
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X,=E&mn B MOMeHTHl {=0 U {=1t* B TOuKe X =:£*. Mamenum
Tenepb HEMHOI'O HayaJIbHbIe 3HaYeHus1 &, B IJIOCKOCTH &, = &M
TaK, u4ToObl COOTBETCTBYIOUlee pelleHHe x (£, &) nepece-
Kalo IJIOCKOCTb X,, = £, B MOMeHT {=0, a TakKe B MOMEHT
t=r, Kotophii Oju3ok K <*. Torma BciencTBhe TeopeM O
HeNpephLIBHON 3aBHCHMOCTH pellieHull Ju(pepeHnHanbHbIX ypaB-
HEHHH = OT HavaJlbHHIX JaHHEIX HMeeT MecTO OToGpaxeHHe
OKPECTHOCTH TOYKH X = £* B IJIOCKOCTH X,, = £}, HA HEKOTOPYIO
OKPECTHOCTb 3TOH K€ TOUKH, NPHYEM NEPHOAHYECKOe pelleHHe
COOTBETCTBYET HEMNOABHIKHOH TOUKe.

O6o6uium 3710 paccMoTpenre. HiMenHO, HCXOfHOe pellieRHe

x (¢, £*¥) OyzeM npeanosarath HE3aMKHYTHIM, BO JIONYCTHM,
YTO OHO BTOPDHYHO IiepeceKaeT INVIOCKOCTb X, = &y B MOMEHT
t=+*>0. 210 o3sauaer, 4TO0 X, (%%, &*)——Em a f,[x(<*
£*¥)] = 0. Kpome Toro, 6y11eM cqmarb 4TO peulenue x (f, £*)
npu 0 <¢<<* neankom aexur B G. Torna pewenus x (£, &),
cooTBeTCTBYIOmHe 6nu3kuM K £, (k=1,...,m—1)n &, =&
HayaJbHBIM 3HAYCHHSM, IlepeceKaloT IJIOCKOCTb X, = &m
B MOMeHT f{=r, KOTOpbiH MaJ0 OTJIHYaeTcs OT t*, ecau &
" pocratouHo OaHM3Ko kK &*. TakuM - nyTeM MBI yCTaHO-
BHM  aHaJIUTHUECKOE Uroépa)xeﬂue OKDECTHOCTH  TOUKH
E* B IVIOCKOCTH X, =&, -HA OKPeCTHOCTb TOYKH X (¥, £¥)

B TOH XKe CaMOH IVIOCKOCTH. . _

ST0 pacCyXAeHHe MOXKHO JaJjiee OOOOIHUTb, CYHTAsl, UTO
KonleBble TOUKH &%, x(v*, £*) orpeska TpaekTopmu x (f, £¥)
(0 < t < +¥), nexamero B G, pacrnoJioxeHbl Ha Kaxnx-nn(iygb
ABYX JIaIKMX NIOBEPXHOCTHLIX 3/1EMEHTaX m — | H3MepeHHu#, Ko-
TOpble He KacaioTCsl CaMOil TPaeKTOPHH. [Tpeanonoxum Bravase
6e3 nokasaTesqbcTBa, 4T0 B ( CYIIECTBYeT TaKOH YYacTOK
raajkoii nopepxHoctdH F, 4To 151 BceX TO4YeK &, NMpHHaje-
}Kamux F, pellenue x(t £) sexur uesmkomM B G u BCTpe-
yaer F npu ¢ > 0 no kpafinelt Mepe ellie OuH pas, U NPATOM
Kaxapii pa3 jeficTBHTENbHO ero nepecekaer. Ilycts =1 >0
OyneT nepBbIM MOMeHTOM, Korja x (£, £) onaTh BcTpeuaer F,
Toraa cootBerctBHe & M x (v, £) =SE omnpepensier Tomosoru-
yeckoe orobpaxkenHe S nosepxHocTH F B ce6s. Ecam pere-
HHe x (¢, £) ABASETCH NEpPHOJHYECKHM, TO JOJIKHO CYIIECTBO-
BaTb TaKOe HaTypajbHOe uucjio n, uro S"E=E, u Torja,
caepoBatennHo, & Gyner Henomamxnoﬁ TOYKOH 0T06pa)xemm
S" npu .cootserctByiomeM n. IlosToMy Haxoxnenne nepHosu-
YeCKHX pellleHHH CBOJHMTCSI K  ONpE/e/IeHHI0 HEeNOABHKHBIX
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TOYEK JJISl HTEPHPOBAHHBIX Npeo6pa3oBaHui, UCXOAAMMX H3 S.
Kak nokasbiBaeT NpOCTOfl INpHMep aHAJHTHYECKOro oToOpa-
aeHHs S COOTBETCTBYIOMEH NOBEPXHOCTH B ce0si, NpPH 3TOM
MOXKeT CJIYYHTbCS, 4TO Bce S" He COjiepKaT HeNOABHXKHBIX
toueK. [lyankape nokasaj, 4YTO cyllecTBOBaHHe HEMNOJBHK-
HBIX ToueK S ofecrneyeHO yxe INpH BechbMa NPOCTHIX AONOJ-
HHTEJIbHBIX NPeJNOJIOKEHHAX; ITH NpPEANOJONKEHHs CYTh CJe-
nyomue. Ilycte F Gyner n/OCKMM —KOJBIOM, KOTOpPOMY
OpUHajJIexKaT Takxke o6e rpammuel- C;, u C,. Ilyctb coor-
BerctBHe £— S& paer TOMONOrHUeckoe —coxpassiollee
o6beM otoGpaxkenHe F Ha celsl, KOoTopoe nepeBOAHMT 00e
TpaHuuel obnactd B cebs. IlocTpouM Ha yKasaHHOM KoJibie
HenpepbiBRYIO QyEKIHIO ¢ (§), KOTOpas mnpejiCTaB/sieT BeJH-
 YHHY yIVla MeXJYy pajHyCcaMy, HanpaBJeHHbIMH B TOYKYy &
H B Touky SE. 3ro onpejeseHHe OJHO3HAYHO C TOYHOCTBHIO
10 KpaTHbIX 2n. Mbl mpeanoJioxxuam Takxke, uto ¢ (£) >0 Ha
C, ¥ 9 (£) < 0 na C,; 310, OUEBH/IHO, O3HAYaeT, YTO 00€ rpaHHIb
npu npeo6Gpa30BaHHH BpAIIAIOTCA B POTHBOMNOJOXKHBIX HANpPaB-
aexusx. [Ipy Takux npepnosoxeHusx, Kak samerua Ilyankape
[1], cymecTByioT no KpaliHed ‘Mepe JBe HENOABHIKHBIE TOUKH
npeoGpa3oBanusi S. BrepBble R0Ka3aTenbCTBO 3TOrO yTBEp-
KaeHusi Gbulo JaHO yxke nocie cmeptd Ilyankape bBupk-
ropoMm [2]. Teopema o HeNOABHIKHOH TOYKe INpeACTABJsET
HHTEpeC H JIf OrpaHHYEHHOH 3ajauM TpexX Ted, TaK KakK AJist
JOCTATOYHO MAaJIbiX 3HaUeHHH napamerpa p W TpH (PHKCHPO-
BAHHOM 3HAYEHHH NOCTOSIHHOH $1KOGHM Y Bcerja MOXHO HaHTH
yuacToK mnoBepXHOCTH F ¢ TpeOyeMbIMH CBOHCTBaMH; 3TO
TakiKe yrBepxjan Ilyankape u fokasan mosjHee Bupkrog.
Hanee, Ilyankape npexnonaral, 4ro H3 €r0 TEOPEMHl CJeAyeT
CyulecTBOBaHHe IO KpafiHedl Mepe NBYX NEepHOJHYECKHX pellle-
HAfl OrpaHWuYeHHOM 3ajfaYd TPEeX TeJ JJIsl [POH3BOJBHOrO s,
pacnoJioxkenHoro B uurepsaie 0 < p < 1; HO /10 cHX mop He
yjlaeTcs jaxe JoOKasaTh BooOlle CYLIeCTBOBAHHE HYXXHBIX
yYacTKOB nopepxHocteil F. Mul He 6yneM BXOJHTb B HOAPOG-
HOCTH TeopeMhl © HenmojBH:KHOH Touke [lyankape, Tak Kak
Mbl GyZieM NOAPOGHO paccMaTpHBaTh POJCTBEHHYIO ed Teope-
My Bupkrogpa, koropasi kaxercss Gojee TOJesHOR Ajs NpPH-
+ JIOXKeHHH. : ’ :

IMpexBapuTenbHO HCCJeyeM NOApOOHee YCJOBHE COXpa-
Henuss oObeMa. [IpeAnosioxuM, YTO JJIsi pelleHH# CHCTeMHl
(1) x(¢, &)-orobpaxenue &—> x (, &) Gyner coxpauaTb 06neM
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npu Bcex {. Kak yxe Ob0 NOKa3aHO B NpejniylieM na-
parpade npu BeiBofe dopmyanl (19; 10), ycaosue

2 Fr,=0 ®)

OyzeT JUIl 3TOro HeoOXOAMMEIM M jgocTaToyHeM. Ilpenmoso-
XHUM omaATh, 4ro f . (8¥)£0 m wuyro pewenue x(f,£*),
Jexamee B (G, mepecekaer elle pas, IJIOCKOCTh X, =&y TIpH
t=<*> 0. PaccMOTpHM Ha IJIOCKOCTH X,, =& JOCTaTOYHO
Magyo okpectHocTh U Toukm £* W mpoc/ieuM 3a KDHBLIMAH,
BhlxofsmuMH U3 U B MomeHT £ =0. Torja uepes IpoMexy-
TOK BpeMeHH, OJHM3KHH K ©*, nojyuuTcs eile OJHO Nepece-
YeHHe C YKasaHHOH IJockocTbio. HOBble TOUKM mepeceyeHHs
TPAaeKTOPHH O00pa3yloT Ha IIIOCKOCTH X, =& OKPECTHOCTh
U, Toukn x(v*, £*), KoTopasi npH BhILEYNOMSIHYTOM 0TOGpa-
xKenuu Oyjer- o6pasom U. O6osnauuM, nasnee, uepes B (coor-
BETCTBEHHO yepe3 B,) ana nocratouso MaJjoro f, > 0 oGiaactu
B G, Kotopple onpefensiiotcs yciopusimu X =x (¢, &),
0<t<{,, E€U (coorsercrBenno €U,). O6pasuo rosops, B
A By cyte nunnHipel ¢ ochoBammsimMu U u U,. Paccmorpum
Tenepb TPyOKy TpaekTopuii R, T. €. MHOXECTBO, KOTOpOe
00pa30BaHO TpaeKTopusMH, coepuusiomumd U u U,. Ecau
NPOJBHHYTh KaXAyl0 TOYKy TPyOKM R BJONE Npoxojsuiel
uyepes Hee JIMHHM TOKA B COOTBETCTBHA C YpPaBHEHHSMH
nsuxenusi (1), To R no npomectBu# BpeMend f, mepefifer
B obnacte R -+ B, — B. Ho us coxpanennss o6bema cJeiyer,
yro R ¥ R+ B,—B, a Takxe B u B; HMEIOT OJHHAKOBbiE

m-mepHbie 006beMmul. BBozst anement o6veMa dx,...dx,, = dx,
6yneM HMeTh

g dx = gdx. (3)
B

By

Ecan  BBecTH  mopcTanoBkoi  x, =X, (f, §) (k=1,..., m;
£, ==E&m) BMECTO X, ..., X,, HOBble IepeMeHHble WHTErpupo-
BaHuA &, ..., &,y H {, TO QyHKUHOHAJBHAS MAaTpHLA HMeEET
CTPOKH Xp;, (I=1,....,m—1), f, na k=1,..., m. Coor-
BETCTBYIOIIUA (YHKIHOHAJIbHBIA oOnpejeJuTeNb HMeeT IpH
t=0 snavyenue f,(§)+ 0, Tax kak npu t=0 KBajpaTHas
MaTpHla mnopsiika m umeeT' BHA |\xp:|| = €. Pasgemus
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paBercrso (3) Ha f, H nepexojaa X npefeny npu t,—>0,
NOJTy YHM

ACLE S fm(®d (@E=dby. . di ).

Honyctum, xpome TOro, 4ro ¢(X) €CTb HHTErpaj CHCTEMBI
(1), He copepxkamufi siIBHO BpeMeHH, H UYTO NPOM3BOJHAS
¢x, , ormuusa or uyas Ha U m ma U,. Torxa sHauenue

q)(x) =Y HAa Kax/oh TDaeKTOPUH SBJSETCS TOCTOSHHHIM.
Ecan nopcraHoBkoii ¢ (8)=17 BBectH BMecTO &, , HOBYIO
NepeMenHy1o Y, TO

by (6) ey =y,

B uactHocTH, nycts U Oyner npousBejieHueM (m — 2)-MepHOH
okpectHoctH F rtouku Et,=¢Ef (k=1,...,m—2) u wunarep-
Basna, cojepxamero Touky ¢ (&%) =y*. BcneacrBue wuHnBa-
puaHTHOCTH ¢ (X), 3TOT HHTEPBAJ OCTaeTCS HEH3MEHHBIM IIPH
orobpaxkenn U Ha U;, B To Bpems kak F mus ¢ (E)=1
umeer obpas F,= F, (7). Eciu emne nosoxuTsh

g=g(£l’ S m—2’ Y)—' :fm (E()E) (Em=&:n))

ggdu—_-'g gdv  (do=dt,...dE, ). (4)
F 1 . .

Has cucremsl I'amuabTona
xk=Evk, yk=_Exk (k=l,...,n)-

ViMeem m=2n, u ycaoBus (2) BHmoJHsAIOTCA. 3aTteMm,
ecad B3uTh B KauectBe HHTerpana J(x, y)=E(x, y)
W NpPH COOTBETCTBYIOmIeH HYMepaluH KOODAHHAT IOJOXKHTD
fm= —Ezx,, 9x,=Es , 10 g= —1. ClepoBaresbH0, B CHIY
paBeHcTBa (4) npu oroGpaxkennu F Ha F, o6veM coxpaHser-
ci. IlycTe Tenmepb, B 4acCTHOCTH, TPaeKTOpHS, COOTBETCTBYIO-
as HayaJbHbIM 3Ha4YeHHAM X = E*, y = 4*, 3aMKHyTa M HMEET
neprox +*. Torpa B mnpepnonoxennu Ex (8%, 7*)#0 n3
ypaBHeHn#H
Un(t, &, n)=7}:’ "ln=7l;» E(, ‘Y])=E(E*, n*)
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nyTeM HcKmoueHus ¢, &, 7, DOJNydYaeTcsi aHaJHTHYECKOe
npeo6pasoBaHue : :

& X (L6 M), yu(t ) (R=1,...,n=1), (5)

coxpaHsliee 060beM B OKPECTHOCTH HENOJABHXKHOH TOUKH
£%, i Ecin BMecTo HHBapHaHTHOCTH OOBeMa, BhpaXKeHHON
paBeHCTBOM (3), HCNOJNbL30BATb AHAJOTHYHOE CBONHCTBO HEKO-
TOPRIX JAPYTrHX JudbepeHUBaJbHHIX BHpaXeHHH, BBeLEHHBIX
Ilyankape [3], To ynaercs jaxe AoKasath, YTO NpeoGpasoBa-
nue (5) Oyner KaHonuueckuM. Ins ciydyast n=2 310 yTBep-
XKJIEHUE  DPABHOCHJBHO yXe  JIOKa3aHHOMY COXPaHEHHIO
naowaad. B fanbneiimieM Mbl orpannumMcs ciyyaem n =2,
B KOTOPOM yXe COAEPXKATCS BCe CYIIeCTBeHHble TPYAHOCTH
ofwero wuccnenoBanus. B caenymomeM naparpape Mul pac-
CMOTPUM aHaJMTHYeCKoe IpeobpasoBaHme, COXpaHsiiollee
o6beM.

§ 21. AnamuTHueckne mpeoGpasoBaHmus,
' coxpansiomue 06beM

Pacemorpum - npeoGpasoBanue B IJOCKOCTH (X, y), KOTo-
poe sABJAETCS AHAJMTHYECKHM B OKDECTHOCTH HEKOTOPOIl
HeNOJBHXHOH TOUKH.TaK Kak Ge3 orpaHuueHnsi OGUIHOCTH MOXK-

HO NpHHSATH STy TOYKY 3a Hayasio KOODAMHAT, TO NpeoGpaso-
BaHHE 3aNHIIETCH B BHJAE

xl=f(xv y)’ y1'=g(xs y), (1)
rape .

f,)=ax+by+..., gx, y)=cx+dy+... (2

GyLyT CTeTeHHBIMH PSJAMH C AEHCTBHTENLHLIME KO3((HIlHeH-+
TaMH, He COJiepKalllHMH IOCTOSIHHBIX wieHoB. CHauana, TaK ke
Kak B § 14, Gynem paccMatpuBaTh hopMasbHbIe psifbl, He 06pa-
asi BHUMaH#|s! Ha MX CXOJIHMOCTD; IPH 3TOM KO3(pDHUHEHTH MO-
IyT GbiTh NPOH3BOJILHLIMH KOMILIEKCHEIMH 4YHCJIAMH, a X, Y pac-
CMaTpHBAIOTCA KaK HeusBecTHble. Ecau npeanosoxuts etne,
yto ad — be = 0, 10 Torga Bce mpeoGpasoBanus (1) oGpasyior
rpynny I'. Dra rpynna umeer cBoeit noArpynnoii MHOMXeCTBO
A Bcex Tex mpeoGpasoBaHuii, 1Al KOTOPHIX ypaBHEHHe

f28,— 8 =1
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CrnpaBeJyIMBO B TOM CMbICJIe, HYTO OHO SIBJISIETCSI TOXAECTBOM
OTHOCHTEJIbHO CTENEHHBIX pSJO0B; 3TO YCJOBHE MOXKHO pac-
CMaTpuBaTh TaKke KaK YCJOBHE COXPAaHEHHS o6beMa.
[pynna T (cooTBetcTBEHHO A)), KOTOpasi COAEPNKHT TOJBKO
CXOJsilHeCs: B KAKOH-HAGYAbL OKPECTHOCTH TOUKH X =0, y =0,
psaet u3 I' (coorBercTBeHHO M3 A) ectb onsth mofrpymma I
(cootBeTcTBEHHO A).

Ecan BBecTH BekTOpH-CTONOUBI 2 =< ;) y 2= (;‘1> ,
1

TO ¢opmanbHOe npeoGpasoBanue (1) MOXKHO 3aNmHCATH B CHM-
BOJIHYECKOH (opMe caefyrontuM oGpasom:

2,=Sz. 3)
C}le.naeM Tenepb OI(HCBpeMEHHO, 3aMEHY IepeMeHHbIX

x=¢( nN=ak+Bn+..., y=9¢ N=vE+d+...,
x =9 (&, m0), yy=9 (&, my)

npu ycnoBud ad — By == 0, KOTOPYIO MOXHO. 3aHCaTh B CHM-
BOJIHUECKOH (opme

z=CC, 2,=Cf, C=<$]>’ L= fl:)

Ilpu atom cHauana ¢ H ¢ GyAyT (GOPMANBLHLIME CTENEHHBIMH
psZaMu, He COJlepXKallMMH TOCTOSHHBIX 4sieHOB. [lycth S co-
Xxpausier o0beM; Mbl GyjfieM pacCMaTpHBaTh TOJNBLKO Te MOJ-

craHOBKH C, JJisl KOTODPbIX BbIIOJHSIETCS JOHOJHHTENLHOE
yCJIOBHE

) N

Pedy — Pz = ad —By. (4)
Jlerko mokasaTh, uTO Kaxjas TaKas NOACTAHOBKA MOKeT
ObITh COCTaBJieHA M3 OJiHOM nuHeHHOH M ofHOH coxpansiomeil

o6beM nojicTaHOBKH. BenepctBue a3 —Py+£0 gas mojcra-
HoBkH C cymecTByer obpatas C™; Torja (3) mepexofHT B

Li=C1",=C1SCL=T¢, T==C1SC.

Torna npeo6pasoanse T Bxoaur B rpynny I' m coorerct-
BeHHO S Bxogut B A. Bnpouem, Jierko 3aMeTHTo, YTO €CJIH
noactanoBka C He Y/OBNETBODPsieT yCJOBHIO (4), TO He Aad
KaxJIoro coxpansiouero ofseM npeo6pa3oBanus S npeo6paso-
BaHue C7'SC Gyner Takxke coxpaHsTh o6beM. llemb 3TOro
naparpaga u 3akJio4aeTcst B ToM, YToGbl IIPH 3alaHHOM S COOT-
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BETCTBYIOILIUM nouéopom C ycTaHOBHTHL HOpMaJbHYIO (GopMy
ans T [1].

Hpe;me BCETO MepeBe/ieM B HOPMAJbHYIO q)opmy JmHeH-
HOH mojcTaHOBKO# JHHe#Hble wieHsl B (1). OGosmauum mar-
pHIB!I KO3(GUIKEHTOB JmHEAHBX uJeHoB Sz, C{ u T{ uepes
©, € u T, Toria

o> o=

=l 1 6“’ 1=07¢8g,
|@—1(&,|_x2-—(a+d)x+ad—bc,

U 7t COOCTBEHHBIX 3HaueHW#l A M p MaTpuusl S BHIIOJHSIOT-
csa yeaoBust A+p=a+d, \p=ad—bc. Ecmu & coxpauser
njowmajae, TO, B 4actHoctH, ad —bc=1, no3TOMY A== 1.
Besmuuusn! a, b, ¢ u d MOXKHO npeanosaraTs AeficTBUTEIbHBIME;
TOTJia MOTYT [IPe/ICTaBHTHLCS CJIeAYIOILHe TPH Ciryuasi. B runep6o-
JHYECKOM ciyyae A, p OYAyT JNeHACTBHTENBHBIMH H pPasJny-
HbIMH; B TapaboJiM4ecKOM CJydYae A=gp; B 3JUIHITHYECKOM
cayuae A=p % A\. B janbHelimeM -panH ynpomenusi HCKJIO-
upM napaboJMueckuil caydya#t, T. e. OyfAeM  CUMTAaTh A &= p.
Torpga @ MoXHO ompefjesHuTbh Tak, YToObl ¥ HMeJa HOpMaJib-

HyIO (opMy

- ue- i),

[Tpu sTOM B runepbonnyeckoM cjyyae & MOXKHO BLHIOpaThL-
JefCTBATENLHOR, B TO BpeMsi KaK B JLIMOTHYECKOM CJy-
~4ae o6a cron6ua € MOXKHO B3SiTb KOMIJIEKCHO COIPSMKEH-
HBIMH. :

Ilocsie BEIMOJHeHMs BCHOMoOraTeJbHOH JmHeRHOH nofcra-
HOBKH z = @ npeoGpasoBaHue z, = Sz nepexoHT B CeAyloLIee:

C1=T§, 51=P(E:”’l)=7‘5+’} (5)
=g nN=p1+.

Ecim S pefictBuTensHO; TO Bce Kos(uumeHTs! ¢yHKuud f
H g JeHcTBHTENbHE, TaKk yTO T B runepGOJIHUECKOM CJiydae
TaKxKe JEHCTBHTEJLHO, B TO BpeMs KaK B SJJHNTHYECKOM
cJlyyae BBINOJHAETCS] COOTHOIIEHHe

P& n)=q (1, &) (6)
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3jeck p ecTh CTeneHHOW psiff, KOTOPHI NOJyYaeTcs M3 CTe-
NEHHOTrO psiila p 3aMeHOH BceX ero Ko3((dHULHEHTOB Ha KOM-
nJeKCHO conpsixkennsie. Hrak, npeoGpasosanuio (1) nuned-
HOM. YIOACTAHOBKOH MOXKHO*NpHAaTh ¢opMy (5), u-T npuHaj-
aexur rpynne I', a S —noprpynne A. [Ipu 3170M BOBMOXKHOCTh
CXONMMOCTH f H. g coxpaHsieTcsl, TaKk 'uro Tora T npuxap-
JexuT 'y (cooTBeTCTBEHHO 4,), ec/m 3T0 BhinoJHAeTCA s S.
Ecom BMECTO € u {, onatb Hanucath z # z,, Torja

21=Tz’ x1=p(xoy) )‘x+ Z ph’
: : (N
q(x, y)= py+ 2 G’ <

NpHYEM Py, G CYTh o;mopo;u{bxe MHOT'OUJIEHH OTHOCHTEJILHO
x u y crenenH k. Ioxsepruem reneps T nponsao.nbﬂomy He-
JIHHEHHOMY Tpe0GpasoBaHHIO BHAA .

x=g(f M=t+ ? .

. . 8
y=¢(8,n)=n+2%. )
2=CL, 2= CCI.

rje @, ¥ ¢, ONATL SBJAIOTCS ozmopo;mumn MHOTOUJIeHaMH
crenenn £ no &€ u m. B aroii TIOICTAHOBKe JpHeAHbIe YJ/IeHBI
OCTaBJieHEl HEM3MEHHBIMH, TaK- KaK JHHeAHas vacTh npe06pa-
soBanHsl (7) MMeeT yKe HOPMaJbHYIO (opMy.

Ilpexne Bcero npe;mo.nomnm HTO YCAIOBHS

MWpl£h, Mplogp o 9
BHIIOJIHAIOTCS JUISt BCEX MNap HeJbX: p M- ;- AN KOTOPBIX
p>0, ¢>0, p+q > 1. TlokaxeM, 4TO- TOrja CymecTByer

€/lHHCTBeHHasi NOACTaHOBKa BuAa (8), Ana Koropoi hpeoﬁpa-
soBaHue U= C™'TC uMeeT HOpMaJbHYIO q)opmy

Ey=2E, = p. (19

HokasatenbcTBO nmpoBejieM cpaBHeHHeM Kosdxpunmeiitos. Ecau
TpeboBanne CU = TC BbinosHEHO, TO, CJIe/lOBATENbHO,

08 #0=pl560. 46 )
o (&, wn)=q[e ¢, ), $(, )]

13 3dkas N 1032

(1)
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Ecqu BHECTH CiOfa CTeneHHbe psijbl U3 pasedctB (7) u (8),
T0 .KO3(D(HUHEHTb JHHEHHBIX Y/JEHOB B OOOMX YacTsiX O/JUHA-
Kopet. JlomycTHM, - 4TO BCe MHOrOYIeHB ¢ H ¢,
(I=2,~.., k—1) ans HeKoTOpPOro & > 1 yxe 01HO3HAYHO OTpe-
JeJieHpl ¢ [IOMOLIBIO YCJ/IOBHS,  UTO B ypaBHeHusx (11) koad-
GUIHEHTEL BCEX * YJICHOB. CTENeHH MeHblleH uem k-5 coBma-
JIAT: D10 BepHO ANiA k=2; ocTaeTcs JOKa3aThb, UTO €CJH 3TO
BepHO. Ansi- k, - TO BepHO Takxe W Jasa k- 1. Cpasnenue
y)eHOB k-off cTemeHu B ypaBHenusaXx (11) naer ycnoBus

Pr (A8 pa) = A (&, M) 4+ .. ., } (12)
Bu (08, o) = pb (B, 1)+ -

rjle- He HAMHCAHHbie §IBHO UJEHbl SIBJISIIOTCS OJXHOPOJHBIMH
MHOTOUJIeHaMH - CTeneHH K, KO3(QHUHEHTH KOTOPBIX  yiKe
ussectHol. [losokuM

3

S - . R
o (h =2 at o B A=2o8 A (13)

1=0
TOT A |
I k
o (M5 pm) = Aoy (&, ”1)"*?"1220 a, (Mt - ) B
- o v | (14)
| ‘-% (N8, p) — pdy (5, M) '=‘?z=26 b, (Metil — ) £R .

Tak Kak BeJejcTBHe ycnosuii (9) Bce Bhipamenusi Mw! — A,
Al w oTaMUHBL OT HYJNS, TO JIEACTBHTEJBHO BO3MOMKHO
BHIOpaTh KO(HUUKMEHTH @, U b, eIUHCTBEHHbIM Q6pPa3oM TaK,
‘yrobEl ycaoBusi® (12). yAOBJIETBODPSJIHCE. "
. ° " Mbl OrpaHmYMMCs jajiee PacCMOTPEHHEM IpeoGpasoBa-
-aubi T, -coxpahsioniux obvem. Torma Ap=1, crefosa-
TeJbHO, Npefnoioxerue (9) He BuimoaHeHo. Haiizem npyryio
‘nopManbiylo ¢opmy U =C7'TC, ncnomesyst ans U Bmecto
npeo6pasosanns (10) 60see OOLIyO NOACTAHOBKY

E1 = uf, Ny =y,

= N age G, o= 3 By (E0)*
. + Rz=0: : Voo, h=0 .

(18)
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C  HeonpeJieJeHHbIMH KOI(pHUIHEHTaMH oy, M Py, NPHYEM i
v OyAYT CTeNeHHHIMH PAJAMH OTHOCHUTEJBHO IIPOH3BEJICHHS
En=w, [laa nonyuesns C BosbMeMm onstb psgsl (8). Bmecro

ypaBHeHuH (11) Torza HyXHO YAOBJETBOPHTL (HYHKLHOHAJB-
HbIM “ypaBHEHHAM

¢ (uE, o) =ple &, m), ¥(& )], }
b(ut, v)=q[e (& ), $¢, )]

CpaBHenHe JIHHEHHBIX WIEHOB JdeT

' ' a=%, By=p. (17)

[lyers pans Hewernbix />0 umeeM a,=B,=0 u nyctb aas
HekoToporo k> 1 nyreM cpaBHeHHS KO3(GDHIUEHTOB TIpH
YJieHaX, CTelleHH KOTOPhIX MeHblle R, BEJHUHHB ¢, §,, @, ;,

B, (! <k) yxe onpenenesnt. Ilns k=2 sto Bepuo. Torpa
CPaBHEHHE YJIEHOB k-Off CTeneHH JaeT YCJOBHSA

or (A&, pn) + apy (E)E=D/2E =2, (€, M)+ ..., } (9
bp (A&, 1) + By (EN)*~ D20 = p, En+...,

rjie ONsiTb He BBLIHCAHHBIE FIBHO WYJIEHBI SIBJSIIOTCS OQHOPOJ-
HbIMH MHOFOYJICHAMH CTeTIeHH k C yKe H3BeCTHBIMH KO3(dUIHeH-
taMH. BcrefcrBue paBeHctBa Ap= 1 umeeM Temepb

)\k—lpl —_h=\ ()\k—zl-l —_ l)’
)\k-l!_‘l —p= Nt x()\k-zlq _ l)

(16)

Tlpeanonoxum nanee, 4T0 A He €CThb KOPEHb W3 €AHHHIBL
Torfa M-21F1 =1 Toapko npu k=2[ F 1. Torga B coorBer-
cree ¢ ypaBHenusMu (14) 'm (18) «,_;, -Br;, @ Takxke

a, (l # @:21_> u b <l * ’#) MOTyT GHITh OZIHO3HAYHO
onpefejentl, B TO BpeMf Kak JAJf HEUYeTHBHIX R =2A- |
KO3((pHUIHEHTH! @y, H by, MOXHO BHIOHPaTh NPOU3BOJILHO. UTOGHI

ONpENEJNHTb ONHO3HAYHO KOI(PHUUMEHTHI, HYXKHO elle mnpej-
[OJIOXKHTb, YTO CTENEHHbIe PAALI Jad

Pi—ba=a(k ), Piby—rpr—I=1(§ ) —1

He  conepxar creneHeit &n=o. [onycruMm, uro 310 HMeeT
mMecTo Aas usneHoB creneHed Himxke k— 1. Ilpm k=2 ato
YTBEPXKJIEHHE SBJSETCS BEPHBIM; CIPaBeIMBOCTL YTBEpiK/e-

13*
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 HHsE npH k +- 1, BepHOTO NpH K YETHOM,. NOJIyuaeTcs TPUBHAJIb
HbiM oOpasoM. Ilpu HeueTHHIX k2 =2h+ 1 ;ana xostdumueHTOB
npu o" B o nonyuatorcx 3HAUEHHUSI (h+ ) (@~ br51)s noSTOMY

. @y =byy - (19)

Unenol creneHd k—.1 B t mosydawoTes -Kak' %4—%,, nJHoc
MHOTOWJIEH C yiKe H3BeCTHbIMH Koatp(bnunemamn. Uro6bl KO3¢-
¢unuent npu o 6bin - paBen - mymo, (A + 1) (@, + bh.)
JOJDKHO HMeETh HEKOTOpOe omnpefiesieHHOe - 3HayeHHe. Toraa
¢ yueroM yparHeHHs (19) onpegxe.nmorcsl O/IHO3HAYHO H OCTaNb-
Hble KO3(pQHUUUEHTH @, by,j.

- TakuM o6GpasoM, NpH 3ajaHHHIX YCJOBHfIX HaHjeHa Takas
nopcranoBka C, Koropasi nepeBofuT 7 B HOpManbHyio GopMy

. U=C"TC, 3ajannyio Boipaxentem (15). HyxHno eme mnoka-

3artb, 4ro C coxpaHseT OODBeM. Ias storo - _OnpeJieuM.
B COOTBETCTBHH C NpeoOpa3oBaHHEM ( 15) uactHbie nponasozmble
;E1E=u+u:5‘?‘u+l{@f’):z
E’i‘q_";""’oe =uw52,_ .
ME =00 = Vo’
Mg = V4 Uy =0V + U0,
W3 ypasuenusi CU =TC, packpbiBasi (yHKIHOHAJIBHBI oOnpe-
JeJIUTeNb, TONy4aeM TOXKECTBO
© (U, vn) [(1 + 1w} (v +0.0) — duvo0?] =< (€, 1), (20).
TpHYeM NpH MojAcyeTe Hcnosbayercs, 4ro T mo npennonomeumo
coxpansieT oGbeM. . Teneps
(u + up) (04 v,0) — u(,,vmm2 (uvm)u, =1 —1— (21)

apasiercss B cuay ypasHenuit (15) u (17) creneHHbiM pﬂ,uOM
Mo o, HaUMHAOWHMMCA C epumdup. B cuwiy ypaBhenui 8
nocrosHHbI useH < (€, 7) TakKe paBeH ejHHHLE.: MB XOTHM
* JI0Ka3aTh, BOCTIOJIb30BABLIHCH TOXKAECTBOM (20) yro s (€, n)=1.
I[TIycTs cTeneHHO# psij

JORIERE LN () "i)-l-
HAYHHAETC C WIEHOB E-TO nopsi Ka k> O) U NyCTb C. €CThb

Ko3¢HIHeHT NpH o*2 B npaBoil YacTH ypaBHeHHs (21); Toraa
CpaBHEHHe UJIEHOB Kk-ro rnopsifka" B ypaBHeHu (20) nacr
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¢°PMY-"Y' .

- w0, M)+0w’*12 RS

Ho rak xak pﬂ,l], ~c—l HE COAEPIKHT c'reneHeH w, To ¢=0;
TaKHM . o6pa30M '

%(15, Am) =z (&, W)
Torna us ’

o 6y 71 EYEk“

cresyer R
1 (N 1)=0,

nosmmy 1= 0 (219&13), TaK Kak A He sBASETCS KOpHEM
13 enuHuub. Ho npu -2/ =k takxe umeeM y, =0, Tak Kak
Torfia ©—J1. He cojepkuT cTemened . IJostomy aeficTBH-
TeabHO t= 1 W, caenoBaTenbHo, npeoGpasoBanue C coxpa-
HSIeT OOBEM. Bmec're c. Tem. u3-ypaBHenni (20) u (21) onate

IOy YaeTCs coomomelvne (uvw)u,_l H NOTOMY Uvw = o,
omyzxa

o = 1. (29

Hrak, Ml J0oKasajsu, 410 coxpansiollee o0beM npeo6paso-
Banne T Buaa (7) nocpe/cTBOM - nojctanoBku C  Buxa (8),
TakxKe coXpaHsowedl 0GbeM,’ MOXKeT ObiTh [EpPEBEJEHO
B HOpMaibHYI0 (opmy U =C™'TC Buga (15), ecau coberBes-
HOe 3HAUéHHe A He €CTb KOpeHb U3 eJMHHLBL. Kccrnenyem
Teneps, ‘hackoibko C u U onpesensitorcst uepes T. Ilyets V
‘ecTh JoGasi nojiCTaHoBKa BuAa (15), coxpamsiomas ofbeM;
TOrjKa Ei-uoE H.7, = U7, NpHYEM uo, U, SIBJIIIOTCS] CTeneH-
HBIMKL., p;maMH 1o w-&n, .

(s (@) — (uoé) (oo = oty =1,

OTKYAa CJIejlyeT YCJIOBHE Uy, = |,.aHAJIOrHYHOE YCJAOBHIO (22).
[Tostomy ycnoBue (22) ectb Heo6x01mM0e H JoCTatoyHoe
YyCJIOBHE JIJI cOXpaHeHHs oObpeMa nNpH npeoGpasoBanuH (15).
ITpu’ srom MoxHO BbleaTb JNd - U, KakoH-HHOY/b CTeneHHOH
pAA N0 ®, NOCTOSIHHBIA YJIeH KOTOPOTO He paBeH HyJIo, | 110JIO-
HHTb vg=uo‘1. - Torpa, oueBupHo, &;m; = Ev, cieoBaTeNbHO,
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fv unsapuanTHO npu mojcraxoske V. ITycth panee
L=V &=ut, m=om gy =1

— Kakasi-HHGY/b ‘BTOpasi NOJCTaHOBKa Buja V, Torja Bcnes-
CTBHE WHBAPHAHTHOCTH MOACTAHOBKA V,V umeer q)opmy

=1y (w)u(w) & m=v,(0)v(0)n.

Orciofa crefyer, uyTO nNOACTaHOBKM V o6pasyior abeneBy
rpymny A, Eciu tenepn C, coxpansier o6veM u C;'TC,=U,
Takke HMeeT opmy (15), To U, npunamnexur A. [Tosoxum
C,=C,V, rpe V —kakoii- HI/I6y}1b 3JeMeHT rpymisl A; Torza
noayunm Takxe C;'TC,=U, Tak kak COBCTBEHHbIG 3HAYE-
HUA N H p MaTpHlbl & BNOJIHE OnpejiesieHb! HX Pa3JIOXKeHHIMH
B pSi/iBl, TO MOXHO JOOUTbCS, MEHSIT MecTaMH & H 7, YTOOBI
JuHefHble uJeHbl 000oHX npeobpasoBanuii §,=UL, {;=Ug{
COBIJa/H H, CJIEJOBaTeJbHO, ObUTH paBHB A B pn. O6GoaHa-
yuM uHepe3 &, Marpuuy Kos(dunueHToB JuHelHbIX uneHoB Col;
@, OyjaeT mnepecTaHOBOYHOH C JuaroHajbHOH Marpuueli I.
BenepcrBue . M == p=X\"! cama marpuua &, Gyuer Torja aua-
rosajbHOi. HyxHO pokasats, uto C,=C,V ynoBnrerBopsieT
NpHU COOTBETCTBYyIOIIEM BbIGOpe V- NoCTaBJieHHbIM BEIIIE YCJO-
BUAM Ajs C, Kotopbimu C onpejensiercs ofiHo3uauHo. TIpexje
. BCEr'0 MOCTOSIHHBIA 4JieH p = p, = 0 passomeHHs

(o]
Uy = 2 Pz‘”lv

MOXHO onpene.mm: OJIHO3HAYHO, ecJu norpeGoBaTh, uTOOH C,
umeso ¢opmy (8). Bce ocranbubie Koaduuments p; (I > 0)
elle OCTaloTCs NMPH 5TOM MPOH3BOJbLHBIMH. MOXKHO yTBEPXKAaTh,
YTO OHH OJHO3HAYHO ONPEJENSIOTCS PeKYypPeHTHHIMH GopMy-
' JlaMH TIPH YCJIOBHH, YTO JUIST CTENEHHBIX psifoB ¢ (&, 1) H ¢ (£, 71,
cooTBeTCTBYIOWHX C;, PasHOCTb ¢; — Y, He NOJDKHA COJEPXKaTh
YleHOB ¢ . Ec/H monoxuTh

oo -
__ i
Yp = 2"1‘” ’
=0

TO Npexje BCero u3s Uy, = | cheayer o,o,= 1, u 3ateM
ovo Y0Y0
h—1

Pck 'i' p—lpk +l—21“ Pidr = 0 (k= lr 2: o ')’ : (23)
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C npyroit CTOpOHbI ecau 3ajdTh pAABL, coorae'rcnaylomae Co.

o* (&, n)*p 1E+ Z ok

9* (€, n)=pn+k§2 1,
TO : o
¢ (6 1) =% Uk, von), (&, M) = (uef, vom),
TaKUM o6pa30M
Pz — Py = % (U, vo"l)uOm‘”+<P1,va"] "'"l’:.uOmEZ"‘PTUOw‘” (24)

[Mpeanonoxum, 40 AJIst HEKOTOpOro k > OBeﬂPllmel P1s +ve s Phot
yXe onpejieieHbl C TOMOLILIO YCJIOBUS,; “YTO B NpPABOH YacTH
ypaBHenusi (24) mer uneHoB ¢ o, o2, ..., o*l Torza
u3 ypaBHeHus (23) oy, ..., o, ; MNONYYAKTCS .C TIOMOLIBIO
PEKYPPEHTHBIX (POPMYJ OJIHO3HAYHO. HpnpaBHnBaHneM K03¢-
(puuneﬂ'roa npu " B ypaBHeHmn (24) HyJIO TIOAYYAM AJs
k(p™'pp —po,) 3apaHee YCTaHOBJEHHOE M3BECTHOE . 3HaYeHHe,
OTKyJla C 1IOMOINbIO ypaBHeHHs (23) nonyyum, HAKOHeIl, OAHO-
3HAYHO p,, U MOTOMY C(OPMYJHPOBAHHOE BEIlE YTBEPKIEHHE
Aokaszano. Tak kak BMmecte c_ nopcraHoBkoll CyV u C, Takxe
COXpaHsiloT 06beM, TO <t = iby, —,P:=1, H omo He co-
JEPXKHUT, B YaCTHOCTH, MOJIOXHTENbHBIX cTeneneil o. Cueso-
BatesibHO, () YNOBAETBOPS€T BCEM YCJOBUSIM, YCTaHOBJEH-
HBIM M;IC uto paer CoV=C,=C, U,==U. Takum 06pa3om, Mbl
JI0Ka3aJd, YTO HopMaJibHast (bopmaU npeoﬁpasosaHHHT a clIesio-
BaTeJIbHO, TaK:Ke NpeobpasoBaHus S, onpe/iesieTcs OlHO3HAYHO;
OJIHOBPEMEHHO Mbl HAUIJHM BCe coxpaHsiouune obbeM mojcTa-
HOBKHM, KOTOpEIMA S -nepeBogutcst B U. Hakonen, i3 ojiHo3HAaH-
HocT U cJie]lyeT, YTo 1Ba Ipeobpa3oBaHus, COXPaHSIOIHE 06beM,
ANsl KOTOPBIX COGCTBEHHblE 3HAYeHHSt M M g HE PaBHHI KOp-
HAM M3 EJMHHUB!, TOTjJa H TOJBKO TOrfld MOTYT GBITh Iepe-
BeJlelbl OJIHO. B JPyroe ¢ ° MOMOLIbIO | cOXpangioiell 06beM
NOACTAHOBKH, €CJIH OHM HMEIT OJHY M Ty XK€ HOPMAJbHYIO
dopmy.

Ilycte Tenepn nepnouaqa.nbnbxe panl f, g npeo6pa303a-
HHA (2) OyAyT AeHCTBHTEJBHBIMH, T. €. IyCTh - S neficTBH-
TeJbHO;  HCCaefyeM ycJaoBus BemectseHHoctn U u C.
B runepﬁonnqecxom ~cayuae T Torja ,TakKe Beu[eCTBEHHO;
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TaK “Kak. Mu=1," ks p;2a A B p OyAyT BelleCTBEHHLIM,
TO N 3aBeiOMO He paBHO KOpHIO M3 ejuHuubl. [lanee, u3
NPOBE/ICHHOr0  BhIlE CpaBHeHHs. KO3((UIUEHTOB CJefyerT,
yto U u C TakxKe BeiecTBeHHH. Tak. Kak 4 =A-+ ... HA 5 0,
TO MOXKHO €JHHCTBEHHEIM CIOCOGOM HAHTH TaKOH cTenenﬂoﬁ pan -

W= k§0 Two®,
YTO
u-;j:e‘" 'v—j:e-w A=+t et
l'Ipu STOM To #:0 u- Hopmansﬂaﬂ Q)opma UMeeT BHJ _
b= i ek, m=4e"n (25) :

B sanurtHyeckom Cayyae N =p # MK oonarb hue=1, caejo- -
BaTebho, [A|= 1. Mbl mpeanONOKuNM 3apanee, 4To A He eCTh
KODEHb M3 eJIUHHIEI, YeM NapaGoHyecKuil cnyyai A =p = + |
onsth HcKmouaercsi. Tenepsb cnpasepauso ycuosme (6), u U3 -
ypasuenui (16) DepexofoM K KOMIJIEKCHO CONPSKEHHBIM
KosqxpﬂuneHTaM no.nyqalo'rcﬂ dopMyJBL

q(ue,ﬁvn)—qw(e W, W],
(uE vn)-p[‘¥(5 ), 9(5 )l

[pu nepec'ranonxe £ H ycnonpre En = © ocTaeTcst HEU3MEHHBIM,

CJIEIOBATENBHO, & M U TAKKE fie H3MeHSIOTCS. 3HAaUKT, MBI IONy-
yuM pemlenie (GyHKUHOHAMbHBIX YypaBHeHH# (16), eciu 3ame-
HHUM_ yXKe naﬁnennoe pemenne u, v, (& ), qa(E n) Ha

v, u, ‘l’(’i, £), q)('q, ). KpOMe TOro, PSIBI
‘H’I: E) - “P(’b E)'n— ——-c(‘t], E)
<I>(n. E)e?(n, E)n-¢(n, E)n?(m B)e=x(n, &

HE conep)xa'r l'lOJIO)KHTeJIbeIX cTeneHed o, B TO BpeMsa Kak

CTBeHHOCTH cneAye'r B

?(n. s) qa(Js n), u=u; (26)-
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\

[IPUHEMAsL BO . BHHMaHHe, 4YTO 4v= |, Mbl MOMyYHM

uu=1. : (27)
ECa¥ NOJIOKHTD -
S A=eit, —x <y, < 7, (28)
TO 3THM CaMblM CTENeHHOH psij
’ co
kR
w= ©
rgo T
" O[IHO3HAUHO OmpejessieTcsi TpeGoBaHUeM
T u’ e—-lu) =.
[Ipu stom BeseacTsHe ycioBus (27) 6yjeM uMeTb
C [ee]

ei (w—0) = I, w— w= kgi (Yu— Te) "’h’.

OTKYJa @ = H OTKyja cnenye'r JIeACTBHTENBHOCTD BCEX Yy
Wrak, HopManbHast ¢opMa S noJyuaeTcs B SJIIMITHYECKOM
c.nyqae cieptyiommel: :

b=, m=en, (29)
npt{qu' CTeneHHOH psfl @ = w (w) JeACTBHTEJEH. Yro6bl HOp-

MaJsibHYIO (POpMY HANKCATh J/I5i IePBOHAYA/IbHEIX BEIECTBEHHBIX
GyHKIHH, 0CyLIeCTBAM OJHOBPEMEHHYIO JIHHEHHYIO NOJICTAaHOBKY

E=rtis, n=r—is, & ==r»l+tsl, ny =ry—is;. (30)
Toraa npeoépasoBanne (29) nepexolmr B : :
f‘—rcosw—smnw, s =rsinw-+scosw,
| 31
w= 3 (P + ©b

h=0 i

rlie coOSw M sinw clefyeT 3aMEHHTb HMX CTENEHHLIMH PsjaMu,
Cp3b € mnepBOHAYaNbHbIMH HEH3BeCTHbIMH X, Yy B npeobpa-
3oBaHuu (1) ompepensieTcsi NOJCTAHOBKOH

e6 M| _ =[0G n>“
19L&, m) ?(E )

X

yll =
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)

f
Ho Tak kak Tenepb B cumay ypaBHeHus (26) cnpaBennuBa
¢opmyna $(r +is, r —is)=¢(z--is, r+is), TO OUEBHUJHO,
YTO Tepexoj OT r, S K X, y COBeplaercss C MOMOMULbIO
JefCTBHTENbHOH IOJCTAHOBKH C IOCTOSIHHBIM (DYHKIHOHAJIb-
HbIM onpejiesuTeseM e = — 2i | €| = 0. Tak kak, Kpome TOro,
MOXHO HOpMHpOBaHHeM clenats |€|=i/2, T0O MOXHO noJO-
®UTb e=1, Torga S nepeBezercs JefiCTBUTEJbHOH coXxpa-
HAloUed o6beM TOJCTAHOBKOH B HOpMasibHylo  ¢opmy.
CnenoBaTesbHO, B TNpPEJNOJIOMKEHHH, YTO A HEe PaBHO KOPHIO
M3 eJHHHUBI, B THNEPOOJHYECKOM M 3JUIHNTHYECKOM CJyuae
NSl 3alaHHOTO  [eHACTBUTEJbHOTO  COXPaHSIOUEro 00beM
npeo0pasoBaHusi z, = Sz MOKHO HalTH HOpPMaJbHYIO (OpMY,
NpUHAJIeKaIyo rpynne 4, :

Bce no cux nop BerpeuaBludecsi psijfill paccMaTpHBAJHCh
¢opMasnbHO O3 HCClefloBaHHI Bonpoca 00 HX CXOJMMOCTH,
H Had (GopMyJbl SIBJSIIOTCH COOTHOLIEHHSIMM B KOJIbIE 3THX
¢dopmanbubix psajos. Ilpeanonoxum Tenepsb, uto npecGpaso-
BanWe S NPHHAJNERHT A, H, CJIEOBATEJbHO, SBJSETCS
npeo0pa3oBaHHEM, COXPaHAIOWHM 00beM, NPHYEM  COOT-
BETCTBYIOIIME Dsifibl CXOAATCS B JOCTATOYHO MaJoH -OKpecT-
HOCTH HayasJa KoopjaunaT. Ilpu mnepBoll Jsmmelino#i -noxcra-
HoBKe z = B cxonuMocTh coxpansierca. HyXHO HccaenioBarts,
NPHHAJVIEXKHUT JU NoAcTaHoBKa C, - onpejiesieHHasi CpaBHEHHEM
K03(puinenToB B ypasHenuu (16), Takxke k 4, caesosa-
TEJILHO, CXOAATCSl JIM HailfleHHble paabl ¢ (E, M) u D (E, 7)
B JIOCTaTOYHO MaJIOH OKDEeCTHOCTH Hauaja koopjausat. Ecau
OTBET Ha  3TOT BOHPOC SIBJSETCS YTBEPAUTENbHBIM, TO TOrja
HopManbHas Qopma U = C'TC, koneuno, GyjeT npuHaje-
xath 4. Ho Bompoc o cxofuMocTH 0 CHX [Op elle He
COBCEM sICEH, TaK KaK OObIYHBIH METOJ Ma)XOPaHT 3/leChb He
npoxojut. B rumepbosmyecKoM ciyyae perieHHE KaxKeTcs,
CBSI3aHHBIM C MOBEJeHHEM AaHAJMTHYECKHX GYHKUHH - f(x, y)
M g(x,y) B IeJOM; BCe XKe JO CHX IOpP HHKTO He MpejJio-
XHJ TIPHMepa, B KOTOpoM Oblia Obl OKa3aHa pPacXOAMMOCTb.
B sinuntHyeckoM ciyuae TaKof' IpHMeP MOXKHO NOCTPOHT;
yJAaercst J0KasaTb, YTO. pPacxoauMocTs Oyler H B oOueM
cayyae. C apyrod CTOpOHBI, TpHUBHAJEH TOT ()aKT, 4TO CXO-
JAUMOCTb MOXET HMeTb MeCTO, TaK KaK MOXKHO OIpeJeJHTh,
HanpuMep, .7 =CUC™ c npoussoasheiM.- C, U u3 A,. o
CHX MOP He CyIiecTByeT OOIlero MeToja s pPas/dyYeHHs
C/y4aeB CXOJUMOCTH W PaCXOAMMOCTH GYHKUUH @ ¥ ¢ npH
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3ajaiHoM . S. HepeleHHEIM BONpOCOM SIBASIETCS TaKkKe Clie-
AyIOmHHA: BCErA JIH MOXKHO TIEPEBECTH JBA COXDAHSIOL{HE
00beM CXOASLIHECS = dHANHTHYECKHE npeo6pasoBasus H3 4,
HEKOTOPOH MOJCTaHOBKOA Jpyr B Apyra, eciu ofa npeoGpa-
30BaHHSl HMEIOT OfHY H Ty K€ HOPMAJBHYIO ¢opmy ortHOCH-
TeabHo- A...B yactrocTH, cloga BKJIOYaeTcsl TaKiKe BOHPOC,
BCerja J npHHajgJIexHuT K A, BMecte ¢ T W HOpMa/bHOI
¢opmoit U Takxke camo C.. o

‘PaccMorpum  Temeps HopMasibHEIE (OpMBI TpH  mpeparno-
JOKEHHH O CXOAuMOCTH. B -cuny cdopmyn (25) B runep6o-
nmyeckoM cayyae &y = &n. Ecom &, m u &, v, 6yayT npsmo-
yTOJIbHBIMH KoopuHHaTaMH-' Touek P, ‘W P,, To TOuKa P,
u ee o6pas UP, =P, nexar Ha DaBHOCTODOHHel ruuep6o.e,
€C/H TOJbKO P, HaXOAuTCsi B OGJACTH CXOJAMMOCTH pSijd W,
U 3TaTOUKA OT/IMYHA OT Hayana KoopauHar. Tak Kak |\ |+ 1,
TO B JIOCTaTOYHO MaJOH OKpecTHOCTH (. Hayana KOOPJHHAT
TaK¥ke H € # 1, nosromy P, U P, B 3TOH OKPECTHOCTH He
copnajaor. .. Ecam - ‘Bce' TtoukM < Py =UP, ;=U"P, npu
k=1, ..., n Takxe Jexar B .G, .TO TMOJIYYHUTCH, YTO OHH
BCe- oTaMuHbEl OT "P;. Takum ‘o6pasoM, B paccMaTpHBaeMol
OKDECTHOCTH HE CYIUECTBYeT TOUKH, OTJHMYHOHA OT HyJeBOH,
“KOTOpasi Gbina Obl HENOABHXKHOM TOuKO# crenenu U™ u opa-

3bl_KotopoH mpu U, ..., U™ Takxe nexann Gbl B JaHHOM
okpectHOCcTH. OOpasysi Takxke o6paTHoe npeoGpasoBamue U1
u ero cremenn U'(l=+~1, =2, ...,), noayumm, uro Hu

ansi omHo#t P, # (0, 0). Bce P, =U"P, (k=0, + 1, + 2)
He Jiexar B G. Ho 3ToT pesysbrar:’ MOXKHO TMOAyuHTb H Ge3
UCIIO/Ib30BAHMST HOPMANbHBEIX ()OPM H NPHTOM 6€3 npejnosio-
XKCHHS 0 cxoanMocTd -C, ecyi 1psiMo o6paTuThCs K npeoGpa-
soBanusaM (1) m  (2). Besemcrue cxomumoctd f(x, y)
W g(X, y) B HOCTaTOYHO MasioM Kpyre x%- y®=r2< R?
CpaBe/HBLL - yJaBHEHHS - _ I :
Cx=Fx, y)=ax+ by +8,r7%, :
. V=8 (%, y) =cx+dy+ 8,7, - (32)
H, COOTBETCTBEHHO, B Kpyre x2+4y2=r?<<R? nas oGpar-
HbIX (YHKLIHA CcrpaBeAHBbl ypaBHEHUS
F=dry—byy + 3% y= —cx +ay +32 (33)

npusem 9;, ¥, 9, u 9, pasHOoMepso orpammuenst. ITyers
O<p<R ® DycTb A KaXKAOro TaKOro p. CyILECTBYET



© 204 T 1L Ilepuoduueckuye pewenus - .

" touka P, (0, 0), Takas, uro .Bce o6pasm . S*P, mpu
k=0, + 1, 4+ 2, ... aexar Bkpyre x4 y*<p? TorxaTo ke
caMoe cJeflyeT AJisi BceX NpejelbHBIX: TOUYEK 3TOH TOUeuyHOH
TI0CJIe/I0BATENLHOCTH, T. €. H JAJsl ee 3amblkanms H,. Oue-
Buano, SH,=H, 1. e. H, HHBApHARTHO .NpH S. Hycn
Teneps (X, y)--QP ectb Touka H,, Ans koropo#t x%+ y?=r®
Gyzer BoaMoxkHO, GosbmnaMm. Torxa ans SQ,= (xy, yy),S7'Q, =
'=(X_4, Y_;)B COOTBETCTBHH C ypaBHeHKﬁMH (32) H (33) BRIIOJ-
HSTIOTCH COOTHOLLUEHHS .

XX, = (a+d)x+(8 +83)r
' y;-ky__l—,(a-{—d)y-i- (8z+&4)r y
TaKHM 06pasoM, ' , -
(+ 20+ (i Fya)? = (a+ d)r*+o(r?) (0<r<p—>0)
C Zpyrofl CTOPOHEI, M3 HEDABEHCTBA TPEYTOJBHHKA CJIEAYET

o) )< (- "—'1)_2 <4r

rje IOJOXKEeHO r2 =x% +y?,. TlpenenvHnidl mépexon mnpu
p—0 llaCT : o ' )

(a+dp<4
M BCJeJCTBHE a + d = X\t OTCIOa 'c'Jxéuye'lj n
(=X,

YTO NPOTHBOPEYHT NPEANOJONKEHHIO, YTO S fABJsETCH THIep-
6osmueckuM. [lostomy MoxHO HafiTH Takoil Kpyr x%2+ y?<
<p?(p >0) B obnactu cxoaumoctd S u S7!, yro HHKaKasi
Touka P = (0 0) ne 6yAeT HMETb B 3TOM Kpyre BCeX CBOHX
o6pasos S*P (k=0, +2, ...). B wuactHoctn, He,
MoXeT OblTb, YTOGHI 06pa3bl Stp - npn k=0, ..., n—l
nexand B prre H 4TOOBl TpH TOM O}IHOBpeMEHHO BbINOJ-
HAMOCH paBeHcTBd S"P =P, :

IlycTe B 3JIHMOTHUECKOM cJlyyae psif @ B npeoGpas3oBa-
Hau (31) cxomurca npu r®+s*=p2R?* Torma npu
npeo6pasoBanuu (31) Kaxabld Kpyr paguyca < R ¢ UHeHTpoM
B Hayaje KOODJMHAT NIepeXOAHT caM B.celsi, NMOBOPAuMBAsCH
Ha yroq w, 3aBHCSMHA TOJbKO OT paiuyca p. Ecmm Ha
'TOM e Kpyre JexaT HeNoJBHXHHE TOUKH TOBTOPEHHOrO
n pas oroGpaxenus U", TO coomercmyiomuﬁ yros RHOBO+
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poTa nw JOJKeH ObiTh KpaTHBIM 2mw yrjaa 2=, H- TOrja
BeCch 3TOT Kpyr npH otobpaxenun U™ mepexoiuT caM B cels.
-Ecim B creneHHOM psfly w He Bce KO(PODHUIUEHTH Yy, Yor » - -
PaBHEl HYJIO, H, CJefOBATEJLHO, W HE SBJSETCH NOCTOSH-
HOM, TO CyHleCTByeT B CHJIY HeNPepHIBHOH 3aBHCHMOCTH W
OT--pajuyca. GecKOHEUHOE MHO}KGCTBO sHaueHnii p< R, AJs

w -
KOTOPBIX 'OTHOLIeHHe —ZTJ:T 6yzieT palHOHAJBHLIM; TOTJa

. Kaxfuf Takod KpYr COCTOMT TOJNBKO M3 HENOJBHKHBIX
ToueK mpeobpasoBanua U™ .

HanGonee unrepecHbiM ‘ABASIETCS SJUIMNTHYECKHH cJyyai;
Mbi OrpaHHYHMCSI B JajbHeflueM pacCMOTPEHHEM TOJBKO
3TOro cJyuasi. B orauyue or rumepGosuyeckoro. caydas A
NOJyYeHHs1 Pe3yJbTAaTOB . 3JeCb CYILECTBEHHA HOpMasbHast
dopMa u cymecTBesHa cxoumocth U. Bes npeanonoxenus
o cxogumoctd U He yjanoch J0OKas3aTh CYIleCTBOBaHHE
HHBaPHAHTHOrO  TpH npeoGpasoBannd . S OAHONAPaMeTpH-
YeCKOI0 ceMeficTBa KDHBbIX, COOTBETCTBYIOUIHX YHOMSIHYTbIM
Bhilile KOHUEHTPHYECKHM OKDYMXHOCTAM, H HAJO  [OJararh,
YTO TdKOE ceMmeWCTBO BOOGWE B STHX YCJOBHAX HE Cyllie-
crByer.- Bce ke B caefyiomeM naparpade GyayT eime cle-
JlaHbl HEKOTOpHlE BBIBOJbl B 3ajade O HETMOABHKHOH TOUKe
6es HCHOJNb30BaHAA HOpMajbHBIX (hopM. Ml XOTHM mpejBa-
PHTEJBHO C HOMOILIBIO COXpaHFioumed O06beM I0/CTAHOBKH, .
BbIPAXKEHHON  CXONAIIMMHCS PsfiaMd, HaHTH N0 MeHblIeH
Mepe HeKoTopoe npuGsuKeHHe K HOPMaJbHOH (opme.

Iast 3TOM Lesu MBI HCMOJb3yeM NapaMeTpHUecKoe IIpex-
CTaBJIeHHe TOJCTAHOBOK U3 I'pynnbl A, KOTOpOe. NOJYyYeHO TPH’
HCCJIeJOBAHUAX KAHOHHYECKHX npeoépasoaaﬂmd B § 3. Haa
KaxJiof MaTpuubl BTOPOrO NOpsiika

e p ql
r s
HMeeM
0 1
mz':m——-mls., I=1_1 9

. "TIO3TOMY (byﬂxunonanbuaﬂ MaTpula KakJI0ro aHaJHTHYeCKOro,
coxpangioniero - oGpeM npecOGpasoBaHusi GyJeT CHMIIEKTH-
“yeckolt.’ B dacTHoCTH, ANl TIOJCTAHOBKH z2=CC( B ypasBHe-
‘hisix (8) npousBogubie x; B Touke (§, m)=(0, 0) paBHBI
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eNUHHIE, NOITOMY B CHy - paBeHCTB (3; 4) C NOMOIULBIO- I1O-
poxjaromed (QyHKIHH p (X, M) MOXHQ CHeJaTb NOACTAHOBKY

Yy=pu E=0p, L (39)

Orciona npexae BCero CclieAyeT, YTO p - IBASETCS AHAJMTH-
yeckoil ¢yHKuueil B okpecTHoctH x¥ =0, =0 u uTO Cyie-
CTBYeT pasJioXKeHHe B CXOASMMHCH.CTeNeHHOH pAJ ciaeayio-
mero BHJA: :

p=XN+4...., T (35)
IJile HeCYIIeCTBEHHbIH 37eCh TOCTOSIHHBIA UJIEH NpPUHAT paB-
HBIM HyJi0. B camoM jesne, npeanosioxum, uto 3amena (34)
JlaeT TaKXe BCe NOACTAHOBKH, HAYMHAOMMECS ¢ X =E4 ...,
Yy=m- ..., ¥ OXBaueHHble TPynnoi A, cogepxamei A,; ecau
MJst p Bce (opMaibHble PsJbl TIO X, W NpPeACTaBJeHbl B ¢op-
Me (35). Bes mpuBneueHus: pe3y.bTaTOB, H3JONKEHHBHIX B § 2,
3TO MOXHO NPEJCTasuTh cJaefyiomum o6pasoM. Ecau nepsoe
ypaBHenue (8) paspelluTh OTHOCHTENBHO £, TO Hally cOXpa-
HAKIYI0 00heM NOACTAHOBKY 2 = C{-MOXKHO 3anucats B opme

E=P(x, N)=x+..., y=Q(x n)=7+..., (36)

rie P, Q sABIsOTCS (OPMAJBHBIMH -CTENEHHBIMH  PsiaMH
N0 X, v, NPUYEM 3TH DALl YIOBNETBOPSIOT YCJAOBHSIM

PleE, ), nl=§& Qlo(& ), n]=9¢ (&, ).

Otciofa mpexae BCETO C/EAYET, HTO S
P:ﬁc‘?a =1, Qsc‘?e = ¢, Qx?-q -+ Qn =y, (37)

H BCJIEACTBHE TOro, 4rto C COXpaHsleT IJIollajb,. Mbl NOJY-
YHM TaKXe ’ -

1= ‘qu’n - ‘PT‘q’E = ‘PaQ'fn ‘ P, ;-Px?aQn =Qy- (38)

Ho nocnennee ypaBHeHHe JaeT yCJIOBHE HHTEr PUPYEMOCTH,
M3 KOTOPOTO - BBHITEKA€T CyUIECTBOBAHHE CTENEHHOro psijia
" p(x, y) B dopme (35) c.sanaHHBLIMH ‘BPOU3BOJHBIMH p,. = Q,
p,=~P. Tlpu stom B cuny ypashenuit (36) MBI noayuaem
npeacrasienve C B ¢opme (34). Ecou C npu stom feiicTea-
TEJbHO, TO -BCE KO3((HUMEHTH Pa3JOKeHHs p IOJyYaloTCs
JeHcTBUTeIbHBIMH YHCtaMH. Eean, naoGofor, cienath. 3ameHbl

(34) u (36), c MPOU3BOJILHBIM CTENEHHBIM PALOM B, HMEIOHIHM
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¢opmy (35), TO noayuaercs P,=Q, u pasencrBa (37),
OTKyJa, OYeBH]HO, ciefyeT nepBoe ypaBueHue (38). Caexo-:
BaTeJIbHO, TOJCTaHOBKA (34) onsTh COAepKHUTCA B A,
IlpeactaBuM  Temeps  aHalWTHUECKOE  COXPAHSIOEe
o6beM npeoGpasoBanue T u3 ypaBuenuit (7) B AefiCcTBHTEJb-
HOH (hopMe; A/l 3TOTO BBeJeM aHAJOTMYHO MojcTaHoBKe (30)

- 1 1
BMECTO X, y HOBbIE HEH3BECTHbie - (X -+ y), 357 (*—y). Tor-

Aa, BcaencTsue ypasuenui (38), T nepexoguT B eHCTBH-
TEJbHOE aHAJMTHYECKOE IIpeobpasoBaHUe

‘ z,=T*z,
S Xp=XxCosy,—ysiny,+ ...,
ypy=xsiny,+ycosy,+ ...,
coxpansiioumee 06BEM, H 3TO MOXKHO cJeJaTh, KaK yxKe

OBJIO  J0Ka3aHO, NeHCTBHTENbHON IOACTaHOBKOI, COXpaHsIo-
el o0nem,

2=CC, x=9( M)=t+..., y=9@E D=9+...,
rie B JIHCTBHTE/bHYIO HOpMaJibHYI0 dopmy (31) Bmecto r, s
BBefieHs &, 7. Hanmmem tenepr C- B ¢opme (34), npuuem
OymeM cuutaTh, YTO (POPMajbHLIA psJ p HMMeeT . AeliCTBH-
TenbHbe  KO3(duIueHT, YTOGH - NOJYYHTh JleHCTBHTEIbHOE
coxpaHsiiomee OGbeM aHAJHTHYECKOE MpeoGpa3oBanMe, /s
Kakoro-uubyap uesoro [ >0 coXpaHHM H3 WIEHOB. psija
p(x¥, M) TONBKO uYjeHbl cTemeHH, He Goabluedi uem 2[4 2,
TOrJAa Mbl NOJYYHM MHOTOUWIeH p,(x, 7) cremenn 2[4 2.
C 3THM MHOrOYJIEHOM MOXHO NPOH3BECTH 3aMeHy

Y=DPix £= Ph,: ) (39)
ONpefessIIOyI0  TaKke JeHCTBHTENBbHYIO  COXDAHSIOULYIO
o6bvem mojcraHOBKY 2z = C{, koTopasi, ojHako, GyAeT Tenepb
CXOASIIeiCst, COrJAacCHO TeopeMaM O HesIBHBIX (DYHKUHSIX,
M UJeHbl KOTOpOH COBHAjaloT ¢ ujeHaMH B C, HMEIOUHMH
cTenenb He Bhille 2! - 2. CaefoBateasHo, Cr'T*C, umeer BUj
E,=Etcosw, —ysinw,+ ..., '
n=§sinw,+ncosw, + ..., (40)
rae L T ‘ ’

w= 2 1 (&) (41)
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npuYeM He HanMcaHHble B ypaBHeHHsX (40) unedn GyayT mo
kpaiiHeil Mepe cremenn 2[4-2, H Bce Koadpuuuentsr GyayT
JpedctBuTenbHBIME. [lofoGHBIM 2Ke 06pa3oM NOjCTaHOBKe = S
JeHCTBHTE/ILHEIM  AHAJHTHYECKHM INpeoGpasoBaHHEM MOXKHO
npufate ¢GopMy, uJeHol KOTOpPOH, MMelollHe CTeneHb HHXKe
2142, coOBNajalOT C COOTBETCTBYIOIMIUMH UJEHAMH HOP-
MasnbHOH popmbl. Tlocne  Toro kKak YCTaHOBJICHO cyute-
CTBOBAHME MHOTOWIeHa p;,, €ro MOXKHO HalTH IpPEMO HU3
3aMen (39), (40) u (41) NOCPE/ICTBOM CPABHeHHS KO3(GpH-
uuentoB. [lpu 3tom, OUEBHJHO, BMECTO npejnoJioxKeHus
O CNpaBeIMBOCTH HepaBeHCTBA P | npu Bcex k=1, 2,
MOXKHO OrDAaHHYHTHCSI NPEANOJIOKEHHEM O cnpaaeunuaocm
TaKHX HEPaBeHCTB TOJbKO npH k=1, , 21+ 2. Hanpu-
Mep, B HaCTHOM cayuae =1 JIOCTaTquO npeunonomeﬂuﬁ
AB £, N

Il.nﬂ TEOpeMbl O HEMOJABHXKHOH TOUKe BnpKroq)a Baxmo
norpe6oBartb, 4TOObl psAA w B NojcTaHoBKe (31) coxep:kan
HE TOJbKO, TIOCTOSIHHBIH UJIeH, CJe/0BaTesIbHO, YTOOBI HOp-
MajapHasg ¢opMa He CBOAWJACH TOJBKO K IOBOPOTY Ha
NOCTOSIHHBIH _yron ¥,. IlycTb npH TakoM mNpeAnoJioXKeHHU
>0 Bb16paHo TakuM o0pasoMm, 4TO Y,=...=7,_ ;=0
‘M 7+ 0. Ecau npeo6GpasoBanue (40) onsaTh 3anucath
B KOMINIEKCHOH ¢opme, npudeM &+in, &—in, & +ivy,
& —im, onatb 0603HAuHTL Yepe3 &, 7, &, 7, TO '

El=p(€r ) =uk+P, 711=Q(E,7J)=UVI+'-Q»'
rue
= eﬁ‘f,)+ﬁ (En)l'_ v=u"?, 1=1,+0 (42)
1 p(& m)=q(n, &). 3nech crenennbie sl P 1 Q cXoAATCH
B OKpecTHOCTH, § =0 7m=0 M. HAUHHAIOTCA C WYJEHOB CTe-
nend 2[4 2. Ilocne cooTeeTcTByOUleH NEPeCTAHOBKH & H 7]
MOXHO TNpPeANoJoXHTb, YTo Y>>0, Toraa JuHeiHOH. non-
CTAaHOBKOH T
: 1 1
E= E*Y_W, n= ”I*Y-W

MOKHO NOJYYHTh B ypaBHeHHsX (42) n-poc'ro 1= 1.
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§ 22. Teopema Bupxroqia o HENOABHKHON ToUKe

ByseM uCXOAMTh ONATL M3 JAEHCTBHTENLHOLO COXpaHfiO-
mero o6beM oToOpaxewHa 2Z,=Sz, uMeiomero ¢GopMy
(21; 1), (21; 2), npuuem OypeM CuHTaTh, 4TO CTENEHHhIE
papet f(x, y), g(¥, y) CXONATCA B OKPECTHOCTH Hayaja
KoopmmaT. B saauntaueckoM cayuae COGCTBeHHbE 3HAUEHHS
A, A\ marpuus

a b]
¢ d

N0 MOLyJIO DaBHb eUHHL, HO He SBJSIIOTCA UHCHAMH - 1.
Iycrs Bripeanosiokenun N = 1 (£ =3, ..., 2! 4 2) BuluncAeHN
HHBApHAHTHI Yy, ..., Y| B ypaBHeHuax (21 31) u mycrs ¥,
OyZeT NepBHIM HHBAapHAaHTOM, KOTOpHII He paBeH HY.JIO.
Toraa, corsacHoO pesyJibTaTaM KOHLA IpejbIAyLIEro naparpa-
¢a, cymecTByeT CXOAsHIascs NOACTaHOBKA 2= C(, Takasd,
yro npeo6GpasoBande C!SC =T coxpaﬂﬂer oGbeM; Ta NOA-
CTaHOBKAa HMMEeT BHJ-

E,=pE n)=ut+P, ,=0q(§, n)—vn+Q. w=1,
u=eitet™)  petn P&, m)=q(x, &),

npuueM P ¥ Q  HAayHHAWOTCS C uUJNeHOB crenewH 2042
H o — JleicTBHTeJbHas NocTosiHHas. YrToGbl nepBOHaYaJsibHblE
nepeMeHHble X, y OblIM JeHCTBUTENHHLIMH, HYXHO B3SATH

n=E§, r=|%t|. JlokaxeM, 4TO B KaxXJOi NPOH3BOJILHO MaJoii
oxpecmocm G Havyana KOOPAMHAT ILIOCKOCTH (X, y) M Aast
BCeX JIOCTATOYHO OGOJBLIMX NeJbiX uyucea n > n,(G) cyme-
cmye'r HeMOJBUKHAA TOUKA 20 mpeoGpaszosanus S mpu-

*2€G(k=0, ..., n—1). 310 yTBEpXK/ieHHe H SBJSETCH
Teopemoﬁ Bnpxrocpa 0 HenojBHKHOH Touke. IlpuBoguMoe
HHXe JOKa3aTeJbCTBO OTJHUaeTCs OT JaHHOro bipkropom
TOYHLIM IIPOBEJieHHEM HEeOOXOAMMbIX OHEHOK. '

Cunurass r >0, BBegeM noOJsipHble KOOPAMHATH r, @ IO-
cpezxcmom E—re” n=re~i? u o6bSHAUUM uepes &,, Iy, P
(=0, 1, ...) koopumsatel &, r, @ ans §,=T"C. Ilog
Cly +evs Cpp -6y11eM [IOHUMATh B. JaNbHedireM COOTBETCTBYIO-
UlMe TIONOXKHTEJbHbE IOCTOSHHbE, 3aBHCHIIHE TOJBKO OT
CBOHCTB 3ajlanHoro otoGpaxkenuss S. [lanee, 8, 9, ...
CyTb GYHKUHH OT 7 B ¢, KOTOPHE COOTBETCTBYIOLIMM OGpa-

14 3akas M 1032

)
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30M ONpefiesIsloTCSl HEKOTOPBIMHM  ypaBHeHHsMH.  Ecaum He
O6yner noBoja GOATLCS HeJOpasyMeHHH, TO .CHMBOJ ¥ Oygner
“TaKxkKe NPUMEHATBCS JAJst OGO3HAauYeHHsl JPYTHX pas3JUYHBIX
¢yskunii. Ilycte ¢, omnpepeneHo -Takum 06p330M 4TOGkI
‘pafpl P 1 Q aGCoOMIIOTHO CXOJMJIHCH B prre r<ci' 4 ynos-
.ne'rBopsmn OLEHKE . -

[Pl+|Ql<ert - @

Torza B cuiy npeoépaaoaaaga (1) m ouenku (2) BRImOJ-
HSIIOTCS! COOTHOIUEHHS

ff=E1n1=r2+8."2l_+3’ I'B‘l<03; } (3)
o= (L2 = r 19,0242, |8 <c, (r<cfY).

[Ipexne Bcero moOKaxeM c.neaylomyxo BCIIOMOTaTeBHYIO
_TeopeMmy. '
Ecim r 1 narypanbnoe yucjio n y,uoane'raopmor yCJIOBPIﬁM

' 0<r<—C;1, nrﬂ“ < ﬁl—l-ﬁ 04 L] (4)

0<—i—r<rh<%r<é;1_, ry =14k, rait+2, J (5)
3] < 3eq (=0, ..., n).

JloxasaTenbCcTBO GyZieM BECTH METOJOM NOJHON HHIYKIHH
no k. lna k =0 yrBepkKjeHne TPUBHAJBHO B cuay &, = § =<0,
TNPHYEM MOKHO NOJOKHTb g = 0. Ecym yTBepxtenne nokasano
st k< n, TO H3 COOTHOMeRHH (3) caenyer OLleHKa

Fros =+ OrBH2 = r b k8, r2002 1§ 2042 (] 4 b, r2i+t)2042,
[Pha—r| <SR9 |+ [ 8 [ (1 + £ 8 | 241242} (6)

B cooTBeTcTBHHM C  YCJIOBHSMH (4) H 10 nnnymmonﬁomy
nonyeHuio (5) uMeeM

klﬂklrzl-i-i <2lil_2’ ) (7)

-caeuosare.nbno, BhIpaXeHHe, crodilee B cpm yprJx cxoéxax
"B HepaBeHCTBe, (6) MeHblue, uem

- 3key+cie < (3k+3)cy,
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‘OTKYJa CJIefyeT, 4To- BTOpOe yTBepx/eHHe (5) BHIOJHFETCS
npu k-+1 Bmecro k. [lajiee, B COOTBETCTBHH C HepaBeHc'rBa-
mu (4) # (7) nonyyaem

o STLLA+ (k4 1) 84| 7241] <’<1+%>=‘Zr<c{‘.
Tea> [ = (k4 1) 32+ > (1-3) =2 >0,

yeM M 3aKaHUHBAeTCs NpPOBEJieHHE nanyxumx s AOKasaTeb-
cTBa cooTHoilleHud (5).
Jlorapupmupys (1), monyyuM BbipaxKeHHe

1nrl+iq>1=1nr+iq,+ia+ir-"-‘+1n(1+%),_ ®)
CJIeIOBaTeNIbHO, B CHJly HEpaBeHCTBA (2), OTaensii MHEMYIO.

4acTh, \IfIMeeM
%—?=a+r2’+3f2“1, 18] <c, } 9
O<r<e*<e?) )

pH COOTBETCTBYIOIIEM nouéope KpaTHEIX 2% /ISl HelpepkIB-
HOH (QyHKUMH ¢, —¢@ OT r H ¢. Ecan xe

0<r<—c,, nr2i+t < 1+6 c, (10)

TO N0 BcriomoraresbHoit Teopeme 0 < rp, < ¢;* masg k=0, ...
..., n. MoxHo cjenatb npepnosioxenue (10) ana r u n,
TOTAa MOXKHO DNpPHMeHHTb paBeHcTBa (9) Takxke BMecTO §
K obpa3saM sToH ToukH, &, (=0, ..., n—1), B pesyJbrare

Praa— r=0-FrRtHHr2t, Y| <c,
IMpumensis cooTHomenusa (5), NOJyuuM
Phar— Ph =&+ 7%+ B ¥ (1 4-nr¥),
[9.0<e, ~ (R=0,...,n=1),
H Jajee, cymMMupyq mo k, :
Su—p=n(at+r¥) e, (1)
npUyeM

L x=nd (14 nr?), |8 < ¢, (12)
14+
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Ilycte M u ¢ — kakue-BHOYIb ABa HOJIO)KHT&JIBHHX yucna,
YAOBJAETBOPSIOLINE HEPaBEHCTBAM '

M > 4=, "
3 < Min [@iom "5 wniem | } 1
H NycThb amﬁp‘auo HaTypaJIbHOe HHCJAO
n>Mi®, - (19)
3Haﬂ na, onpeuennm 1eJioe 4YucJo g COrJlaCHO YCJOBHHM
ne = gw—i—@ <B<L®, (15)

M3 KOTOPLIX g H § OnpeJieNsiOTCs OJHO3HAYHO. 3areM, NycTh A
ecTb Kakoe-HHOy/b Ha'rypa.nbnoe YHCJIO ¥3 WHTepBaJa

1<h < 5= — 1 , (16)
Torna 'rpeéonamle

—F<nrt— 2h1c+[3 > (17)

PCHQACTBHE HEPAaBEHCTB
m— % B>ZE50, et D—B<2ntE <M (18)
2 2 ! 2 ‘ 2

OHpefesifier JAas r uurepBan [,, KOTOpHii B COOTBETCTBHH
¢ HepaBeHcTBOM (14) comepkurcsi B mHTepBane 0 < r<o
Baxpenum Tenepr ¢ u NycThb 7, yBeIHUHBAsICh, IpoGeraer
unTeppan {,. Torpa & =reie B.xomnaexcﬂoﬁ IJIOCKOCTH TIpO-
Geraer 3aMKHYTHii HHTepBaa [,(p) Ha Jayue, NPOXOAsLIEM
uepes Haualo KOOPJHHAT H OGPasylolleM ¢ IOJIOKHTEbHEIM
HanpaBJieHHEM - IeHiCTBUTE ABHOM OCH yroat g. [Ipn stom B cu?

.ny HepaseHCTBa (13)
0<r<dce c;‘,i nrétl < Mr< Ms < 61—|—6 - (19)

CueioBaTesIbHO, NPEATIOJIOKEHHE (10) BLIOJIHEHO, ¥ JJIA
¢yHKUHM T =1 (7, ¢) B coorBeTcTBHH C dopmyJoii (12) momy-
daeTcst ouenka

|t < ]S|Mr(1+M)<c8Ma(l+M)<
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B coorﬁmmn'c’coomomennﬁw (1, (15) u (17) Bur
paxeHue ' ’

F{(r, ?)~=<Pn—?—2'(§+h)n'=nr21—2}m+p+c‘

uMeeT Teneph Ha oBoMX KOHHAX HHTepBana [, (p) NpOTHBOMNO-
JIOJKHbIE 3HAKH, CJeZOBATENbHO, KaK HernpephiBHast (pyHKIHS I,
OHO HMeeT B 3TOM HHTepBajie N0 KpaiiHed Mepe OfHy mepe-
MeHy 3HaKa. Ho ans

ta—e=2(+h)% . (20)

obpas &, =r,e%» Toukn £ npH oroOpaxkenud T JEXKHUT Ha
ToM Xe Jyue, uTo M &, ¥ mputoM 0 <r, < ¢t '

M3 aHaJMTHUECKOH 3aBHCHMOCTH KoopiuHar &, 7, oT £, 7
crepyer, 4to @, M F(r, ) OyAyT naxe aHAJUTHYECKUMH MO

nepeMeHsEIM 7, @ mph 0 < r<—§—c;‘. C _zmpyroft CTOPOHH,

Janee, GyAeT 10Ka3aHO, YTO uacTHasi Hpou3BojHas F, =g,
Ha BceM mHTepBase [, (@) GyAer NOJOXKHUTEBHOH, ec/iH, Kpome
BRIOJIHEHHS HepaBeHCTB (13), morpebaBathb

Y< oM, (@1)

rae ¢, GyleT ONpelelieHO MNOAXOAAINHM OGpasoM Huxke. Bce
ycJoBus! 151 ¢ GyAyT 0053aTeALHO BHINOJIHEHHBIMH, €CJH Tpej-
MOJIOXKHUTh, YTO

8 <-e—crM (22)

[tpu sTOM mpexnosioxkennn ypaBHehse F (r, ¢) =0 umeer Ha
I, () enuHCTBEHHOE pelleHHe r=r (@), KOTOpPOE IO Teopeme
© CYIeCTBOBAHHST ISl HeSIBHBIX ' QyHKHHR AuddepeHtnpyemo
¥ JlaXXe aHAJIUTHYHO OTHOCHTENBHO ¢. Ecim ¢ mpobGeraer uuTep-
Ban 0<p < 2w, T0 r = r (@) NPEACTABJAET 3aMKHYTYIO MIaKYIO

kpusyio K, kotopas zjexuT B Kpyre 0 <r < —;—c;‘ H OXBa-

ThiBaeT Hayano koopausat. O6pas K,=T"K xpueod K npu
otoGpaxenun T Gyger raajkofi 3aMKHYTOR KpHBOH, Jexa-
meft B kpyre 0 <r <c;'; 3Ta KpHBasi OXBaThbiBaeT TaKxke
HAayaJ0 KOOpJMHAT, M NpPHTOM B cuay pasenctsa (20) jpns
Kaxno#i Touku -t kpuBoi K ee o6pa3 &, Ha kpusoidl K,
JIEKHT HA Ayye, NPOXOjsAmeM vepes Hysab M & Ecaum mpen-
noNoXuTh, urto KpuBhle K u K, He HMeior OOUIMX TOYEK,
TO OfiHA M3 HHX JIEXHT BHYTDH JPYrOil; ST0 NPOTHBOPEUHT
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YCIOBHIO, TIO KOTOpoMY orTobpamenne T JOMXKHO COXPAHSATL.
o6beM. CJieOBaTENbHO, 3TH KpHBHE HMEIOT II0 MeHbLuef
Mepe jnBe ofmue Toukd. Ho Torma ass KaxJ0od TOYKH
nepecevennst KpuBbix K u K, umeem & =¢§,. Ilosromy npu
c(opMYTHPOBAHHbLIX Bhillle NPEATOJOKEHHSIX MbL MOJYYHM I10
MeHbllled Mepe JBe pA3/MYHblE HENOJBHIKHBIE TOYKH & = 0
npeo6pasoBanus T", npuueM o6pasul &, (£ =0, ..., n) Jexar,

KpoMe TOro, B Kpyre |EI<T5' Ecau BBectn BMecro £, 7

ONnATh NepBOHAYaJibHble KOOPJAHHATHE X, Yy H 3aMETHUTb, uT0 M
B ouenke (22) MOXKHO BHIOpaTb NPOH3BOJLHO GOJIBIIMM, TO
OTCIOAQ CJiefiyeT chOpMyTHPOBAHHAS Bbillle Teopema Bupkroda
O HeTOJIBHXKHOH TOUKe. .

Tlpu ¢ukcHpoBaHHOM 1B CHIy HepaBeHCTBa (17) unTep-
BaJbl [;, COOTBETCTBYIOUIME Da3JHUHBIM /, OTAEJeHB Jpyr |
or npyra. Cref0BaTesIbHO, 3TO HMEET TaKXe MeCTO H -
HEMOJBHXHBIX ~TOUEK, INOJYYAIOMHXCH NPH  JOMYCTHMBIX,
yIOBJETBOPSIOUINX HepaBeHCTBaM (16), sHauenHmax-h - -

h'=1,2,'...,|2 ]

Ec.xm B COOTBETCTBHH C HEPaBEHCTBOM (14) n3MeHuTH Takke
n, TO HeMOJABHKHbLIE TOUKH, NOCTPOEHHbIE JJIS PA3JHYHBIX 71, h;°
MOryT, KOHEYHO, coBmajiatk. Ho storo ne 6yfer npu M > c¢yy,-
ecid n npoCeraer COCTaBHble YHCJA, CJEJ0BAaTeJbHO, 3TO
CrpaBejIABO TOJBKO JJs -TpocThix uncen. Ecom TM(=T"{={
u HauGosbluMil obwuit jgemurens (m, n)=1, 70, BbIGHpas
LEJIOYHCJEHHOE ~DElleHHe p, ¢ ~ ypaBHeHHs pm+gn=1,
‘nonyuyum (T™P? (T" =T, cnefoBatesibHo, T =C, B T0 Bpems
KaK B. JIOCTATOYHO MaJsoH OKDECTHOCTH Hauaja KOOpJHHAT
€JIMHCTBEeHHOH HemojBHKHOH Toukofi T GyjeT camo Hayano
KOOpAMHAT. I3 Halero paccMOTpeHHs jajiee CJEAYeT, YTO
HeNnoABIXKHAsA Touka T, eciH n -[OPoCcTOe yucyo, GyleT Tak--
JKe HenojiBHXKHOH Toukoi T™, ecaH m JeJuTCd Ha n. ‘
Ocraercsi J0OKa3aTh HCIOJB30OBAHHYIO BHILE OLEHKY, IO
KOTOpO#t ¢,. > 0 B uHTepBaje [, (p) NpH COOTBETCTBYIOLIEM
BbiGOpe C,. Jluddeperuupyst paseHcTBo (8) moiHbHIM 06pasom
H BBOAs COKpaileHud Inr = P, Inr,=p,(k=0, ..., n), uveem

dp, + ide, = dp + idep + 2tlr2’dp +4 841 (3dp + Sdcp)
(3413 <oy . (0<’<CEI)
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Ipu mnpexnonexennax (10) 0<r, <cg' ama k=0, ..., n,
B TIOTOMY, COOTBETCTBEHHO,

gy + idey,, =dpy, + ld% + 2ilr2tdp, +
+r2+ (3, dp, + 31@%)» | (23)
. I3:I+l'3kl<clg (k=0,-..,4n—1).
Ecau nonoxutp -
0 3 Vo
2rff L 1 931; Ban

TO COOTHOlleHus (23) MOXHO 3anucarb B AeACTBHTeJIbHON
BEKTOPHOH (popMe

= ’ %h=f§z” ’ (24)

dog,y dpy,

_ =M , M=% +9B,,

dPra k de k k *
H TIpH 3TOM

1941 9an |+ Bse | +] %4 | < €15
Torpa npm
*
gy

yacTHasl NPOU3BOJHASA @,,=7"'p, TaK YTO OCTAETCS JIOKa3aTh
HepaBeHCTBO p > 0.

B ua.nbﬁenmem GyaeM o6Go3nauarh 3anuchio X<Y) ans
JBYX JeficTBuTeNbHBIX MaTpuy X u §) ToT pakrt, uyro abeo-
JIOTHBIE 3HAUeHHs! 3JeMeHTOB X He GoJibllle COOTBETCTBYIOUWIHX
saeMenToB - §). OueBHHO, YTO BCe 3J€MEHTH MaTpHibl 9)-
HEOTPHLATENbHL. Ec/H NOoNoXHuTh elie

i1 1
=3, 1)
0o R2=B u _ _
W<+ 0 'B=U, By<c, ™ B=B (k=0, ..., n—1),

Hs nep_ecraﬂosoqﬁocm A u B caenyer jganee, 4To
Mg - MM — A, AU L(A+B) A, (26)-

Mpr - MM, = (25)
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n-—1{
(A+4+B)"—A"=B kgd(u + BRIk <

< 1% (A +B)" =y r 1 (% + BB = (27)
= Cynr®*H (14 cyr™ + 0™ )18 <
" <e nr2’*1e°16""’ B, )

SER——

NpUYeM HYKHO npmme BO BHHMaHue HepaBeHcTBa (10).
Hanee, u3 pasencts (24) C/lefiyeT oLeHKa

10
Uy A= 1“
n-—q
o= >3 Ve > o
R=0,

[Tostomy, ytiu'rbmasl TaK¥Ke OLEHKH (25), (26) u (27), nonyunm
- > ar? (o} — ¢y reciont?),
noa'romy neficTBHTeNIBHO p > 0 B Tom ciayuae, Korja
7 < (Cy5617) e eronr?,

Ho 310 ycaoBre B coorBerctBHH ¢ ouenkamu (19) u (21)
BhinosHeHo Ha [ (9) Aaa jpocraTtoyHo Gosbluoro c,. Crenyer
3aMETHTb, YTO Cy, Cyo M C;; TENEPh YK€ TOYHO OIpeJiesIeHbl.
Takum o6pasoM, TeopeMa Bnpxroq;a [1] o menoxppikHo#H
TOYKe JIoKa3aHa HNOJHOCTHIO. B HaiieHHoM Bupkrogom foka-
3aTeNbCcTBE TeopeMbl IlyanKape o HeNogBHKHOM TOUKE HCIOMb-
3yeTcsl Ta e caMasl OCHOBHas HJes O _TOCTPOeHH# OXBAThI-
BalOMIeH 1:a4ajl0 KOODAHHAT 3aMKHyTO#t KpuBoi K, TOUKH
KOTOPOIi Npy oToGpakeHun S” CMEMAIOTCS TOJBKO PaRHaNbHO..
Ipumennum Teopemy Bupkroga k cucreme I'amuibTOHa

$x=Eyy = —Es, (k=1,2) @

IS KOTOPOli H3BECTHO TePHOMUECKOE pelleHHe, He SBJSIO-
meecst paBHoBecHbIM. Ilyctb x4 (¢, &, m), yu (¢, &, m) Oyner
PeIUCHHEM C HAYaJbHbIMH YCJOBHSIMH X, =&, Y, =M, OPH
t=0, u nycts 3a/laHHOE NIEPHOJIMUECKOE Pelliehke NoJyuaeTcs
ansa &, =Ex, m, =% TIpeanosoxkuyM, uTO €OOTBETCTBYIOM[AS
3@MKHYTasi TPAeKTOPMSA He KacaeTcss B NpPOCTpPaHCTBE (X, Y)
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IJIOCKOCTH Y, == 7;, Tak uro E,, (8%, 7*) # 0. 3adukcupyem
Tenepb My =1, H E (&, n)= E (&%, v*) © paccMOTpPHM Hayaib-
Hble 3HAYEHMS §;, 7 KAK He3aBHCHMEle NepeMeHHble B MaJioH -
OKPECTHOCTR TOYKH &, =8} m,=7v1. Ecau npogomxkurs
COOTBETCTBYIOIEE PellieHHe JIsi BO3pacTaloulero f Jo caefyio-
L1ero nepeceyeHHsi C MJIOCKOCTBIO Y, = T,, TO, COFJacHO [0
KasanHoMy B § 20, MBI NOJNYYHM aHa/MTHYECKOe OToGpaxe-
HHe S B JByMepHOH INIOCKOCTH (X;, y,), KOTOpPOE COXpaHseT
ofbeM H HMeET HENOABHXKHYIO TOUKY x, =&}, g, =7v*. Ipu
3TOM MMeeT MeCTO 3JJUIMNTHYeCKHi cayva@t. Torza, ecam
CYIeCTBYeT HATYpAJbHOE ' MHCAO I, Takoe, uro A* =]
(k=1, .o, 242 nyy=... =7,_,=0,7 0, T0 oTOGpaxke-
HHe S MOXHO. nepeBecTH B. ¢opMy (1) W DpHMEHHTh Teopemy
Bupkropa o nenoapHkHO# Touke. OTCiofa ClelyeT CyuiecT-
BOBaHHe GECUHCJIEHHOrO MHOXECTBAa NEPHOJMUYECKUX pelLleHH
¢ TeM Xe cambiM 3HauvenueM E (§*, 7*) dyukunmn [amunstona
B IIPOM3BOJGHO MaJioOH OKDECTHOCTH MCXOJHOTO PpelLICHHS,
H APHTOM CYHIECTBYeT Zaxe JJI KaXJOoro JOCTATOMHO GOJib-
IHOTO MPOCTOr@ HHCI2 7 €RUHCTBEHHOE  DelleHHE, KOTOpoe
3aMBIKaeTCs BepBhie moche 7 o6oporoB. Ecim B Touke &¥,
m* snavenue E,, =0, Bo Ey, 3% 0, TO nocse 3aMeHsl x, y Ha
Y, — X Mbl IPHXOJHM ONSATH K YK€ PAaCCMOTPEHHOMY CJYYaio.

Kak npumep pacCMOTPHM OrpaHHYEHHYI) 3ajauy Tpex
ten. Ilycre Toukm P,, P,, P, mMeiOT onsTh Macchl g, | —p,
0 mpa 0 <p < l; mycrs matepuanbHble TOYkH P,, P, oGpa-
IAI0TCA C YIJIOBOH CKOPOCTBIO, paBHOM I, OKQJIo HX o6iiiero
UeHTPa MHEPHMH M NYCTh KOOPJAMHATH TPEX MaTepPHAIbHBIX
TOYEK B COOTBETCTBYIOIIEH CHCTeMe BPALIAIOMIHXCA KOODAMHAT
Oyayt paBubl (1—p,0), (—p, 0), (x5, X,). ¥YpaBHeHus ABH-
xenuss (19; 28) nerko MOXKHO 3anucaTh B KaHOHHYECKOH
¢opme, eciin BBECTH BMEETO X;, X, NEPEMEHHBIE Y, = X3 — X,,
Y, = Xy + X, H. NOJOXKHUTH

{ :
E=5(yi+43) + Xabhh— %oty — F (g, %), (29)

rae F sagaso BhipaxkendneM (19; 29). Ilpu atom cucrema
(19; 28) mepexogur B cucremy (28). B § 19 Mei npumensnu
MeToA Masioro napamerpa [lyaHkape, mpHueM Mbl -HCXOQUIH
Aast p = 0 u3 neproguyeckoro petenus (19; 30) cr3 (v + 1)2 =1
IPH HEKOTOPBIX OrPAHHYHTEABHBIX IPEJNOJIOKEHHAX AJs ®
Tam ObUI0 AOKaSaHO CYHIECTBOBAHHE NEPHOJUYECKHX PElIeHHEH
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IJ1s1 JOCTaTOYHO MaJsioro p >0 BOJH3H MCXOJHOrO pelleHHs.
OnHO M3 3THX pelleHHA MOXKHO BHIGpPATh TENEpb 3a HCXOAHOE
JJIsl TIpHMeHeHHs] TeopeMbl DHpKroda o HenoABHKHOH TOuKe;
nycTb npH 3ToM p=p, >0 Ilepuonuueckoe pewenne (19; 30),
cooTBeTCTBylomee p =0, HMeeT HauajbHble 3HaueHus Ef =r,
m=0, =0, w=r(0+1), ¥ Dpy 3THX 3HAYEHHSX NPO-
u3BopHas Ey, (8%, 7*)=n; — & =rw = 0. [Tostomy npu p=0
ajs nepropuyeckoro pemlenus (19; 30) MoXHO npHMEHHTH
MEeTOJ, HENOJBHKHOH TOYKH. C Jpyrofi CTOPOHBI, (YHKLHUS
IFamuaprona E Gyjer aHaluTHUeCKOH (yHKUHeH napamerpa p,
TaK = YTO MO TeopeMe CYIeCTBOBaHHS peluenne x (¢, &, 7),
y(f,-&, m) Oymer TaKKe aHATMTHYECKHM OTHOCHTEJBHO .
Orciona, B YaCTHOCTH, CJeAyeT, YTO JJIs JOCTATOYHO MaJioro
$t H COOTBETCTBYIOIIErO MEPHOLHYECKOrO pelleHHs TaKkKe
MOXKHO IIPUMEHHTb MeTOJ HenoABHXKHOH ToukH. Ecnu pac-
CMaTpUBaeTcsl JJUIMOTHYECKMH cayuyalli nmpu p=0 u ecan
Insl. COOCTBEHHOrO 3HAUeHHS A H . HAaTypajbHOro uucaa [
BHINOJIHEHH  paHee COPMYJNHpOBaHHble ycJoBHS A* == |-
(=1, ..., 20+2), ,=...=Y,,=0,7, # 0,7105T0 yrBep-
XKJleHHe ClpaBe/IJIHBO BCJIEJICTRHE aHAJIHTHYECKOH  3aBHCHMOCTH
OT p Tak¥Ke s JIOCTATOYHO = Majoro p=g,, H IPUTOM
" C 'PaBHBIM MJIH MeHbIUHM 3HaveHueM [. Ilostomy mnpeoGpaso-
BaHHe S HYXKHO BHIYHCJMTH ToNbKO. i p=0. Ho aas
9TOT0 MOKHO $IBHO pa3pellMThb YypPaBHEHHS B. BapHalHaXx
(19; 7), xak o6 sTOM OBLIO ‘ynoMsAHYTO B § 19: orciona mocne
3JIeMeHTapHbIX BBIKJAAOK JJisl TIpeoOpa3oBaHHs S MOJMYyYalOTCH
cle/lylomue pasJioxKeHHs .B P

x=ct+ (04 1)Tsy,+ ...,

h=—(0+1) s&+en+..,

(30)
2r .. 2 . .
=cos =, s=sin—, g
® e
npuyeM £,, 7, OyAyT HayaJbHbIMH 3HAYEHHAMH X,, Yy, TpPH
t =0. CoOcTBeHHbIE 3HAYeHHs1 MaTpHIbl JHHEHHBIX UJIEHOB
o : 27i

paBHel A H A\, rge A=e . Ilpu 3TOM HCNOJIB30BAHbl JaH-
Hple B § 19 npegmosoxkenus w0, —1, — 2, u cuuTajsoch
cnpaBe/suBeiM HepapeHcTBO (19; 32), Ecan npuHATH TaKXke,
4yTO ' :
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TO 6yLeT uMeTb MeCTo amunmqeexuﬁ cayyalt, W TOrja
Mgl s k=1,...,4. Ecau B pasnoxenusx (30) ompe-
JeMMTh TaKXe UWIEHs BTOPOrO M TpeThero NOPS/KOB, TO
MOXHO HaHTH mmapuaﬂ’r Y, B SIBHOM BHJe, uYTO JaeT [2]
1= —3t(o+ 1o x0, ‘rorja [ = 1.-O6mue npeanonoxe-
HUA M o = 0 cojepxkatcss B _HepaBeHCTBe (31); npu BbI-
NIOJIHEHMH 3THX NPEANOJNOXKEHHH JJIT JOCTAaTOYHO MAaJjoro
p >0 cymecrByer GeCKOHEYHOE MHOMECTBO NeEPHOJHUECKHX
pellleHHd OrpaHHYEeHHOH 3ajauH Tpex Tesl BO/M3H HCXOJHOIO
pellleHHs], ¥ NPHTOM TaKHX PpellieHHH, KOTOpbie 3aMbIKaloTCs
BIIepBble TIOCJe MHOTHX OGOPOTOB H HMEIOT OJHH M Te ¥XKe
3HauUeHHs MOCTOSIHHOH fIKobm E.

MoxHO GblI0 Gbl AYMATb, YTO STH PElIeHHS MOXHO TaKikKe
CJefyIOWHUM 06Pa3oM OTpele/IHTh C NOMOMIBIO METONa MaJoro
napamerpa. Ilpu p= 0 Bce pemenust cucremnt (19; 28) umeror
BH/l - KOHHYECKHX CeYeHHH B IIOCKOCTH (X,, X,), Bpauawo-
IHHXCA C YIJ0BOH CKOPOCTbIO, paBHOH — 1,- okoJio ¢oKyca,
PacIoJIOXKeHHOr0 B Havale Koopiunat. B oxpecmocm Kpy-

rosoro pemenns (19; 30) c¢ nepuonom o |pacno.nox(emal

Tpa€KTOpHH, KOTOpre COOTBeTCTByIOT Bpamalomemym 3JLIHIT-
cy. Takas TpaeKTOpHﬂ TOT/I2 ‘W " TOJIBKO TOrid 3aMbIKaeTcsl
BO Bpamalomeﬁcsl- CHCTEME KOOpAHHAT, ecau nepnoj Bpaiie-
HHSl 1O -3JHNCY COH3MEDHM C 2%, CJefioBaTe/bHO, €CJH

k. . ) :
=2n o, npuyeM [/k eCTb pauuoHaibHOE HHcio, ‘6Jm3Koe

K o. Ecmu l/k— necokpatumasi Apo6b, TO COOTBETCTBleHlI/Iﬁ'
nepuon 6yjer 2mk, M TpaeKTOpHS 3aMblKaeTCs NepBbifi pa3
nocie || 060pOTOB. Ec/iM BbINOJIHEHB! NpeXHHE NPEAnoao--
KeHHsI MeTOo/la MaJioro napamerpa, To JAsl AOCTaTOYHO MaJioro
¢ COOTBETCTBYIOIME NEPHOJAHYECKHE pelieHHs * CYIeCTBYOT.
OxkasblBaeTcs1, OJHaKO, YTO METOJ MaJoro napaMeTpa Hesb3si
3lleCh NPHMEHHTb B ero oGbiyHOH ¢hopMe, Tak KaK He BHINOJI-
HEHQ NpE/IOJIOKEHHe O paHre - (YHKUHOHANBHOR MaTPHIEL,
3anlanHOR paBeHcTBOM (19; 27). IIpu 3TOM TPYAHOCTb COCTOHT
B TOM, 4TQ JH(pdepeRnHANIbHbE YPaBHEHHSI Or'paHHYEHHON
3aJlayd Tpex TeJ HMeloT A p=0 uHTErpassl nJjomane
H 3HEpPruH, B TO BpeMs Kak AJa p >0 Mbl HMeeM B CBOeM
pacnops’KeHHH TOJLKO OJMH HHTerpan” Sfko6u (29). °



FnaBa rTperhbs
APOBJIEMA YCTOWHHWBOCTH

§ 23. Teoperuxo-QyHKLHOHAABHAS npobieMa
neHTpa -

HauteM ¢ onpefesieHysi NOHATHS YCTOMYHBOCTH W HEYCTOH-
ygBoctd. [lycTh 3ajaHO Tomosiornyeckoe mpocTpancTBo R,
TOYKH KOTOpOro OGO3HAYMM 4epe3 P U NyCThb a4 €CTb (PHKCH-
posannas Touka mnpocrpanctBa R. Tlox okpectHoCTSIMH
B JanbuefinieM GyfieM NOHUMATbh TOJBKO OKPECTHOCTH TOUKH @
B. npocrpanctBe R. [lycte p, = Sp Tomonormueckoe oroGpa-
Kenue okpectHoctd U; Ha okpectHOCTh B,, NpHYEM TOUKA
a= Su oroGpaxaercg cama B ceba. O6paTHoe npeoGpasoBa-
Hge p_,=Sp mepesopur B, B U, u Boobme p,=S"p
(n=0, £ 1, £ 2,...) OyAeT TONOJOrHYECKHM OTOGpaKeHHEM
OKPECTHOCTH U, na OKPeCTHOCTh B, KOTOpoe HMeeT a He-
noJBHKHOH Toukofi. Ilis kaxnofi TOuKM p = p, nepecedyenus
U,NB, =W nadigem mnocnetoBaTesbHO  06pasbl  Py,; = Spy
(k=0, I, ...), noka p, Haxopurcss B U, n paBrbiM o6pa-
30M P_ ,,,1-—8 Pe, TOKa. p_, Jexkur B B, Beerga cymecr-
BYeT = MaKCHMAJbHOE 4udcI0 R+ 1=n, Takoe, uro Bee.
Por - os Ppq eme Jexar B U;, HO D, TaMm yXxe He JIEKHT;
AHAJIOTHYHOE YTBEPXKJeHHE CIPABEAJIHMBO JJSI OTPHIATEJbHBIX
uuexkcos.. Tlpu stom ans Kaxgore p us W mmeeTcss mWIH,
KOHeUHasi, HJH -OeCKOHeyHas B OJHY CTOPOHY, HJH BecKo-~
HeyHasi B ofle CTOPOHB IOCJEJAOBATEJbHOCTh  00pa3oB
Pe=.--P_1, Po» P1» ..., TpPUUEM HMHJEKC R nocnenoaa—
TeJbHO Npaberaer UeJble YHCHA.

HasoBem orofpaxenne S yCTOHUMBLIM B HENOJABHKHOMN
TOUKe @, ecJd Aas Kaxzaod okpecrtHoctd U (B cywmectsyer
Takag ee uacTh BCU, asa  Koropoit Bece  06pa3bi
S"B(n=+1, + 2,...) nexar B U. HeycrofiuuBocts onpe-
JeM - HE TNPOCTO KaK JIOTHYeCKYI0 [POTHBONOJOMKHOCTD
yC’roﬁtuocmP HO ¢ moMoulpio 6osee CHJBHOTO TpeGOBaHHUSA,
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a WMEHHO cJeAyiomuM. o6pasoM. OrcOpaxkenne S HassIBaeTCs
HEYCTOHUABLIM B HENOABHAKHON TOUKE @I, €CJH CYUIeCTBYET
Takasi OKPecTHOCTh UC®W, uro Ans Kaxnodi Touka p ~a U3 U
no Kpaiineii Mepe OAMH oﬁpas p, Jexur Bue U.

-OtH onpeieNeHUs MOXHO TaK#ke cPOPMYJHMpPOBaTL HHAYe.
Touennoe muomectso 3 W HasmBaeTcss NPH OTOGPaKEHHH
S nHBapHaHTHbIM, ec I = SIM. Camo coboéi pasymeercs,
YTO HETIO/BHIKHAS TOUKA 4 SBJSETCHS HHBAPHAHTHBIM TOUCUHHM
muOxXecTBOM. [IoKaxeM Tenepp, 4ro S TOra M TOJILKO TOTZA
yCTOHyHBO, €cAH B KaxjoH oxpecthoctH U COJIepXHTCH
uHBapuanTHasi okpectHocth B. Ecmu g waxkzaofi okpect-
soctd 11 cymectByer okpectHocTs B =SV U, 1o B obaa-
JaeT,. OUEBHJIHO, N0 ONpeJieleHHIO, CBOHCTBOM YCTOHYHBOCTH;
Torfa; chefosarenpHo, S ycroiyuso. HacGopor, ecim S
NpefnoNOXHTb YCTOHYHBBIM, TO JJ8 KaXJOH . OKPECTHOCTH
U W cymecrsyer oxpectHocth O C U, g  Koropoit
S"Q U (n=0, j:l + 2... )Tor,uacymmaﬂ; US"& BCEX

MHOXKECTB S"D Gyzet npn S MHBapHAHTHOH ® GyjeT ABAATHCA
TOH OKPECTHOCTbIO, <CyUlecTBOBaHHe KOTOpo# Tpelyercs
R0Ka3arh. (COOTBETCTBEHHO TOKAXKEM, 4TC S TOrja H TOJNLKO
TOrZl@ HEYCTOHYHBO, €CJH CYyIECTBYeT OKpecTHocThb U, KoTo-
pasi He COJEPXKHT HHMKAaKOTO HHBAapHAHTHOTO MHOMKECTBA,

KpoMe HenojBHXHOH ToukH a. Ecim cymecTsyer TaKag
okpecTHocTh #, TO 3THM e CBOHACTBOM o6JiajaeT ¥ mepece-
yene U)W u, cAel0BaTE/IbHO, MONKHO NPHHATE nCB.

Toraa, ecm 6yneT KaKkoH-HHOyb TOYKOH == a u3 I, TO
Bce ofpasol P, He moryr sexars B U, TaK Kak HHaue
M= Upn 6b10 Obl HﬂBapHaHTHHM 10 IMHOIKECTBOM U, xoro-

poe COAEPKHT TOUKY =+ a. CaenoBarenseo, S HEYCTOHYHBO.
HaoGopor, ecas ponycTdts, -970 S HEYCTORYHBO, TO Cylle-
CTByeT Taxafl.OKpecTHecTh U (C W, uTO ANs KakAOH TOUKH
p=+a u3 U no Kpalinefi Mepe ojuH o06pas P, He JIeWHT
B . Eciu Tenepe P OyAer KAKOMH-HHOYA® TOYKOH HHBapHUaHT-
HOro nopMHoxectsa M = SN muoxkecrsa U, To Bce obGpashl
P, TOUKH P Takke Jnexar B M, a caeposaressuo, ¥ B 1,
OTKy/la cniefyer, 910 p=q. [Tosromy JloKasago H 310 yTBep-
)Kllel'me

-CJie BOBATEJILHO, oroépa;xeane S, He sBAsOULEECS HeyCTO#-
uMBbIM, 00JIafiaeT TeM CBOHCTBOM, YTO KaX/as OKpPECTHOCTb
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COZepKHT MHBaPHAHTHOE. TOYEYHOe MHOXECTBO, CojepiKaliee
HE TOJLKO TOYKY G, B TO BpeMsi KaK JAJs yCTOHYHBOCTH
.oto0paxkeHuss S KaxJas OKPeCTHOCTb JIOJUKHA COJIepXKaTh
Jlaxke HEKOTOPYIO- HHBADHAHTHYIO OKpecTHOCTb. TloaToMy Kax-
Jioe ycToHuYHBOe OTOOpa)KeHHe HEOGXOJMMO fABJsSETCS He He-
YCTOMYMBEIM, HO He sBJSOLIeeCs YCTCHYUBBLIM OTOGpaKEHHE .
MOXeT H He ObiTb HeycroiuuBeiM. OToGpakenne S HasniBaer-
Csl CMEIIaHHHIM B HENMOJABHXXKHOH TOUKe @, €CJH OHO TaM He
6yaeT HH YCTOHYHBBIM, HH HeycToHumBHIM. To, -4TO CMemaH-
Hple. OTOOpaXKeHHs1 JeHCTBATENIbHO CYUIECTBYIOT, INOKa3biBAeT
‘DpOCTOd MpuMep adxpHHHOrO OTOGPAXKEHHS Xy =X-4Y, Y, =Y
B IUIOCKOCTH (X, Y), KOTOpOe KaKAYI0 TOYKY OCH. aGCUHCC
HMeeT CBOell HemoABHIKHOM . TOUKOH. OrpaHHYEHHOE MHOXKECTBO
IPH TaKOM OTOGDa)KeHHH TOrJa M TOJBKO TOrJa HHBAPHAHTHO,
ec/M OHO - JIeXXHT Ha ocH abcuucc. Tak Kak Jisi POM3BOJb-
Horo r > 0 kpyr x?4y® <r? He COMEDXKHT HHBAPHAHTHOH
OKPECTHOCTH TOYKH (X, y)=(0, 0), KpoMe HHBapHaHTHOTO
uHTepBaja—r < x <r, y=0, TO oroOpaikeHWe B Hauaje
KOOpJuHaT He OyleT HHM YCTOMYMBLIM, HH. HEYCTOHUMBBIM.

IlepeneceM . Takxke onpefesieHHe YCTOAYHBOCTH M HEYCTOH-
YHBOCTH HA CHCTeMy AH((depeHHHaNbHBIX YpaBHEHHH

a=fa(®) (k=1,..., m) 1y

IMycts x = E£* OyneT paBHOBECHBIM pellIEHHEM, AJsI KOTOPOTo,
caenoBaresibHO, f, (§*)=0, H nycrb B OKpecTHOCTH X = E*
BhINOJIHEHB! ycsioBHA - Jlummmma. OGo3nayuM onaTh  uepes
x(t, &) pemwenue cucremnl (l) ¢ HavaNbHBIMH = YCJIOBHSIMH
X, =&, npu t=0. Torza nepexosoMm or & K x(f, &) mpu
Kax/oM (HKCHPOBAHHOM ! B OKDECTHOCTH HEMOJBHXKHOH TOW-
KH x = £* yCTaHaBJIMBaeTCsl TONOJIOTHYECKOe oToGpaxeHue S,.
Mul mosrysuM onpejieileHHe YCTOHYHBOCTH H HEyCTOHYHBOCTH
cHcTeMnl (1) AJsi paccMaTpHBAaeMOro NOJIOXKEHH PaBHOBECHS,
€CJH B JiaHHbIX Bbille ONpejeJeHHsX 3amMeHHM 4, p, S
ump,=8P(n=0, +1,...) #va &% & S, u E=x(§)
¢ JeAcTBHTE/bHOH nepemenHoH {. IIpm 3TOM HyKHO, OJHAKO,
norpe6oBath, 4TOObl B ONpejeJeHHH (UIYPHPOBAJH TOJBKO
HOJIOXKHTeNIbHBIE 3HAYeHHs f, TOrja peub OYAeT HATH TOJBKO
06 yCTOHYMBOCTH H HEYCTOAYHBOCTH B OyjyiieM. IDTO MOHS-
THe HMeeT GOJbllOe 3HaYeHHe B 3ajauaX MexaHMKH. TOUHO
TaK e INepeHOCHTCS . OYeBHAHLIM 06pPasOM H NOHSTHE - CMe-
WAHHOTO CJyyYasi. '
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[Mpexxae 4yeM nepexofuTb K 3ajayaM, CBSI3aHHBIM C YCTOH-
YHBOCTHIO JAU(depeHNraNbHbBIX YPpaBHEHHHA, PaCCMOTPHM YacT-
Hbli cJayda#t, Koria S Gyfer NJIOCKHM KOH(OPMHbIM OTOGpa-
KeHHeM. .3JleCh y¥Ke | BCTPETATCA HEKOTOphle XapaKTepHble
' TPYAHOCTH, KOTODEIE ellle MOT'YT ObiTb IPEOJ0/eHb HMEIOUUMHUCS
‘B HallleM PpaclopsiKeHHH MeTOjlaMM aHaim3a. MoxHo Ge3
OrpaHuyeHHsi OOWHOCTH [PUHSATb, YTO HEMOZBHKHOM . TOUKOM
GyAeT Hayano KOODIMHAT B  KOMIIEKCHOH mJjockoctH z. Torza
‘KOH(QopMHOe ©oTOOpakeHue - 6YAeT 3ajaHO CTENEHHLIM pSAAOM

z=f@@)=N+az*t+azz*+... (A+0) (2)

C KOMIVIEKCHBIMH  KO3((HIHEHTaMH, KOTOphIA CXOAUTCS
B OKpecTHOcTH TOukKM z=0. HMccnenyeM, korna orobpaxeHune
S GyAer yCTOHYMBHIM, HEYCTOHUMBLIM H CMELIAHHHIM B TOUKE
‘2=0. ChHauama mnpepgnojoxuM, uro S ycrofiunBo. Torga
‘B Kpyre cxojuMocTH & psija (2) cyillecTByeT HHBapHaHTHAsi
-okpectHocTh B =SB, KoTOpasi COLEPKUT HAYalO KOODAHHAT.
Ona MoxeT GHITb HECBSI3HOH, HO TOTAA OHA COJAEPHHUT CBA3-
HyI0 HHBAapHaHTHYIO oOKpecTHOCTb. Ecin- & ecTb OTKpBITHIA
Kpyr B B, cojepxaumiui HayaJo KOOpAMHAT, TO CyMMa
MHOXeCTB Bcex o6pasoB S"@(n=0, 4 1,...) obaanaer Tpe-
6yeMbiM - cBOHiCTBOM. [loatomMy B MOKHO CUHTATh CBSI3HOM.
‘Hama nenb 3akjogaercs B TOM, YTOObl HaHTH HHBAPHAHTHYIO
OKpeCTHOCTh B &, KOTOPYIO MOXHO KOH(POPMHO OTOGpasHTh
Ha KpYr eJMHHYHOrO pajuyca. ITO MOXKHO CJeJaTh: [BYyMs
cnocobamu. B Moxer ObiTh He OAHOCBsI3HOH. Torja Bo3bMeM
TOJIbKO T€ TOUKH 28 KOTOphIE JiexKar BHYTPH KakKoH-HuOyZab
saMkHyTOH KpuBod @, usexamelt B B. Onpenenennoe
TakuM 00pa3oM MHOXKecTBO 1l omsATb sBJAseTCS CBSI3HOH
OKDEeCTHOCTBIO BHYTDH &, H JIerKO BHJeTb, YTO 3Ta OKPECT-
HOCTH OFHOCBfI3HA. BeneficTBHe HHBapHaHTHOCTH R -MHOXKECT-
Bo S€ Takxke npuHajekuT B, OTKyAa CJejyeT HHBapHAHT-
noctb U. Toraa, corsacHo TeopeMe. Pumana o6 oroGpakeHnH,
MHOXKeCTBO 1] - MOXKHO COOTBETCTBYIOIIMM KOH(OPMHBIM Tipe-
oGpasoBaHneM OTOOpasuTh Ha Kpyr |{| < p, npuuem z2=0
niepexoauT B { =0 ¥ npousBojiHas z; paBHa eJUHHIE B TOY-
e {=0. Ilycts

@ =CbL ... (C]<p) 3)

6yner OOpaTHHIM KOHGODMHBEIM OTOGpa)KeHWeM; INpH 35TOM,
CJIeOBATEJbHO, Dsiji. 00513aTesIbHO. CXOZHTCS B Kpyre [{| < p.
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O6o3naunM oroGpaxenue (3) uwepes C # nomyumM oroGpa-
wenne T = C1SC. Tak KaKk obsacTb Il GhJIa HHBapHAHTHOH - .
npu S, 10 Kpyr |{| < p mpu kondopmHOoM oTOGpakenun T
6yAeT, OUEBHAHO, WHBAPHAHTHHIM, H HEHTpP 3Toro kpyra {=0
Gyser HemojBKHOA TouKko#i. Orciofia, HMCHOJbL3Ys U3BECTHYIO
TEOpeMy H3 TeopuH (yHKLu#, noayunm, uyto T Oymer Jmued-

HBIM OTOOpaKeHHEM BHJA
L=k (el=1), : (4)

T. €. BpalieHHeM OKOJIO Hayaja KOOpAMHAT. JTO 3aKJ/IOYeHHe
MOXHO' cielaTh U Ge3 moctpoenusi MHoxecta 1. IlocTpoum
AnA o6nacTH B yHHBepCaJbHYIO HAKPHIBAIOULYIO TIOBEPXHOCTh
8B, koTopasi 6yeT MO CBOEMY OIpEJeNIeHHIO OJHOCBSA3HOH.
Ara noBepxHOCTh MMeeT GoJiee OAHOM KpaeBOH TOYKH, TaK
Kak 3TuM cBoficTBoM ofnagaer # B. Torga kondopmuoe

orofpaxenue S MOKHO pacUpPOCTPAHHTb H Ha B = TakuM

.-0Bpa3oM, uToGBl ObLIO TaKXKe SR =% o urobs menopBAK-
Ha# TOYKa CoBmajaia ¢ Toukol z =0 obaacra L. Torga no
TeopeMe ©6. OTOGpaXKeHHH MOMXKHO ONfiTh KOHGOPMHO oTO6pA-

ants B ma kpyr B miocKocTH U, ANA Uero CJEAYET CAENATh
NOACTaHOBKY (3), mphyeM z Temepb GyAeT .mpoGeraTh HAaKphl-
BalOIIyI0 TIOBEPXHOCTb B, ecid { H3MeHsieTcs Ha Kpyre
" |§] < p. Hanbrefiune BbIBOJW IOJYYAOTCA TaK ke, KakK H
BhilLIE., . ’ ) .

- Cootnomenue T =C7SC Moxuo 3anucath B (opme
CT =S8SC; ouo paer ¢ yveroM ypasuenuii -(2), (3) H (4).
ToxpaectBO g {pl)=f[p(C)], sABIAOUIeecs TAK HA3LIBAEMbIM
dysruuoHanbHeM ypaBuenueMm Ipénepa {1]. M3 cpasuenns
JHMHEAHBIX  YJEHOB CAefyeT, 4to A =p. Eciu oGosHaunTs ABa
ONpefie/ieHHbIX Bhille KOHPODMHBEIX oOToOpaseHHa uepes (4
u C, 10 C;'SC,=T =C;'SC,, u npeobpasoBanre C;'C;=
=C, nepecraHoBoydo ¢ T. Ecau Teneps A He siBJsiercs
KOpDHEM M3 ejjuHHIB, TO H3 paBeHctBa C,I = TC, BBeaenuem
CTENEHHOTO psifa HOMYYHM,, 4TO C, SBJIKETCH TOKAECCTROH-
HbIM npeobpas3oBanueM, ciefioBatesibHo, C;=C,. [locaennee
NOKa3blBaeT Takke, yTo B =B =11 sBisieTcss OJHOCBSAZHLIM,
HO 5TO OGCTOATENHCTBO B JlaJibHEHINEM He HCIOJb3yeTcs.

Besenersie pasenctBa (4) mosyumm |A|==1; 370 paBen-
CTBO HBJIETCS] HEOOXOAMMbIM YCAOBHEM YCTOHUMBOCTH §.
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[Tokaxem T€nepb, 4T0 S TOrga M TOJbKO TOrJa yCTOHYHMBO,
ecad |M|=1 u ecom pelleHueM (PYHKIHOHAJBHOTO YpaBHe-

uus [pénepa
¢ (M) = fle (F)] (4)

sIB/ISIeTCsl CXonsimuiicss crenennoil psig @ (()={+.... To,
4TO STO YCJIOBHE fIBAsIeTCS HEOOXOJAMMBIM, CJeJlyeT M3 Ipejpl-
Aymero paccmorpennusi. Ecim, Hao6oporT, CyflllecTByeT CXO-
aauiuiica creneHHo# psijx ¢ (C), ABasomuiics pelleHHeM ypaB-
Henusi (5), u ecaum |N|=1, To ynoMsiHyToEe OTOGpa)KeHHe
zl=f(z) cBogUTCS cxopsmelics TOACTaHOBKOH .2 =¢ ({),
=9 () k Bpamenmio (=M. Tlocsrefnee xe, OueBHIHO,
ycrommBo TaK KaK B KayecTBe HHBAPHAHTHBIX oxpeCTHocTeﬁ
MOXKHO B3ITb BCE OKDYXKHOCTH B INIOCKOCTH § C LIEHTPOM
B navaje Koopauxat. Torga u S=CTC™ ycroiiuuo B cuay
cxogumocTy ¢ (§) ¥ cxopumocTH o6parHoro ¢ () cTeneHHOro
psiia B JIOCTATOYHO MaJiOfi OKPECTHOCTH Hadaja KOOpDAHMHAT,
CJieJIOBaTeNIbHO, YCTOHYHBO W Halle oToOpaxenue. [loatomy
yTBep:K/JeHHe JHoKa3aHo. HaumenoBanue «mpobJeMa LEHTpa»
NOSIBUJIOCH BCJIEJICTBME TOrO, YTO B CJy4ae YCTOHYHBOCTH
HHB3DHAHTHBIMH OKPECTHOCTSIMH SIBJISIIOTCS] KOHIEHTDHUECKHE
KPYyrd C IEHTPOM B Hayajie KoOopAuHAT z=0 B MNJOCKOCTH {.
Uto6bl HMcClIeloBaTh, SIBJIsieTCA JH oToOpa)keHue S ycTol-
YHBBIM, AOCTATOYHO IIOCMOTPETh, BO3MOXKHO JIH DPa3peliHTh
(l)yHKU.PIOHaJIbHOE ypaBrenne Ilpénepa ¢ nomompio cxoad-
werocs crenenHoro psiga ¢ (()=C{+ ... . Has storo Bo3bMeM
¢ () ¢ neonmpefeseHHHIMH KO3(hQuuMeHTaMH. H nonpobyeM
NOJIYYUTh pelieHHe ypaBHeHus (5) B Buje opMasbHOro cre-
neHHoro psja. B mpepnosoxkenin, yro A He €CThb KOpeHb H3
eIMHALBI, MOJY4uM (opMasibHOe pellieHHe CpaBHeHHeM Ko3(-
¢GuIKHeHTOB, mpHYeM 3TO pelileHue HasoBem psijjom IlIpénepa.
[yctb n > 2; npeAnoaoxum, 4To KO3((HITHEHTE! by (I<k<n)
yKe ompejeseHbl TaK, 4TO B NPaBOH W JI€BOH dacTaX ypaB-
HeHusi (5) paBHBI BCE UJIeHbl CTeNeHH R << 7. DTO BEpHO s
n=2. Ecan uanucarb ypaBHeHue (5) B BHJe

2 (D) =M (0) = Fl )] -2 (0),

10 GyzeM HMeTb

[o]

D (N =N b= i a,9' (%), (6)
=2 =2 :

15 3axas N 1032
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¥ noromy kKosbpduumenr npu (" B mpaBoi uyactu Oyger
MHOT'OYJIEHOM € PallHOHANBHBIME KO3((HUIHeHTaMH OTHOCHTEb-
Ho a, (!=2,...,n) U yXe H3BeCTHHX by (k=2,...,n—1),
B TO BpeMsi KaK COOTBETCTBYIOLIMH KOXp(HIKEHT B JeBOH
yactd ypaBHenus (6) pased (A" —M\)b,. Tak Kak A He paBHO
KOPHIO M3 eJuHHIBI M He PaBHO Hymo, TO H N'—X=z0
(n=2,3,...), nostomy b, onpenensiercs OJHO3HAYHO.
TakvM 06pa3oM, Mbi MOC/]EJOBAaTeJbHO NMOJYUYHM Bce KO-
nuentol psifa Llpénepa @ (8)=C+ 6,024 ..., KoTopmid ¢op-
. MaJIbHO YJIOBJIETBOJISIET ()yHKIHOHAMbHOMY YypaBrenHio Llpé-
zepa (5).
- Tlpexnme yeM HccaefOBaTh CXOAWMOCTb HAWJEHHOTO psAa
@ (C), paccmorpum ciydaif, Korga A ectb KOpeHb U3 eJHHHIIbL.
[lycte \*= 1(n>0), npuuem Takke jomyckaercs n= 1.
Torpa, ecnu S ycroitunso, To T = C™'SC Gyjer onaTh UMETb
HOpMasbHYI0 (opMy (=M. TF = CS*C paer oroGpaxenue
L= M, cnenoBarenpHo, T" ecTh TOXIECTBEHHOE OTOGpaKe-
-aue E, H, chaepopatesbHo, Takke S"=FE. Ecmu, Haobopor,
S"=F u 1l sBisercss OKpecTHOCTbIO TOUKK z =0, jexauiedt
B Kpyre cxojumoctd ® o¢yskuuu f(2), TO MoxkHO BbIGpaThH
KaKylo-HHOY/lb JIOCTATOYHO MaJyli0 OKPECTHOCTh B TOUKH
z=0, ana Kotopol n obpaso S*B(k=0,...,n—1) Bce
eme gexar B U. Torpza BeaepcrBue S™B =B cymma S*B
GyjieT WHBapDHAHTHOH OKpecTHocThbio BHyTpu U, OTKyaa cJe-
Ayet ycToiiunBocTh S. CaefoBatesbHo, B cayyae N' = 1(n > 0)
ortob6paxkenre S TOrjja. H TOJLKO TOrJA YCTOMYHMBO, €CJIH
S" = E. B KauecTBe mpEMepa pacCMOTpEM OToOpaxeHHe

4
21='l—__—2=2+22+..., A= 1,

AT Kotoporo S™ sajiaetcsi B BHJe
4
z“=T:Tz (n= j:l, j:2, . .),

M, CJEJOBAaTeNbHO, OTJIHYHO OT TOXKJAecTBeHHoro. Beiencrsue
T0oro, 4t0 S E H A=1, 370 oro0paxeHue He sIBJSETCH
YCTOHUHBBLIM. 3TO MOXKHO TaKXe cpa3y OOHAapy¥KHTb, MOJIOKHB
z=1/n, rje HarypaJbHOE YHCJO 7 MOXKeT ObTh CKOJIb YrOAHO
Goabuinam. Ecsn, ¢ apyroft cropousl, nosoxuts 2z =ir, 0 <r <1,
TO Bce |z,|< r, clejoBaresbHO, Bce 00passl 2 BMECTE C Z
c6pasyloT HHBapHAaHTHOE MHOXKeCTBO, JexKallee B Kpyre
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| 2] <r. 210 nokaseiBaer, uTo S He SBJSAETCS HEYCTOHUHBEM,
3HayHT, OyNeT CMelllaHHBIM, BrpoueM, HeH3BECTHO, MOXKeT Ju
NPEACTAaBHTbCA CJayyad, KOTAa A siBJsieTCsi KOPHEM H3 efH-
HUBI B S siBJsercs HeycroiunseiM. B fanbueiiiiem Mbt Gyjem
npeAnojiaraTh A He PaBHEIM KODHIO M3 €JHHHMIILL. :
. Hlccnenyem Temepb npexjie BCero CXOAUMOCTb (DOPMasibH
obpasosannoro paaa llpénepa ¢ (2) B cayuae |[A|= 1. 3ro
MOXKHO JIETKO C/lelaTh C MOMOINbIO yXKe NpHMEHSIBIIErocst
MeTola MaxopaHT. BesencTBue cxopumocti psxa (2) cyme-
CTByeT TaKOe MOJIOKHTeNbHOe YHCJIO @, YT0 |a,,| < a®
(n=1,2,...). Ecim BMect0o 2,,2z B npeoGpazoBanue (2)
BBECTH @Z,, GZ, TO NOJYYHTCS ONATb KOHGOpMHOEe O0TOGpa-

Kenue B ¢dopme (2) c TeM Ke 3HAUEHHEM N, HO JJisi KOTO-
poro Tenepb

]am1|.<1 (n=1,2,...). (7)

[TostoMy Anisi RoKasaTenbcTBA CXORUMOCTH ¢ ({) MOXHO cC ca-
MOro Hayaja NpeANoJOKHTb, YTO HepaBeHCTBO (7) BLINOJ-
HeHO. 3areM, BcJefcTBue |h| == 1, umeeM

A >e>0 (n=1,2,...), (8)

IPHYEM C €CTb COOTBETCTBYIOWLAS TOJIOXKHTENbHAS [OCTOS He
Has. Tenepb BcuieacTBHe HepaBeHCTB (7) u (8) M3 pekyppent-
HOTO  COOTHOLIEHHSI, MOJIYYaeMOro0 HEeNOCPEACTBEHHO IOC/e
ypaBHenusi (6), ansi onmpejesienust Kosgepuuuentos b, ,, paxa
Llpénepa noayvaercs, uro Qopmanbhoe peuwerne D ({)=
={4¢54% -+ ... (YHKIHOHAJLHOrO ypaBHEHHS

o(@-0= 3 o ©

ecThb Maxopanta Jisa ¢(L). Ho ofpamwenne cxoasmerocs
npu [®| <1 psina ' ‘

{=0—c1 > O
=2

AaeT pAA, CXOAAIHMHCA B OKpecTHOCTH {=0. DTHM jnOKa3a-
TeNbCTBQ CXOAWMOCTH 3aKoHYeHO. [logo6HO TOMy, Kak 3TO
6oio caenano B § 15, 37eCh TakKe MOMXHO JaTh OLEHKY
pajguyca CXOAHMOCTH. Mbl yKe 3HaeM, 4To BeaefcTBue | M| = 1
oro6paxenne S He sIBIsieTCSl YCTOHYHBHIM. BeslefcTBHe JlOKa-

15%
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3aHHO!l TakMM oOpa3oM cxoguMmocTH- C Mbl MOXKeM = 371eCh
TaKx)e o0pasoBaTb HopMmajbHylo ¢opMy C1SC =T. MoxHo
Jaxe cpasy IOKa3aTh, 4TO OToOpaxenue §, =M\, Oyner
HeycrofiuuBbiM. Ecim paccmoTpers Touky { + 0 Kako#-HHOY/b
orpannuenHoll okpectHoctd U Touku { =0, To {, = \" Bcyen-
ctBHe ||+ 1 He Gyzmer sexaTe B U ans joctatoyno GoJb-
IUHX TOJIOXKHTENbHEIX HJM OTpHUaTeNbHEX n. H3. Heycroii-
yuBoctH T caepyer HeycrodumBocTs S=CTC™. Ilosromy
anst | M| # 1 oroGpakenne S HeoGXouMO HeycTORYHBO. TO Ke
MOXKHO MOKa3aTh HENoCPeACTBEHHO, 0e3 HCNOAL30BAHHUS = HOP-
MaJbHOH (opmel T.

Jnsi  nanbHeliiuero pacCMOTPEHHSI MOXKHO orpafmqmbcn
cJy4yaeM, Korja A no abCOJIIOTHOH BeJIHUWHE DaBHO €IHHHILE,
HO He SIBJISIeTCSi KOpHEM M3 eluHHILl. B 3ToM ciyvae s uc-
caenoBanusa  cxomgumoctd psga Illpénepa TpeOyiorcss -BechbMa
TOHKHE OLEHKH, K KOTOphIM Ml M nepexopum. [Ipexne Bcero
HOKaXKeM, YTO Te 3HAYEHHUSL .\, I KOTOPHIX TIPH COOTBET-
CTBylOHIEM BhiOOpe cxojdmerocs psafaa f(z)=h+... pag
IMpénepa ¢ (L) pacxopurcs, JeKaT Jaxe BCIOAY IJIOTHO
Ha OKpyxkHOCTH | M| =1 [2]. [lns joKasare/nCTBa A0CTAaTOUHO
B3Tb CTeNeHHOH pAJ f(z BCe KO3(XpHLHEHTHl KOTOpPOro

u,(n=2,3,...) pasnnl iﬁ’ npHueM BhIGOp 3HAKA Ompefe-’

Jsiercss pekyppenTHoiM ob6pasoM. Torzma, B uactHOCTH, f(2)
o0s3aTesbHO cxofuTtcs. BepHeMcs eille pas K onpeaesieruio b,
u3 ypaBHenust (6). Tam npu cpaBHeHMH KOS(DHIHEHTOB
~ nosydyaetcsi BhipaxkeHnue (N — \)b, —a, s Kaxporo n> 1
KaK MHOrOUJIeH OTHOCHTENLHO @y, by, mpH 1 < k < n. Ilostomy

COOTBETCTBYIOIIUM BLIGOPOM a, = ;{:Zl; -~ MOXKHO, OYEBHJIHO,
Y . SO 7 » .
lbn|>;ﬂl)\”—-lll=ml)\"l-—1l‘ (n=2,3,...). (10)
Ilycib Temepb NpH COOTBETCTBYIOUEM BhIGOpe A\ HEPaBEHCTBO
" —1] < (at)® (11)

BBHIIIOJIHEHO JIJIsi 0eCKOHEYHOT'0 KOJIHUeCTBa HaTy pasibHBIX yUuces 1,
H nycth [(2) sIBASETCS CTENEHHBLIM PSJIOM,  KO3((HIHEHTH!
KOTOPOTO @, dy, ... ONpeJeJeHsl 33aJlaHHbIM Bblllle CIOCOGOM.
Torpa, ¢ ORHOH CTOPOHBI, 3TOT PSIZ CXOAUTCS AJs JIHOGOro 2z,
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a, C JPyroii' CTOpOHEl, coorsercTBylomuii psif Ilpénepa
@ (§) ans Kaxporo { # 0 pacxopurcs, TaK Kak B CHJy Hepa-
BeHctB (10) u (I1) oGwmit unen b,.* fame He CTpPeMHTCH
K HYJIO. Torza oroGpaxenne 2y = f(z) Az + ... He Oyxer
ycroduuBeiM. Ho HewsBecTHO, 4TO HMEHHO 1MeeT MecTo —
CMEIUalHLIH Ccoryyall HJIH HEeyCTOHYHBOCTB.

Tenepp nokaxem eme, uTO Ha OKPYXHOCTH €J{HHYHOTO
pajdyca CyumiecTByeT IJIOTHOE MHOXKECTBO 3HauYeHHii A, KOTO-
poe He cofepXkMT TOuKy + | u Ha Kotopom HepaBenctso (1)
BBIIIOJIHEHO /IS GECKOHEYHO MHOrHX n. Eciim Mbl momoxuM
A =e?™(0<a < 1) u BuGepeM A1 KaX0ro Ha'rypa.nbnoro n
LeJi0e YHCJIO 72, COOTBETCTBYIOLIEe YCJIOBHIO

L cna—m<l, (12)
TO | | |
|\ —.1 | =|e2mins — | | = | gmine — g—wina| =
=2|sin(wne)|= 2sm(nina—m[)
Torza BeesicTBHe [na—m|=% <% moly4aeN HepaBeHCTsa

2 Lsinwd<<wd u _
4§}<|w—1|<2«c&<7a. (13)
[lostoMy jocratouno noctpouth B uHTepBate 0<a <1

BCIOAY IUIOTHOE MHOM€CTBO HpPAllHOHAMBHEIX UHCEN o, IS
KOTOPBIX’ HepaBeHCTBa ‘

[ na ml<7(n.)2, n>0 (14)

HMeloT GeCKOHEYHO MHOTO IEJBIX peluenuil # U m. 310 ynaercs
CenaTh C HOMOIIbI0 INpPEACTABJEHAS JeHCTBHTENILHBIX ~YHCeJ
HENPEPHIBHBIMKM JpoGsiMu. K3BecTHO, YTO [Isi KaX[Oro Hppa-
ItMOHAJIbHOTO YHCJa o u3 mHTepBada 0 < a <1 cymecrsyer
Takasi nocnenosamwocn HaTypa.anbxx HHCRJl Iy, Fgy + -5

4TO NOC/ENOBATENBHOCTD Apoﬁen .p Bk=0,1,...), oﬁpaaonan-
Haﬂ no npaBn.naM !

p 0 Qo= 1 Pi= -1'; ql=}1; } (15)
Ph""kph—1+Ph-2» Gh=r@r 1+ qre (R=2,3,.. )
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crpeMurcst K «. Ilpu stom, pasymeercss, uucaa ry,r, ...
ONpejeNIAOTCS  BEe/IMYHHOM 4 OJHO3HAYHO M  Ha3bIBAIOTCSA
HENOJIHBIMM YaCTHBIMH a. Torja W3 TeOPHH HelpepbiBHBIX
ApoGeit caenyer HepaBeHCTBO

1
a— ——
lgna—pul < g e SThn

(k=1,2,...). (16)

HaoGopot, kaxjolt 3ajaHHON NOC/ENOBATENBHOCTH 7y, I, - -
COOTBETCTBYET ONSiTh HPPAILHOHAJbHOE YHCIO o H3 HHTEPBAJA
0 <a <1 c sajaHHBIMH HENOJHBIMH YaCTHHIMH 3TOH Hempe-
pBHIBHOA JpOGH.

Mycte Tenepp B HHTepBaJsie 0< B < 1 sapaHo npousBoJb-
HOe HPpAaNHOHAJbHOE YHCJO B H MYCTh Sy, Sy, ... GYAYT HEMOJ-
HBIMH YaCTHbIMH €r0 pa3JIoXeHHus B Henpepbmnyxo JpoGb.
ITycts nanee ! ecth Kakoe-HHOYAL (HKCHPOBAHHOE HATYpaJb-
HO€ YHCJIO; ONpefesHM

=8 (0<k<), na=T7(q!)* (k>1), (17)

npuYeM ¢q, ¢y, : - ., G, ONATbH MOXKHO NOC/IENOBATENBHO HAHTH
u3 ypaBuenuit (15). Torpa nns HenpepeiBHOH Apo6H & C He-
NOJIHBIMH YaCTHBIMH 14, I,, . . . CIIPABeJJINBO BepaBeHcTBO (16).
Tak kax nepBhbie / HEMOJIHBLIX YACTHRIX HENpPepLIBHBIX JpoGeil a
u B cosmapawor, .70 H |qB—p| <gi'. Orciona cnepyer

Ia—BI<]a——|+|p ”‘|<2q-2<2zz

¢ Jpyrofi CTOpOHHI, B cuay cooTHoweHuii (16) u (17) Tpe- -
6oBanue (14) BhinoJHeHO AN GeCKOHEYHO MHOTHX Hap 7 = ¢,
mep, (k=1,14+1,...). Tak kax /- MOxkHO BHIOpaTh IPOHU3-
BOJIbHO GOJIbLIHM, TO l'lOCTpoeH‘HbIe YHCJA ¢ =d; HMEIOT mpe-
Zen B M Tak Kak J NIpOHM3BOJIbHO, TO MHOXKECTBO BCTpeya-
IOUHXCSl o BCIOAY IVIOTHO B €JHHHYHOM HHTepBaJe.

' Ilycte A ecTb MHOMKECTBO 3HAUeHHii h = e2%i® Ha OKPyXK-
HOCTH €JHHHYHOTO pajHyca, [J5 KOTOPOTro pelleHHE tpym(-
uuonaneHoro  ypaeHenusi llpégepa o ({) =0+ 6,02+
00513aTeJIbHO CXOJHTCH B OKpeCTHOCTH =0, M mputom J.um
moboro 8ajaHHOTO B OKpecTHOCTH 2=0 cxopsiuerocss psija
f(2)= 2z+a,2*+ . ... HyxHo Teneps nokasarsb, 4ro A Hmeer
Ha eMHHYHOH OKPYXKHOCTH JuHefiHyio Mepy JleGera 2= wu,
CJIeJIOBATENIbHO, MHOXKECTBO A COOTBETCTBYIOWIHX ¢ HMeeT
Ha enuHUuyHOM MHTepBate 0 <a < I mepy JleGera, pannym
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e \HHHIE. M#o:KecTBO el CTBHTENbHBIX nppauuonanbﬁmx qhcenda,
I/ KOTOPHIX NO KpaHHe#i Mepe OjuH CXOAMMHMACA PAX f(z)
¢ mepBbiM KOI(XPHUHEHTOM \ = g2™ie PUBOJUT K pPacxojd-
memycsi pany Llpénepa ¢ ({), uMeer mosToMy Mepy HYJb.
B uacTHOCTH, MOXHO CKas3aTh, 4TO BoOGlie oTOGpaxeHue S
[ycmuqmao €CJIH TOJbKO BLINOJIHEHO Heo6XOAuMoe YCJIOBHE
A =1.

|P-accmorp,nM Uil 3aJlaHHBIX TIOJIOKHTENbHBEIX UYHCEN 2, p
MHOXKeCTBO B (s, p) Bcex uHCeN o €IMHHYHOrO HHTepBaJa E,
711 KOTOPBIX HEpaBeHCTBA

[na—mj|<en-¥, n>0 (18)

HMEIOT 10 MeHbllUeH Mepe OJHO LeJIOYHCJEHHOe pellleHHe n, m.
OuesujHo, )

B(s', p)TB(s, 1) (<5 p<p)
[Mycts k mpoGeraeT Bce HaTypaJbHLIe 4HCHAd; ofpasyeM nepe-

ceueHue .
B=[)B(k™,2) - (19)

. L

Bcex B(k™, 2); torpa
~ BCB(s 2) (20)

Anst Kaxjoro &. ‘OGo3HauuM -Mepy JleGera HaMepHMOro MHO-
xecrBa ' uepes m([') u ouenum. ceepxy mepy B(s, 2). Iro
MHOKECTBO M3MEPHMO, TaK KaK OHO B COOTBETCTBHH C Hepa-
BeHCTBOM (18) cocTouT M3 coefMHeHHS! CYMMbl CYETHOIO UHCJIA
HHTEpBAJOB, a TOrjJa BCJeACTBHe paseHctBa (19) B 'ramxe

usmepuMo. JJs Kaxjoro pewenus n, m uepabedcrsa (18)
CrpaBe/l/iiBO HEPaBEHCTBO

‘—s<m<n+e 4 (21)
ecam o Jexut B E, H, ¢ jpyroil cfopoH:l, JNMHA WHTepBa-
JOB JJsi o, ONPEJiesieHHbIX HepaBeHCTBOM (18) npH 3afaHHIX 1
u m, pasna 2:n~*~!. Jlas moGoro (pHKCHpOBAHHOIO - HATy:
PasbHOTO UHC/A N BEJIMYMHA m, YAOBJETBOpSiOWAs HepaBeH:

ctBy (21), Menbme, yeM n-+2:+41. Tlpy ucnonbgoBanuu
COOTHOLIEHHUS (20) NOJIy4uM

m{B(s, 2)]< 22e<n+2-+1)n~3<4~(~+1) zn
m(B) "(3+1)1~
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caepoBaresibHo, m (B} =0, Tak Kak & MoXer 6blTb Tpous-
BOJIbHO MaJsio. Ecau uepes A 0603HAYHTH MHOXKECTBO BCEX: d
B. E, nns Koropeix HepaBeHCTBO (18) umeer pelenue fis Kax-
Joro BhiGOpa e, p, TO BeJeficTBHe cooTHowenust (19) Muoxke-
CTBO A JOMKHO cofepxaTbcsi B B, mnosromy TeM GoJee
m(A)=0. Torga i AONOJHATENBHOrO MHOXKecTBa ['=E — A
m(l)=1, u I' xapakrepusyercsi TeM, 4YTO JJs Ka)Ja0ro
yncia o u3 I cylecTBYIOT /1Ba TAKHX NOJIOKHTE/BHBIX YHCJA €, g,
YTO JJIt KaXKJOTO HATypPaJbHOTO 7 M LEeJOr0 m Bcerja

[na—m|> en—. O (22)

B cnenyiomem naparpage OyAeT NMoKasaHO, YTO JJIsi BCeX d
s T npn nporsBOJILHOM BhiOOpe cxopsuierocss psga f(z)=
=A+..., rge A=e?*i*  coorBercrBylomuii psix Llpénepa
TakKe CXO}IHTCSI [3]- Ho Torfa mno- onpefenennio AT,
cJefioBaTeNbHO, CIpaBefiMBO paBeHCTBO m(A)=1, a 3TO
A GbUIO HALIAM YTBEPHKJEHHEM.

§ 24. loka3aTeabCTBO CXOJHMMOCTH

‘Bynem ucnonb3oBath BBejieHHBIE B NpeJbiAyllieM naparpadge
obosnauenud. [lycte sajano a B I'. Torpa B cmiy HepaBen-
ctBa (23; 22) a. uppauMoHAbHO, C/EeNOBaTe/IbHO, A He PaBHO
KOpHIO H3 ejuHHUB. Eciau nonaoxurs

w=|N—11 (n=1,2,...) |
‘M ONpefieSITs m onsiTb M3 HepaBeHcTBa (23; 12), 'TO H3 He-
paBeHcTB (23; 13) u (23; 22) cnepyer ouenka
1 L n*
Pn<%lna—_ml 1< 4e ?
fIpHYEM &, ¢ MOTYT 3aBHUCETh eme H OT o. [aa ynpoueHns

STOr0 HEPaBEHCTBA ONpejieMM IOJIOKHUTENbHOE YHCIO ¥ > p,
c006pasHO yCJIOBHIO

%<?, ()
QTKyJa .Torja Caefyer _
<(2ny (n=1,2,...). - (2
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Onpene.nuM (poplvxa.nbnbm PR
@)= 2 el =04 >.‘- cl™,
B KOTOpOM ¢, = 1, ypaBHeHneM
3ot = 0 Q)+ 00 )+

H3 KOTOPOro ¢, ONpeleJsIoTCA PEKYPPEHTHLIM CIOCOGOM.
ViMenHo, cpaBHenHe Kos(duuueHToB jaer Qopmyiy

Co=Pn1 2CmCn,---Cn (1=2,3, ...), (3)

e .
B KOTOpOH CHUMBOJI 3, 0603Ha!{aeT, '-ITO CyMMHpOBaHPIe pac-
IPOCTPAHEHO I10 BCEM - LENbIM DasOHEHHAM 71y, Mg, . . ., 1,

JUISl KOTOPBIX My -+Ny—4-...-+N,=n, T. &. KAKJOMY. I COOT-
BETCTBYIOT N0 KpaiiHell Mepé 1Ba cJjaraemeix, Ortciona Bcé
¢, (n=2,3,...) noayvaiotcsi NOJOXKHTEJbHLIMA YHCJAMH.
'C/ Tenepb CPaBHAUTb peKyppeHTHyIO ¢opmyay (3) ¢ Tof,
KoTopas noJydaercss ajs b, us ypaBHeHHa (23; 6), TO BCYIEK-
CTBHE COOTHOLIERHs | A" — A | = pra 1(n=2,3,...)c nomompio
paBenctBa (23; 7) nosnnoft MHAYKuHeH HOJIy‘-II/lM HEPABEHCTBO
b, )<cy T € @ (0) <D (L). IlosroMy poCTaTOUHO JAOKA-
3aTh cxopumocth D ((). OnpepesnM elne OfMH CTENEHHOH PSR

PO = Z YnC"—Cv% YnC"

B KOTOPOM 7, = |, ()yHKIIHOHAJLHBIM ypaBHEHHeM

YO=C+ RO+ QO+ =Ly

HJIH PeKyppeHTHOH dopmyiof

| Yn = 2 Y’ﬂl Ynz A Yn, (n= 2" 3?> . )
n ‘
CorJiacHO ye HCNOJb30BaHHOMY IIPH BLIBOJE YDPaBHEHHS
{23; 9) sakumouenuio, psax ¢ (L) cxoauress B oKpecTHOCTH § = 0.
[Tostomy cym.eCTByeT Takas NOJIOXUTeJbHAS MOCTOAHHAS Y,
|10
0<t <t (1=1,2,...). - (4)
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Ecnu, HakoHell, Mbl o6GpasyeM TOCJEAOBATeNbHOCTb YHCEJ
3y, 955 . .., KOTOpDHIE DEKyPPEHTHO onpejensiorcss (opMynaMmu

3,=1, 8, =p, Max Quln, ... 8n) (n=2,3,...), (5)
n L

TO NOJYYHM OLEHKY

. Crn < Yndp (n=1, 2, ...% (6)
JOKaxkeM ee TIOJNHOH MHAYKLHEH. ,U.Jm n=l q)opMyna TPH-
- BHaJbHa. Ecsim cunTath ee JoKasaHHOH npH n = 1,2,...,k—1,

npuueM n=4k > 1, T0 U3 cooTHOWeHHH (3), (5) H (6) crie-
AyeT OlleHKa

Cn < Pry 32 (nyPny) - (Yo, 85,) <
. n
< Pa1 Max (C\'nl cet an,) 2 Yoy o Tn, = ST

H Hame yTBepXKjJeHHe J0Ka3aHo,
Ecnu Mu cyMeem noKasaTtb, YTO Js1 nocneaosa’re.nbﬂocm
3,, onpexeseHHoH (opMmyJaMu (5) crpaBeJIMBO HePaBEHCTBO

3, < (n=1,2 ...) N )

OpH COOTBeTCTBYlOMEM uicae & >0, To H3 HepaBeHCTB. (4)
H (6) Oyner caepoBaTh oneHka ¢, < (y9)", AOKasbiBalollast
cxoaumoctb psizioB @ (L) u ¢ () B kpyre |{| < (y4):. Takum
0o6pa3oM, J0Ka3aTeJbCTBO CXOAHMOCTH -NIPHBOJMTCH K JOKasa-
TEeJbCTBY HepaBeHCTBA (7) AJs MocseoBaTeNbHOCTH 6,. Ho-
Ka)keM Tenepb BMecTO HepaBeHCTBa (7) 6GoJiee TOUHYIO OLEHKY

S, <N} 1n—2v (n=12,...) . 8)
npu » ‘ ' _ )
Nl_-;_22v+1’ Ny=8'N, = 25v+1, ©)

NpHYEM Y eCTh' MOJIOXKHTENIbHOE WYHCJO, BBEJEHHOE HepaBeH-
ctBoM (1). [lasi nocaesnyiowmlero ROKasaTebCTBa METOLOM - HH-
AYKIHH CYIeCTBEHHO, YTO NpH nepexoje OT HepaBeHctBa (7)
K HepaBeHCTBY (8) noGasieH MHOXuTeab n—2¥. Ecam Hepa-
BeHCTBO (8) nokasawo, TO npH 3 = N, HepaBeHCTBO (7) BHINOJ-
Haerca H pap ¢ (C) cxomures, .

Yro6hl NOATOTOBHTb JOKA3aTeNbCTBO HEPABEHCTBA (8), JioE
KaxeM elle ofHy. ouesky. Ilycts p. M ¢~ Uesble uucia, H
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nyctb p > q >0, Toraa
pta= M= 22— A =
' 2
= (Ml —-1)—(N— >t ———
I( l) ( 1)I<PP +pQ<'M1n(Ppqu) ’
OTKYy/Ja ¢ NMOMOLIBbI0O HepaBeHCTBA (2) MOJsyyaeM HepPaBEHCTBO _

Min (py, po) < 20y <274 (p—g)". (10)

HyCTb r TaKxe LeJjioe YHCJIO H DYCTh f-> p, TOrja copaBep:
JIHBO HEPaABECHCTBO

Min (p,, pp) <2 (r—p),
H, CJIeJIoBaTeJibHO,

Min (pr, 5, p) <2 Min [~ p)', (p—9)"). (1)

C nomolbIOo moc/IeHEro HepaBeHCTBA JOKaXEM Temepb, 4YTO
Ijs mobbix o+ 1 mesmix uucen mgy, my, ..., My, YAOBJIETBO-
PAIOWHX YCJOBUAM my>my > ... >m;>0'u >0, Bo-
IIOJIHAETCS - COOTHOIIEHHE

PPy -+ P < Ni¥t[my [] (micy —my))”, (12)

rae N, — uHcao, onpenenennoe B (9). Has o =0 npoussese-
HHe cJieflyeT CYHTaTb PaBHbIM €JMHHIE, TOrJa B CHJAY YCJO-
BUs (2) ytBepxkieHHe BepHO. [Ipeamosio:KuM, uTO HepaBeH-
ctBo (12) BepHO ansi o=k — 1, H JOKaXKeM €ro cnpaBejJHs
BocTb AN o=k > 0. Tlyctb p, . HauMmenbillee H3 o1 un-
CeTl Prps + + +5 Prmge Bynem pasmmuath TpH caydas: 0 <z <g,
t1=0H t=0. Ecoim 0 <1< o, T. e. eciu 2> 1, TO U3 He-
paBeHcrBa (11) crepyer oueHKd '

. Pm’:___-Min (Pmm;i’ pm'r’- pm”")<
<27 Min[(me—y —mo), (mz—mei1)’].

[Monarast AJfl COKPAIIEHUS Mg_y—M;=a, Mg—Mgpy==b,
HOJTY YHM :
2 b
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H, CJieJoBaTeJbHO,

. : : b :
< 2"+ [Min (q, b)] <22+ (a:—b Vo
=Ny (Moot — M) (Mg — Mo 1)’ (Mey — Magy) ™.
Ecau mosoxuts '

A= [”n(‘)'kHl (Mg — )],
TO MO MHAYKUHUOHHOMY [IPEATIONOKEHHIO NMOJYYHM
PmgPmy + - Prmg < _pm,:N;'A X
X (Mot — Mg 1) (Mo s — me) ™ (me—me 1) V< NTT'A,

T. €. HepaBeHCTBO (12) B sTOM ciyuae cnpasejauBo. Ho ecan
v=0 WM ©=0, To U3 HepaBeHcTBa (10) CcJAeyIOT OLEHKH

Py <Ny (mg—my)Y  (r= 0),

'pmg.< Nl (mc—li e ma)vv' (1: = d)’

¥ OTCIOfA N0 MHAYKIHOHHOMY IIpe/NOJIOKEHHIO

PmyPm, « ¢+ Pmy < Pm‘,Ni’AmI'mEV (mq fml)_v <
a+1 my\v o4+1
| <N; A<m_3> <N (z=0),

PmyPm, « - Om, < pm NiA (Mg—g —me) ™ < N"HA (z= c),
N03TOMY ‘HepaBeHCTBO (12) J0Ka3aHO MOJHOCTBIO. -
-Bepremcst Temepb K JioKasateqbCTBY HepaBeHcTsa (8), Ko-
TOpOe sanuMmeM B BHAE G, <O, mpr o, =Ny n=2
(n=71,2,...). Toraa aasi moOBIX ABYX HaTypaJlebIX qnces

m, n Bcne,u;cmne paBeHCTB’ (9) TonydnM OEHKY

00,0m4n = Nz! (m+n)? (mn)?

= N7 (m=t ) < N7t 2P <,
c.neAOBafenBHc_i', V
' IR (13)

JlokasarenbCTBO HEPaBEHCTBE: (8) TaKXKe IPOBOJHUTCS METOJI,OM
nosnofi  MEAYKUMH. IIist=-71=1 “yTBep:kieHHe BCJIELCTBHE
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ol—wl—l ‘TPUBHAJIbHO. [IpeAnosokuM, 4TO HepaBeHcmo (8)

BepHO i n=1, ..., k—1, 0 JokaxeM Tenepb, YTO OHO
BEPHO | ISt n= k > 1 o onpeJeneHuio. 8, [COOTHOLIEHUS
(5)1, cymecmyio'r HaTypajllbHble uHCna g, gz, eer, 8o, AN
KOTOPbIX N
g1+g2+..o+ga=n, d->1, (14)
TaK UTO
8 = Pn18,%, - - - By (15)

[Tpu 3TOM MOXKHO DPOBECTH HYMepalHI0O B Mnopsike yOhiBa-
HUS: N> gy >8> ... >8«>0. B cayvae ecsn g,< &

Mbl GyJieM npuMeHsiTb paseHCcTBO (15) B Tom BHJE, B KOTO-
poM oHO Hamucaso. Ho ecmu g; > %-, CJIeIOBaTEJbHO TAKIRE
& > 1, To moxuo na;xe yTBepmztaTb' B COOTBETCTBHH C PaBeH-
ctBoM (14), 410 - >ga >g.>0; B srom cay-

gae Ml Gynem’ anMeHﬂTb paBencrBo (15), npeaBapme.ano
3ame1m3 n Ha gy OTO JaCT HAM DAs3JIOKEHHe

8g, = Pg,~10n 3, - .. ohﬁ
npn n>hth+ .t hy=g>h > . > hg>0.
B cayuae h; < % Mbl Ha 3TOM 0GOpBéM mpouecc. B nporus-
HOM CJayvae, eciy h; > % , Torga onsth Ay >, % >hy>

>h3> ... >h >0 1 TOora Mbl PasJIOKHM C [IOMOIIBIO TOTO
Xe caMoro mpouecca oy - “Tak xak n>g, >h > ... >0,

TO TpOUECC 3aKOHYMTCH TOCJEe KOHEYHOTO YHCJA LIAroB r.
VismennM 0603HAuYeHHsl, noJiarast fy=1"n, n, =g, Ba="Hh,, ....
Torga mo noctpoenHio

n=n,>n>n>...>n, > l, r>0,

H Mbl IIOJYUYHUM [10CJ/eJOBATE/IbHBIMA 3aMEHaMH DpasJyoKeHHEe

.
Aﬁn;ll]o(pnl_‘w,), A =B ... %,  (I6)
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npuyeM A1 HaTypanbHBIX uHcen k,, kg, ..., ky u 7, 3aBucH-
KX TakKXKe OT /, BEINOJHSIOTCS YCJ/IOBUS .

>k1>k >--->k‘\‘>0’

n—n, (=0 ...,r—1
k1+k2+...+k1={ 1= My )

n, (I=r).
W3 sepaBercTpa (13) ¥ U3 HEAYKIHOHHOTO TPEATIONOXKEHHS st
=0, ..., r—1 noayyuMm OUeHKY
Ay Sopop, oo Op, <O b 4. 1oy =
M=y, 1 —2v
=Onj—n;, = Ny (m—ny,y) . (17)

Bripaxenne A, MOXKHO OLEHHTb Gonee TOYHO C NOMOIUIBIO He-
paBeHCTBa

q_—

<ﬁ(N'; ke ) =Ny~ ﬂk—2v (18)

npuueM Ha 3TOT pa3 k, 4k, + . —|—k.,_n,. Ecou npume-
HUTb HepaBeHCTBO (12) npu o=r nm =n—1(=0,...,r),
H MOJIOXHTb Y =§, TO H3 coomomeanﬂ 16) (17 u (18) no-
JIYYHTCSl HEepPaBeHCTEBO .

8, < N':-*’( I] (np 1 —n,))" %
x [T (w3

’.p=i
r - .
=N N e (] (np_,—np) IR
. p=1 ) =1 J
Ecimn oGo3HayuTh, KPOMe TOro,

r4s=t, x,=n,,—n, (p=1,...,1),
yg=kq ' (q=-1,...,S),.

—_ —

7y~ 1) )N H k= b (19)

TO
(xl+"'+xr)+(yl+"'+ys)=n> 19
o : | (20)
y1+'-‘+ys>'§’ yq<'2— (q=1;.'",s)
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npuueM B ciayuae r =0 penuunHa X, He GyJer coBceM BXO-
AuTb B coorHolleHus. M3 oGoux noc.nemmx HepaBeHcTB (20)
CJellyeT, 4TO S>> 2, CJEJOBATeNbHO, ¢ >7+ 2> 2.

Meul nokaxkeMm Huxe, yto npu ycaoBuax (20) ana ¢ Ha-
TyPaJibHBIX YHEeN X,, Y, BCErjd CNPaBeJIHBO HepaBEHCTBO

r 8 . 3
pEi r qgi.yg ><2tL—2> ) (21)

Tilx KaK, KpoMe TOro, Nf“ng" H2—2<27! 10 us
nepasencTs (19) u (21) caepyer ouenka

by < NTINE ' (@' iy =N P =0

KOTODYIO M HYXKHO. ObLIO JIOKa3aTh.

Ocranercs eule J0KasaThb yTBepxjeHue (21) npu pgoba-
BouHOM ycJoBuu (20). as n< 2t — 2 yreepxkaenue (21) Tpu-
BHAJbHO; INO3TOMYy nycTb #n>2f{—2. Ecan nNonoxXuth
g=[n/2], 10 '

ny

IKt—-1<g<g+r.

Bsenem HaTypasboe umcsio r+(y; + ...+ y,)=m, TOraa H3
"epaBeHCTB (20) caepyer oueHka g +r+ 1< n<n, Tak 410
B I1eJIOM no.nyan

s<t<gfl<gtril< (22

'~ 3aMeTHM Takxke, YTO I HEYETHHX n 6y;(e'r Jlaxe CTpOro
t>2, nnoromy g > 1, n > 4. das HequHbe 1 13 HepaBEeHCTB

(20) noayuaercs Gomee TOUHO Yy, < 5 , CJIeJJOBaTeJIbHO,
iHa<n (Gt X)+ (g5t g) >0,
t—2=r+4+5—-2>0.

Hcnonbays BenuuuHbl g, 7, H3 HepaBeHCTB (20) nojydunM
COOTHOLIeHHS

fteotx=n—atr, gt Y=
_ (23)
Yy 8§ (q =1, ) .
Tenepb OlleHUM IIpexae Bcero CHH3Y ﬂpOHSBeJ.IeHPm

r

= H Xpr Y= H Y,
p=1 g=1
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npu ycnoBusix (23) u npu ¢urcupoBanHoM 1. OueBHHO, YTO.
NpOHSBENEHHE XX, ABYX HATYPAIbHRIX UHCEN Xy, X C 3ajaH-
HOM CyMMOH X, +Xpy=a>1 umeer mpu x,=1, x,=a—1
MHHHMYM, TaK YTO Bcerga Xx,x,>a—1. Orcioga no uH-
AYKUHA CJeAyeT, yTo B cayyae r > 0 mpousBejieHHe r Hary-

panbHBIX YHCEN Xy, ..., X, C 3aJlaHHOH CyMMO# a>r npu
=1 (p=1,. r-—l), X,=a—r-+1 HMeeT MHHHUMYM
-—r+1 U3 COOTHOLIHH (23) cienyer
>n— n + 11

¥ IPUTOM 3TO, OUEBHJIHO, CIPaBEeJIHBO TaKxKe npu r =0, Tak
Kak Torza n_n n x=1. Jag ouenkn y npuMeM BO BHHMa-
Hue ycsoBHA Y, < &- Ecm n—t+ l<g, TO Y MHUHHMAJIBHO
o (buxcuposaﬁﬂoro nmopy y,=1(@=1..., s=1),
ys—n—t—{— 1, u Torga

yzn—t+1l (n—t4+1<g).

B ocrambHbX cayuasix, Korga n—i-1>g, OLEHKYy MOXHO
npoBecTd Jyuure. PaccMorpenHe, aHaJOrHYHOE IPOBEJIEHHOMY,
TIOKa3LBAET, YTO B 3THX CJyYasiX y AOCTHraeT CBOEro MMHH-
Myma npy Yy, = 1 (q—l ey 5—2), Ypa=m—t—g + 2,

=g. YcioBue y, ,< g HEHCTBHTEJbHO IIPH 3TOM BHINOJ-
HHeTCiI TaK Kak [ YETHBIX 7 ToJydyaeTes 7 <in=2g,
t>2, pnd HeyeTHBIX n mojyyaercs n<n=2g-+1, t>3,
T0 Beeraa n—t—g+2<g. Ilpu sroM Tonyyaercs Hepa-
BEHCTBO

y>g (n—*t—g+2) (n—t+1>g).
- Coepunsisl oueHky LA X H Y, Haijem ,
,,}{ (n—n+1)(n—t+1)? (1 <g+t—1)
(n=m+1)(n—t—g+2)?%* (a>g+t—1).
Tak Kak .BcJejCcTBHe HepaBeHCTB (22), BO.BCSIKOM cCJyuyae,
t<g+1<7m<Kn, 10 npaBble uYacTH HepaBeHCTB (24) mpu .
3aJlaHHbIX YCJOBHAX SIBJSIIOTCS TNOJIOMKHTEJNbHBIME (yHKIHMAMH

IIeJIOYHCJIEHHOIO NlepeMeHHOro 7. HroGhl OTIpeLeNIuTh HX MH-
HUMYM, OLUECHHM CHH3Y MHOrouJicH

P(2)=(z—a)’ (b —2) (p>0, s >0)

(24)
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c }.‘leHCTBHTeJIthIMH a 4 b, npeanonaras a <z, <z, <b
B MHTEpBAJE 2; <2< 2, IIJm a<z<b

- P@)>0, —r?—%—g—-@ p(z—a)2+o(b—2)2 >0,

ciefoBaresibHO, In Pl gBigercsd BHNyKJOH ¢QyHkuueH, u
NOTOMY .

P (z)>Min[P (z,), P(2,)] (,<2<2,).

QT}X)uenxy Mbl IPHMEHHM NPH z=1 K NIpaBbIM YacTAM He-
paBehctB (24). B nepsoM cayuae BuiGepem 2z, = g + 1,
=g+t—1, P(2)=(n—2+1)(z— ¢+ 1)?, torga nonyyum -
(n—n+Dm—t+1)*>
>Min[(n~g)(g—t+2)?2 (n—g—1t+2)g
Benegcrare HepabeHCTB 0<t—-2<g— 1 wmeem TOrja
(n—g—t+2)g*—(n—g)(g—t+2)7=
=({t—-2)[(2n—3g)g—-(n—g)(t—2)]>
>(t—2)[2n—-3g)g—(n—g)(g— =
=({t—2)[g+(r—22)(g+ D]>t—2>0. (25)
[Tostomy '
(n=—n+1)(n—t+1)? >(n—g)(g—1t+2)
(g+I<n<g+t—1).
B ciyuae cnpaBejsMBOCTH BTOPOTO HepaBEHCTBA (24) BBI-
6epeM
g+t—1, z3=n, P(z)=(n——z—|— I)(z—t— +2)?
7| l'lOle'iIdM '
P(z)=n—g—t+2, P(zz)--(n g—t+2>P(z),
(n 1+ D—t—g+2P¢>(n—g—1t+2)g
(g+t—1<q<n). ,
[TosToMy, npuHHMasi BO BHHMaHHe COOTHOLUEHHe (25), B 0GOHX
cayyasx HOJYy4YdAM _
> (n—g)(g—t+2)* (26)

16  3axas Ne 1032
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Hakownen, uyro0bl oTciofa NOJY4YHTb cooTHomeHne (21),
NOJIOKHUM ¢ =24 | H OLEHHM CHH3Y BblparkeHHe '

((—D(g—t+2)=2(g+1—2).

W3 mnepaBencts (22) cnepyer, uro 1 < z < g, u noromy
2(g+1—2)>g. Jdnsa ueTHbix n=2g oTCiofia nojyuaem

(n—g)(g—t+2=glg+1-2>g7*>(5 ) . @D

Ins nevernnix n=2g+1 0o opHOMy u3 paHee CHeJaHHBIX
3ameyanuii f > 3, caegoBaTteqbHO, 2z > 2 u n > 5. Toraa
B 3TOM CJyvae

(n—g)(g—t+20=(g+1)(g+1-2°*>
2,~2 LN Jo—2
>@E+) e >(g+5 )gt= @8)

_ Y\ 1\2 n\3 1\2 n\3
~(#):(1-3)>(%)2(1-5)>(5)"

N3 cootHowennit (26), (27) m (28) ciexyer yTBepxjenue
(21). Bnpouem, H3 OIEHOK OYEBHAHO, YTO B COOTHOLIEHHH
(21) paBeHCTBO MMeeT MeCTO TOJNBKO MJsi Caydass 7 =2,

Bulio Gbl, KOHEYHO, XKeJlaTeJIbHO JaHHOE HAaMH JJIMHHOE J0-
Kas3aTeJbCTBO 3aMEHHTh GoJiee- KOPOTKHM. '

. § 25. IlpoGaema uentpa Iyankape

Paccmorpum cucremy auddepeHIHaNbHbIX ypaBHEHHI

n=fh@)  (k=1,..., m), (1)

KoTopasi mmeeT x =0 paBHOBecHhIM pelleHneM. Ilyctb ¢ynk-
npu f (x) 6yRyT npejicTaBJieHbl B OKpecTHOCTH ¥ =0 cxopgs-
IUMUCS CTENEHHBIMH DSilaMH  C JIEACTBHTENBbHBIME KO3((hu-
IMEHTaMH, HE COJlepXKallUMH NOCTOSIHHBIX 4JeHOB. Ecsu ue-
pes x (¢, &) 0GosHauuTh pemleHHe -cHCTeMbl (1) NpH Hayasb-
HOM ycnosuu x(0, §) =§, TO npu KaxaoM (HUKCHPOBAHHOM
AeHCTBUTENHLHOM f COOTBETCTBHE Mexay x (¢, &) u & mpex:
crapisieT oTo6paxenre S; B JOCTaTOYHO MaJjioH OKPECTHOCTH
' Hauaja KOODAHMHAT, NpHYeM JJi 3TOro oro6paxkeHus & =0
ecThb HeNojBHMiKHas Touka. Mccrexyem remepb, korpa pene-
Hue x=0 Oyzer YCTOHYMBHIM, M DPACCMOTPUM C IIOMOILBIO
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onpejiesieHuli, JaHHLX B Hayaje § 23, npeoGpasoBaHue S, B
OKDECTHOCTH HayaJa KOODAWHAT NpH BCeX AeHCTBHUTEJBbHBIX .
Yro6ul 310 VICCJIe[IOBAHHE CJieJIaTh BO3MOXKHLIM, HYMKHO COOT-
BETCTBYIOULEH 3aMeHOR nepemeﬁﬂmx

xk'—?h(u) ‘(k=1»""m) ' 2

nepesecTd cucremy (1) B HauGosee mnpoctyio ¢opmy. Ilpu
3TOM @, JOJIKHBE ObITh ONATH CTENEHHBIMH pSJaMH OTHOCH-
TE€NLHO M HOBBIX IE€PEMEHHBIX ‘4, ..., U,, HE COJZEpKa-
UMMK TIOCTOSIMHBIX YJIEHOB; TOra IIpH NOACTaHOBKe (2) Ha-
yano koopaunar coxpansercd. [lpuBopumble Hamm cooGpa-
JKEHMsl BIOJIHE aHaNoOryguHbl paccMorpenusM § 21, rpe aas
TJIOCKOTO AHAJHMTHYECKOTO OTOGpaxKeHHsi OblJia yCTaHOBJEHA
HOpMaJibHast ¢popMa, NOITOMY pelllHM 3ajady CHavana ¢op-
MaJibHbIMH CTENEeHHRIMH PsIIaMH.

OnpepenuM, kak 1 B § 14, GopmasnbHOe AH(DeperIEpo-
BaHne CJIQ}IYfOLU,I/IM o6pasom:

m

K= > Qruy ) (k=1,..., m), (3)
=1 ’

HJH, B BEKTOpHO# ¢hopme,

A’::?uu’ ) q’u'_‘”?kulu'

[Tpumem, uro npeoGpasoBanue (2) obparuMo.. 10 O3HAUaeT,
YTO CTeneHHOH psax AN (QYHKIBOHALHOTO ~ ONpefie IHTes
|9, | HIMeeT He paBHBIl HYJIO DOCTOSIHHBIA uieH, HJH, Apy-
THMH CJIOBAMH, YTO KOS(OHUMEHTH JHHEHHBIX uacteld @
MMEIOT ONpefieuTe/b, OTHYHBIA OT HyJd. HOJICTaHOBKH (2)
u (3) mepeBOAT CPICTeMy () =s

u=oi e W), 4)

H, H3060p0T o6pamoe npeo6pasoBanye NePeBOHT cucTeMy
(4) B cucreMy (1). CraBurcsi 3ajaua 06 OIpeJle/ieHHH TaKoO
NOACTaHOBKM (2), 4yroObl cHcTeMa (4) HMeJia HOPMAJbHYIO
¢opmy. C 3atum cBsizaH cJenyiouuii Bonmpoc. Ilycrb Hapsiny
¢ cucreMoH (1) samama BTOpas cucreMa

=ty (@) (k=1,..., m) (5)
16+
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apuyem h, OyAYT CTENeHHbIMH PAJaMH 0O 4, ..., U,, He
COJiepXKalMMH TNOCTOSIHHBIX 4seHOB. Ilpu kakux ycaoBusix
CyliecTByeT OGpaTHMas NOJCTaHOBKa, KOTopasi HepeBOJHT
cucreMy (1) B cucremy (5)? Ora 3ajaua NpUBOJHUT, OYEBHJ-
HO, K cHcreMe pnu(dpepeHHMANbHBIX YPaBHEHHA B YaCTHBIX
NPOU3BOAHEIX TEPBOro MopsijKa

Flo ()] = i (1) ®)

Asisl HEeM3BECTHBIX DPAJOB ¢,. Heob6xoaumoe yc.nosne JJs pas-
pelmuMocTH ypaBhenHst (6) nosyyaercst cpasy mnocle cpaBHe-
HHA JuHeHHbIX uneHoB. Ecom §, §, € OGyayr marpuuamu,
KOTODhIM COOTBETCTBYIOT JHHeHHble ujennl f(x), h(u) u ¢ (1),
10 §C=C%H. CaenoparenbHo, y MaTpul, § H § [LOIKHE
6biTh OJIUHAKOBBIE 3JeMEHTAapHbIE JEJUTEJH.

B 3toM mnaparpajge Mbl OrpaHHYHMCS TOJBKO CJydaem
m=2. CoOGCTBeHHble 3HAYEHHH - A H p MaTPHUBl §F MOTYT
_GbiThe pasanyHeiMH. Ecam BMecto X, X, HamucaTh X, y, CH-
creMe (1) mocie ocyimecrBneHHsi NOArOTOBHTENLHOIO JIHHEH-
HOro npeoépaaoaaﬂm MOKHO TNpHJaTb BHJ '

x=fE =M+ ..., y=gxy=py+ ... . (7)
B cayuae BelllecTBEHHBIX CO5CTBeHHle 3HaueHHi A =X, p=p,
M Mbl _MOXeM TNpEeANOJIOKHTb, uT0  [(X, y)= f(x, y),
g(x,y)= -g(x,y); B CJIy Yae MHUMbIX 3HaUYEHHUH, KOr/a A=, MOXKHO
CHHTaTb, UTO f(x y)=g (y, x). PaccmoTpenne JmuefiHofi cHe- .
TeMH X = )\x, 4 = py JaeT OCHOBAHHE lyMaTh, UTO paBHOBecHOe
peilienne X = y = 0 cucreMsl (7) ToJIbKO TOT/1a 6y 1T YCTOHYHBLIM,
ecaH: h H p. -6yuyT, YHCTO MHHMBIMH; U 3TO JeHCTBHTEJLHO
Gy/eT ycTaHOBJEHO B cheflylowieM naparpage. Ilostomy pac-
CMOTPHM Npexkje BCEro YHCTO MHHMBIA caydalh p=\A= —A,
HyxHo nokasaTh, 4TO TOr'a- IOACTAaHOBKOH BHJA '

x=¢ (U v)=u+tet+ ..., | ®)
y=9u,v) =0+, + 93+ J
cHcTeMe (7) MoXxHO mpHAaTh HOpMaJbHYIO (opMmy
u=pu, 0= qu,

npuYeM p H ¢ OYAyT CTENEHHBIMH PSlaMH TOJBKO OTHOCH-
TeJbHO TPOM3BeNieHHs W = uv. [lorpeGyem eme, yTOOBI PSS!
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¢ (4,v) ¥ ¢ (u, v) He comepxany npd k>0 COOTBETCTBEHHO
.uJeHOB BHAA uw* ¥ why, H JoOKaxeM, YTO TOTJa CYLECTBYET
TOYHO OjHa nojcraHoska (8). B cayuae cxomumocta f, g
NpH YCJOBHH p+q O psagsl @, ¢ TakKe OKaKYTCS CXO-
AAAMUCSH, -

Wrak, Hy)HO HaliTd pelieHHS COOTBETCTBYIONHX YpaB-
HeHHIO (6) ypaBHeHHMH B YacCTHBIX IPOH3BOAHBIX

PuPt+oqu=F(p, P)=2¢+ ..., } 9
¢upu+d:§=g(?, )=—7~«P+ B

KOTOpbi€ BbiPaXKalOT®A CTENEeHHbLIMH pAjJaMHd B qx)pMe (8),
TpHYEM BMECTO p H ¢ HYXKHO nonmaamb

p= 2 @y, W', qg= 2 bzr@r-

re=0 r=0 .

IMonoxuM €we a,,,,=0, b,,,,=0 (r=0, 1,...). Ipousse-
JeM Tenepb B -ypaBHeHusiX (9) cpaBHeHMe KO3(MpHHUEHTOB.
CpapHenre JHHEHHBIX YJIEHOB JaeT a,= X, by= —1%. s
NPHMEHEHHS METOAA HHIAYKUMH NpPejnoJIoKUM, YTO B OGEHX
'qacmx ypaBHeHH#i (9) COBHAgalOT uJeHBl IO CTENEHH
—1(k >1), otKyza 0{HO3HAYHO ONPEEAIOTCS Pz, s (¥ < &),
a,, b, (x<k—1). Torpa gt uneHoB k-ofi cTeneHH CpaBHe-
HHe KOI(HIUEHTOB B ypaBHeHHsX (9) NaeT COOTHOLIEHUS

)"(?kuu —PpV— ‘Pk) +ay, wr—1)/2 yy = Ph, } . (10
A (q)ku u— q)huv'}_q)h) + bh—l w(k‘—i)/2 U= Q )

npauem Pj, ¥ Q, ABASIOTCS ONHOPOJHBIME MHOTOYJIEHAMH OT-
HOCHTeJIbHO 4 H U CTeleHH R, KO3(pHUHEHTH KOTOPHIX Bbl-
paxalorcsi .yepe3 KOS(ODHULUHEHTHl YK€ M3BECTHBIX @y, Yy
(x<k) u a, by (x<k — 1). Ilpexnge Bcero onpeneauM
Qyy H by_,. Ias uernnix k no omnpegenendio a, , =0,
by, =0; mnosromy mnycte k=2r+1 Heuerso. B ¢, (coor-
BETCTBEHHO B ¢,) 1O HalleMy INPeANOJOXKEHHIO HET UYJIEHOB
BHJa uw" (COOTBETCTBEHHO w'v), M M3 ypaBHeHui (10) cne-
AYET, UTO @, H b,_, MOXHO ‘ONpeie/nTh OfHO3HauHO. Torxa
NpH STOM BHIGOPe @)_; H by, B OGEHX uACTAX ypaBHeHHH
(10) xoadduuuentsl ‘npu 4" o" (COOTBETCTBEHHO mpH u'v™*!)
cosnajaor. Temepb ¢, M ¢, yxe onpejeieHtl, NpHyeM k
MOMKET GHTH UeTHbIM WJM HeueTHbIM. Ecau au’o", Buft® cyrs
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wiensl tHna 40" (g-+h==k) ¢byskuudi ¢, u ¢, cooTBer-
CTBEHHO, TO KO3((HIHUEHTb COOTBETCTBYIOIKX UYJIEHOB B Jie- .
BbIX uacTAX ypaBHenud (10) paBHel A (g — h — l)a

AMg—h + 1)B. Tak Kak npu 3TOM MOXKHO IIPEJIOJOKHTh,
uto g 5= h+ 1 Hu, coorBercTBeHHo, g % hA— 1, T0 oTCIOAa Che-
AyeT, UTO ¢, H ¢, ompefensiorcs oAHO3HauHO. Takum o6pa-
30M, HHJYKUHUs NpOBejleHa, H M0Kas3aHo, 4ro ypaBHeHus (9)
MOKHO PaspeluTh C NOMOILbIO (bopmanbﬂux CTeleHHBIX DsIJIOB
? ¢, pHQ.

I'Ipose}leHHoe 3zech cpaBHEHHE KO3((UIHEHTOB COZEPAKHT
KaK 4YacTHBIl cjyuyaidl (m = 2) COOTBETCTBYIOIEE PaccMOTpe-
He § 14. M3 moayvensore tam pesyJibTata CJefOBajoO, 4TO
JUIsi OJIHO3HAYHOrO ONpEJeJeHHs CTEIEeHHOrO psjia -’ AOJIXKHEI
BBINOJIHATBCS YCJIOBUSA BElleCTBEHHOCTH ‘

¢ v)=y(v,u) pluw)=7 (uv) (11)

C noMompbio HafiieHHOH HOpMAJbHONH (OPMBI MOXKHO Te-
Ieph JIErKO PacCMOTPETL BONPOC 06 YCTOHYHBOCTH paBHOBeC-
HOro peuwendsi. HyXXHO nokasaTb, YTO 3TO pelleHHE TOTJA H -
TOJIBKO TOTJa YCTOHYHBO, €CJH

P+ q= D (am+by) 0 =0,
r=1
T. €. NpH |
Qgp+ by =0 (r=1,2...), (12)

H 4YTO B NPOTHBHOM CJydae GyieT HeycTofumBocTh. CHauasa
JONyCTHM, YTO ycnoBHe (12) BhINONHEHO He JJsl Beex r.
C.nep,oaa'renbﬂo, IyCTb »

prg=coit .., c+0, n>1,

NpUYeM ¢ B COOTBETCTBHH ¢ ycjoBusMu-(11) sBnsercs pmefi-
cTBUTeqbHBIM. Ecom BMecto { Hanmcath 2c7lf, TO MOXKHO
noJsoxuTh ¢=2. OO6pamasch K HCCJAENOBAHHIO CXOXHMOCTH,
obopseM psAAbl ¢ M ¢, COOTBETCTBEHHO, p H ¢, Ha uJeHax
nopsifka 2n—1, COOTBETCTBEHHO 27— 2, M MOJy4eHHOe 06o-
3HaYHM yepes cp, 4), p, q BrimosHuM Tenmeps cXoAsiliyoCs

NOACTAHOBKY X = 2 (4, v), y=9(u,v) U B3 ypaueuit (9)
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HIOJIYYHM ISt pemeani’l cucreMsl (7) COOTHOLIEHHS!
;u(u;_"l“)_lr;v(v;—é): ey
"Pu(up—u) +q),,(vq-v)= ey

CJIiejoBaTeNbHoO,

. ~ > -~

u—up= ..., v—og = ...,
rje npasble YacTH SIBJSIOTCSI CXOASIIHUMHCS CTENEHHBIMU Psi-
NaMd N0 u, U, IpUYeM, 3TH psJbl He CONEP:KaT YJEHOB CTe-
nesy Hmxke 2n. Ortcigaa moayyaercss Au(pepeHiuabHOE
ypaBHeHHE

w—20"=..., | (18)

rje npasas YacTh He COJIEPIKUT UJCHOB CTENEHH HHIKE 2n -+ 1. :

Tenepp nns; NefCTBUTEJBLHOTO pellieHHSI CHCTeMH! (7) v=u
u w=uv>0. BoiepeM HEKOTOPOe NOJIOKHTENBHOE UYHCIO 7,
TaKoe, 4T0 AJIsl @ < r OyJeT HMeTh MECTO CXOJHMOCTb, TOT/a
ypaBHenne (13) uMeeT KaK CJEJCTBHE HEPaBEHCTBO

/ ©>w" (14)

TakuM 06pasoM, W SIBJSIETCSi MOHOTOHHO BO3pacTalomell (yHK-
uuer ¢, moka w < r. Ilycts npu =0 Oyaer 0 <w= @, <r.
Torxa us HEepaBeHCTBA (14) cnepyer, uro

w—w, >wt (t>0)
5TO NPOTHBOPEUHT JIsl ¢ =rw;" NPEANONOKEHHIO W < 7. Cie-
JOBAaTeNbHO, YMEeT MECTO HEeYyCTOHUHBOCT.
-TlycTs Tenepsb yciosre (12) BHLINOJHEHO: AAS BCeX 7.

B stoM caywae g= —p, M BCTymaer B CHJY JOKa3aTeJb-
cTBO cxoxumoct M3 § 15. Bemencreue ypaBHeHmit

| u=pu, v=qu, p+q=>0
MOJyYHM, YTO W=Uvy, p U ¢ HE 3ABUCST OT {; HHTErPHUPO-
' BaHHE JlaeT
u=uy e, v=uyel. - (15)
B coorserctsun ¢ ycnoBusmu (11) aas peficTBHTENBHOIO |
pellieHusl HyXHO BBHIOpaTh Uy ==U,, TOrfa p OyJEeT YHCTO. MHH-
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MbiM. Ecm oGo3HaunTh 4 =r-+is ¢ jeHicTBUTENBHBIMA r U S,
TO B INIOCKOCTH (7, S) TOJYYAOTCS KOHUEHTPHYECKHE OKDYXK-~
HOCTH, KOTOpble paBHOMepHO npoGeraiorcs 3a BpeMsi 2w | p L.
DT0 JOKa3biBAa€T YCTOMYMBOCTb M 5TO K€ MOTHBHpYET Ha-
3BaHHe «npoGnema uentpa» [1]. Hakomen, B cuay coornowe-
nuit (8) u (15) nepBoHavasbHBlE KOOPAMHATE NOJMYYAIOTCS
CXOAAWMMHCA pAfaMH Dypbe Mo nepeMeHHOR |p|tf.

OTHM caMbIM HafifleH CJEAYIOHHA MeTOj, NO3BOJISIIOUIHI
PemHTh BONPOC 06 YCTOAYHBOCTH DPABHOBECHOTO pEINEHHS

cucteMbl (7), ecom A= —p GyAeT YHCTO MHMMBIM, HE paB-
HBIM HYJIO: »
Ilycts BCe Koa(duuueHTH @y, by, (r=1, 2, ...) dyHK-

LMH p, g HAlJIeHBl IO PeKypPPEHTHBIM (GOPMyJaM, TOTAa HYXKHO

| YCTAHOBHTb, BCE HJIH HE .BCE CYMMHl C,= @, +b,, paBHBH
Hymo. Ilpu cootBercTBylOmEM BHIGOPE €HHHLE BpeMeHH
MOXKHO NOJIOXKHTb A =i. Ecau

Fx, Y)=ix+ X aupxy,
‘ g+h>1t
gx, y)=—iy+ 2 Buxy
P g+h>1

rae By, =a,,, OyAyT CTeneHHbIMH psAfamu s [ u g, T0 c,
BJisieTCs] MHOTOUJIEHOM OTHOCHTEJIbHO.a,  H B, (§ + 7 < 2r 4 2),,
B yacTHOCTH, MOXHO NpHHATH, 4TO [ M g GYyAyT MHOrOUJe-
HaMH <PHKCHPOBAaHHOH cTemeHH [; TOrja, CJeJOBaTeNbHO,
Bce c, (r=1, 2, ...) GyAyT MHOrouJieHaMH OT KOHEYHOI 0 YHCJia
e, B By (g+h<l). Ilo teopeme TunnGepra o Gasucax
B NOJHHOMHAJbHbIX HJeasaXx!) CylecTByerT TaKOoe HaTypaJb-
“Hoe uyucno- m=m(l), 4yTO BCe C, MOXKHO 3amucath B BHJE

vcr'zk;,.{”‘c“ (r=1, 2, ...),

npyueM KOS(QQUUHEHTH Y,, ABJASIOTGS MHOIOYIEHAMH OTHO-
CHTENBHO a,, H B, UToObl HccnenoBaTh, BCE JIH ¢, OQHOBpe-
MEHHO DaBHbI HYJIO (UTO SIBJIETCS HEOOXOAMMBIM H JOCTa-
TOYHBIM YCJIOBHEM; YCTOHYHMBOCTH), HYXKHO DaspelluTb TOJBKO
KOHeYHOe YHCJO ypaBHeHHH ¢, =0 jgas k=1, ..., m. Ho

1) Teopemy I'mibGepra 0 Gasucax B NOJHHOMHANBHBIX HJeaNax CM.
g xuure: BaH nep Bapaen B. JI, CoBpemennass anrebpa, [octex-
uspar, 1947 r., 1. 4, ¢rp. 27. —Ipum. ped.
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U3 JOKa3aTeJIbCTBA OCHOBHOH Teopembl ['minbepra nast aToro
. CJy4asi ‘ellile He NOJyyaeTCs BepXHeHd TIpaHMIbl IJsi m Kak
- ynkuun [ Ilns | =2 ussectHo, uro m(2)=7 [2—4]. daa
[ > 2 peiictBuTeNIbHOE oOmNpejeseHne Takoi - rpanuusl m (l)
SIBJISIETCS] MHTEPeCHOH HepellleHHOH 3ajavei.

3pech Ke HYXHO 3aMeTHTh, YTO B CJyYyae HeyCTOHYH-
BOCTH, CJIEJOBAaTEJbHO, IJs p -+ g + 0, HCCNeIOBaHHE CXOAH-
MOCTH PfZOB ¢, ¥, p, ¢ upejacTaBaseT cOGOH Takxke elne
He pellleHHYIO 3afauy. :

§ 26. Teopema JlsanyHoBa

B npexwinymem naparpade Oblia paccMOTpeHa yCTOHYH-
BOCTb DaBHOBECHOIO pellieHHs1 cucTeMbl (25; 1) Tosmbko st
ciyyasi m= 2 ¥ YHCTO MHHMbIX, He DaBHbIX HYJIO COGCTBEH-
HbIX 3Havenwit. FlepefiteM Tenmepb K HCC/eJOBaHHIO COUIETO .
cayuyasi. Ilycts coGCTBeHHBIMH 3HAYEEHSIMH MAaTpHIB §§ JH-

HEHHbIX dacTell GyHKuu# f, (), ..., [, (x) OymyT X, ..., A,.
Teopema JlsinynoBa [1] raacwur:
Ecnm jeficTBHTeNIbHBIE YacTH BCeX 1y, ..., A, OTJHYHH OT

HyJsl, TO PaBHOBECHO® pPeléHHE HeyCTOHYMBO. Ecium 3710 pe-
LIEHHE¢  YCTOHYHBO, TO BCe NEHCTBHTENLHHIE -YACTH Ay, ..., A,
6yAyT paBHBI HYJIO. . :

HoxasarenbcTBo 3TOH Teopembl OyAeT HaMM JaHO INpH
YCJIOBHH, YTO BCE Ay, ..., A, PasIHYHbl U NPH XPYruX Tpex-
NOJIOXKEHHAX, KOTOpble OYyIyT HAMH JeNaThC B COOTBET-
cTByloWHX Mectax. [lisi He paccMaTpHBaeMOro 3jechb cJyuas
KpaTHbIX KOpDHeH Haiue J0Ka3aTesibCTBO -INOTpeGyeT JIONOJiHe-
HHsI, KOTOpOe fenaeT (opMyJbl GoJiee CJIOKHBLIMH, HO H B 3TOM
cliydae HeT HHuero Henpeojosumoro. Kak wusBecTHO, €00T-
BETCTBYIOWEH JHHEHHOH NMOJCTAHOBKOH CHCTEMY MOXHO NPH-
BECTH K BHIY

.

).Ckz'fh(x)z_r)‘hxh_}‘Xh(x) (k=1 ..., m), (1)

-

. KOTOpyI0 H BO3bMEM 3a OCHOBY, NpHYeM CTENeHHble DSALL Y
HaYMHAIOTCSl 3]1eChb C WIEeHOB BTOporo mopsika. Ilycte A, =,
npu l=1[, (k=1, ..., m), Torga NoJOXUM X, =Xx,, H TOrAa

MOKHO IPEANOJIOXKHTbL BbIIIOJHEHHBIMH YCJIOBHS BelleCTBEH-
HOCTH .

WO=F@ (=l k=1, ....,m. (9
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[lyctb peficTBuTesIbHAst YacTb A, paBHa p,. MOXHO CUHMTaTh,
YTO P <P << ve o <Py OyCTh p, <0, HO p,,; >0, mpuuen,
OYEBHJHO, YTO JONYCKAaeTCsl BO3MOXHOCTb =0 W p=m.
HyCTb BHauyaJie p > 0. BBEI{GM NOACTAHOBKH CIeHaJbHOIo
BHJAA

Up=Xp—Pp (X1, -. ., Xp) (=1, ..., m), (3)
rae ¢, GyAyT GOpMajibHEIME CTENEHHHIMHM PsJaMH NEpBBIX p
NEePeMEHHbIX X, ..., X,, KOTOpble HAYHHAITCA C YJIEHOB

BTOPOrO nopsifika. Jlerko BujeTb, YTO 3TH NOJACTAHOBKH 00-
pasyior ‘rpynny. Ecan nonoxuts

(@)=t -y ) =Yt Nan— Z%m

NpUYeM CIpaBa X BHIpaXKEH uepes 4 ¢ NoMOouibio o6paTHOR K
(3) moxcravoBKH, TO cucreMa (1) mepeiiger B

Uy =N+ 8 (@) (k=1, ..., m). @)

Crenennsle psifibl g, HaUHHAIOTCS ONATH C UWJIEHOB BTOPOTO
nopsiaka. Tenepp HYXHO ONpENEJHTh KOS(MOHUUKUEHTH B @,

TakuM. 00pa3oM, YToObl HH B OHH M3 M DPSJOB &y, ..., &n
HE BXOJWJIO HPOHM3BEJEHHE CTeneHed uy, ..., u,. Cienosa-
TeJIbHO, JOJ/IKHBI BBIIOJHSATBCH YPaBHEHHS .
gty ooy ty 0, ..., 0)=0 (=1, ..., m). (5)
B coorsercrBuu ¢ mpecGpasoBanueM (3) x,, ..., X, fB-
ASIOTCS OGPAaTHMBIMH CTENEHHBIMHM PSAMH OTHOCHTEJBHO P
HEM3BECTHBIX Uy, ..., U, U OPH Uy, =0, ..., u, =0, Kpome ’
TOTO, : :
=l o %) (k=ptl ., m. (6

[TosToMy ypaBHenusi (5) mepexoisiT B.yCJOBHS

. » p .
"'M‘Ph’*f 2 ?kxl)‘lxt =Xrn— 2 ‘kale (=1, ..., m), (7)

Tomnecraennbxe OTHOCHTEJILHO Xy, ..., X, IPHUEM Xy, q, - ..y Xy
BBIPaXKeHbl TOCPEJICTBOM DaBEHCTB (6). HaoGopor, u3 ypas-
wenuil (3), (6) u (7) onsATh cieayoT ypaBHenus (5). Ilpous-
BeJeM Teneph B ypaBHeHHAX -(7) cpaBHeHHE KO3((HIHEHTOB.
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Ecam ox{t ... xp GyZer uNeHOM ¢, W €CH gy + ... + gy =
=h> 1 TO cpaBHeHue naer

( — X +l§‘ gt)\t) o=,

£J€ Y €CThb MHOrOUYJIeH OTHOCHTEJNBbHO KO3(DHIUEHTOB UYJIEHOB
M%H:e ueM h-0ff cTeneHu OTHoi:ITeJIbHo Pry v ves Pm. 3AECH
HYXKHO cjeJaTh Cleyiomiee orpaKHyHBaloilee NPeANOJOKEHHE:
AN BCEX CHCTEM HEOTPHIATENLHBIX LEJbIX UHCEN gy, ..., gy
npu g+ ...+g, > 1 Bcerga

lzi gh#x (k=1 ..., p). (8)

) | : .
OT10 B JeHCTBHTENBHOCTH GYAET TOJBKO KOHEUHBIM YHCJIOM
ycnoBui; TpeGoBanue (8), OYEBHJHO,. BBINOJHSETCS - TAKKE
npu k=p-+1, ..., m. Torga uHpyKUuei#l MOKHO NOKAa3aTh,
yTo cHcTeMa (5) HMeeT eJHHCTBEHHOE pellileHHe B BHJE CTe-
NeHHBIX PAJOB @y, ..., 9,. KpoMe TOro, B cmiy ycjoBmi (2)

o) =9, (x) (U=l k=1, ..., m).

JlokasaresbCTBO CXOJAUMOCTH npoaoumca 06quHbIM -CHo-.
cobom. [lycrs

Bt =X, 1< 22 k=1, m).

Tak Kak JieHCTBHTE/bHEIE YaCTH BCeX COOCTBEHHLIX 3HaueHHH

Ay ey A, OTpHuaTeNbHHI M TaK Kak TpeGoBanme (8) Bbi-
_TIOJIHEHO, TO ‘
. »
g1+...+gp<c2|—xk+§1gl>\,] k=1, ..., m).

CnepoBaTesibHO, ANl OJHO3HAYHO OIPEENSIEMOTO pelleHus
Oy -+ v ny qam YPaBHEHHH

Z‘x)hxlxt—02<l+zq’hxl>lclcx (k=1’,...,m), (g)
=1

Xp=Gp (X «0oy Xp) (k pkl, ..., m
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noayuyuM ycjoBue ¢, <, (k=1, ..., m). Ho u3 ypasue-
Hui (9) ¢, =...=1¢,. Eciu nonoxurs Takke x,=...=
= X, =X, TO, OYEBH[HO, JOCTATOYHO JOKA3aThb CXOJMMOCTb
paaa Aans peieHds ¢ (x) ypaBHeHHS

- cs (X+9)°
xdﬁ'x—(l"’_lq)x)l_c‘(x_l_q,)' .
Ilonyuatomuecs orciofa peKyppeHTHEie (GOPMYJbl Aast KO3gh-
(QHUHEHTOB CcTeneHHOro psAfa ¢ NOKAasHIBAlOT, YTO s x 1Y
Maxkopupylomed ¢yukuneii ¥ Gyjer pellleHne KyGHYeCKOrO
ypaBHEHHUsI ,
CgX (l II}')3
="t "
T—cex (14 ¥) °
Haue 0Ka3aTesbCTBO CXOJHMOCTH 3aKOHYEHO.

B coorsercTBHu ¢ ypaBHeHHaMu (4) u- (5) mas Haulero
ypaBHEHHsSI MOXHO IOJYYHTb YacCTHOE pelIeHHEe

Wooo(k=1, ..., p)
uk={ che- ( la ’ p) (10)
0 (k=p+1, ..., m).
TaK Kak BelecTBEeHHbIE UaCTH BeJHYHH Ay, ..., A, OTpHIIATE -

Hbl, TO NpH f—> -~ oo yke He OyJIeT yCTOHYHBOIO PaBHOBECHS,
- ecmd p > 0. Ilpu 3amene ¢ Ha — ¢ cobGCTBeHHble 3HAUEHHS A,
3aMeHSIOTCST Ha — A,. Mnl Jl0Kasany, 4To yCTOHYHBOCTH paB-
HOBECHOTO PEIUEHHS] MOMXKET HMETh MECTO TOJIbKO TOrAa, KOrja
JeHCTBHTe/bHBE YacTH BCEX /M COOCTBEHHBIX 3HAaUeHHH paBHbI
HyJI0, a 3TO H eCThb BTOPOe YTBepXKJeHHEe TeopeMbl JIfanyHoBa.

[lycte Témeper Bce BelleCTBEHHBIE YacTH Dy, ..., P
OT/HYHBl OT HYJ, CJEJOBATENBHO, p; < Pp< ... <p, <0<
< Ppsr< - -+ <Py IIycTh (¢ €cTH nOJOKHTENBHAS NOCTOSIH-
Hasi, BbIOpaHHasl JOCTaTOYHO MaJoff, H NyCTb ONpejeseHsl Bce
JeHCTBHTe/IbHbIE PellleHHs Halllell CHCTEMH, KOTOPhle /sl BCeX
t >0 yJnoBJIETBOPAIOT YCJIOBHIO

k;[uh|2<a. (11
Hdas BbipaxeHus
2 lu=w (12)
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B CHJIy ypaBHEHHH (4) clpaBeJiHBO nuq)q)epeﬂunanbﬂoe ypas-
HEeHHe .

w= 2 2} Pklukig"i‘ ZI [uhgk(u)+ukgh(u)]

rje B npaaoﬁ YacTH B coomeyé‘mm ¢ ypaBHeHHsAMH (D)
KaX/blii 4eH BTOPOTO CJIaraeMOro MOMeT JeNMTbCS Ha Tpo-
WSBE/ieHHe JIBYX H3 NEePeMeHHBIX.'w,, U, (k=p+1, ..., m).
Tak Kak 3TO cJaraeMoe HAYHHAGTCS C YJICHOB TpeTbero no-
psjiKa, TO ero aGCOJIIOTHQe 3HAaYeHHe B COOTBETCTBHH C COOT-
HowenusaMu (11) u (12) gaa pocrarouHo Masoro e He MeHblIe
Pps1@, H TIOTOMY

m
> 2 2 Pr I Up I2 - Pp+lw >4 pp+lw7
jz:p.}-i N
d (we” P+ t)

a— >0,

T. €. BhlpaKeHHe we ’p+1' MOHOTOHHO pacTeT Anl BCeX
t > 0. C apyroii CTOpOHEI, OHO CTPEMHTCS K HYJIIO TIPH { — oo,
noromy uto p,., >0 u w <= CuegoBaresbHo, AMs Haﬁneu-
HOFO pelleHHS HMeeM W = 0 u,=0 (k=p+1,...,m),
H u3 ypaBuenu#t (4) u (5) cuemyer (10). Haodopor, s pe-
miennust (10) cnenyer onarte ycsosue(11), ecan BhHIGpaTh

P
Delt<e
k=1

Mbl HamM Bce pellleHHsl, KOTOpble OCTalOTCS NpH {—> oo
BOAH3H DaBHOBECHOro pemeHusi. HO 3 HX noBejieHHss NpH
t— — oo caenyer, uro ycJjopue- (11) BeMOJHAETCA TOJBKO
AJisl CaMOTO  PaBHOBECHOrO peINeHHsi; CJIeJOBATE/bHO, HMeeT
MeCTO HeyCTOAYHMBOCTB, T. €, JOKasaHa mepBasl IIOJIOBHHa
TeopeMul Jlany#soBa. 3areM MBI BHMAHM, UYT0 AJS yCTOR4YH-
BOCTH B OyjyuieM He06XofumO, uTo6bl COOCTBEHHBIE 3HA-
YEeHHS - ‘He: HMEJH NOJOXKHTENbHbIX BeeCTBeHHBIX vacTell,
H JIOCTaTOYHO, YTOGbl OHHM HMEJH TOJbKO OTPHLATENbHEE
BelllecTBeHHbIe yacTH. Kpome cjenaHHoro ¢ camoro Hauajia
OpeANoJiOxKeHHsT O TOM, YTQ COGCTBEHHBbiE 3HAYUEHHS SIBJSIOTCS
NPOCTHIMH, B XOZE HCCJE/IOBaHHS TPeAnoAarajoch Takxke
BLITOJIHEHHEIM YCJIOBHE, BBIPAXKEHHOE HePaBEHCTBOM (8). Ecom
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3TH OrpaHHYeHHs HEe INPHHHMATh BO BHHMMAaHHE, TO MOXKHO
COOTBETCTBEHHO OGOCULMThL HALI NOAXOA K HOPManbHOH (opMe,
KOTOpasi 3ajaercsi ypasHenusiMu (4) u (5). Ho mbl me 6ynem
3TOro JieJiaTh, TaK KaK HHKAKHX HOBBIX TOYEK 3DEHHSI 3Jech
He BO3HHKaerT.

B, wactHoM cayuae, korza Bce COGCTBEHHBIE 3HAYeHHS
HMEIOT OTpHlATe/bHble NEHCTBHTEJILHBIE YacTH, HMeeM p =m,
M €C/H. BBINOJHEHH ycjosus (8), cucreMa ypasHerumid (4)- -
CTaHOBHUTCS JIMHEHHOH: '

l;h:xhuk (k=1,...,m). (13)

Coyyali, Korja Bce BelIeCTBEHHbE YaCTH TOJONHTEJbHEL,
MOXKHO NOJYYHTb, 3aMeHUB 3Hak y ¢{. OpHako ycJjoBHe A5
3HAKOB BeLIECTBEHHbIX 4YacTell COGCTBEHHLIX 3HAUEHHI HeJb3s
HCIONB30BATh JISl PEKYPPEHTHOrO ONpejeseHHs] CTeleHHbIX
PANOB @y, ..., P, H MOXXHO HCIOJIb30BaTh TOJbKO JJS IOKa3a-
TeJIbCTBA CXOMMOCTH 3THX psAnoB. CrpaliuBaercsi, BCeraa JIH
MOJKHO NOJTYUHTh JIHHEAHY 10 HOpMaJibHyto hopmy (13) ¢ noMowbio
AHAJIATHYECKOr0 INpeoGpasoBaHusi, €CJH BCe COGCTBEHHbie
3HAYEHHs] Pa3NUYHBl M yCJOBHS (8) YJOBJNETBOpEHBI C m
BMeCTO p. [list HccenoBaimst 3TOrO BONpOCA HYMKHO MpH-
BJ€Ub T€ Xe HJIeH, YTO U B IepBbiX ABYX maparpagax sroii
'TJ1aBBl, MOCBAUIEHHBIX TEOPETHKO-(yHKIIHOHANBHOH - NpoGieme
nentpa. Bmecro nenuteneli \* — A (n=2, 3, ...) Teneps BoligyT
BhIpaXKeHH : -

';)‘k"‘—lgigl)‘l:Ah(gl; teey gm)=Ah (k=lr ’m)

¢ HEOTPHLATE/IbHRIMH UEJbIMK g, .. ., 'gm Agyv+...1+8,=
=h>1. C onsoll CTOPOHBI, MOXHO JaThb NpHMeP, B KOTO-
POM nOATOC/IEAOBATENIbHOCTD Ay (g4, - .., €,,), KaK H IocJe-

AoBaTeJbHOCTH (23; 11), oyenp ObicTpo CTpeMHTCSl “K HYJIIO,
QTKYyJia TOTYaC e CJeAyeT PaCXONMMOCTb IIPH COOTBETCTBYIO-
WHAX PARAX 93, ..., P C APYTOH CTOPOHEI, MOXHO NPOBECTH
AOKa3aTesIbCTBO B npeanosoxenu | A, | > sh—+(k=1, ..., m),
aHAJIOrHYHOM yCJoBHIO (23; 22) [2]. Torza oreioga Jerko
NOJIy4aeTcsi, 4YTO JJjsi NPeo6pasoBaHMsl 3ajaHHON CHCTEMbI
(1) ‘B nuneitnyio HopMaibHyo dopmy (13) cayuaii pac-
XopumocTd Oyfer B NOAOGHBIX CJyYasX - HCKJIOUEHUEM, KaK
u jas pagos Ipénepa.
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§ 27, ‘Te(*)ema Mupuxne

 TlpuBogumeli Huxe pocTaTouHBI KpHTepHil YCTOHUHBOCTR
Oblal JiaH eme JlarpaHxeM, HO JI0K43aTeJbCTBO STOrO KpHTe-
pust GbLIO BlEpBble JAHO JJs YacTHOro ciydass dupuxge [1]
u_nosjiHee 06001eHo JIsinyHoBbIM. PaccMOTPHM onsiTh cHcTeMy

A

xh=fh(x) (k=l’---’m)r (l)
npuyeM [, (x) OyAYT CXOJNAMMHCH CTeNEHHHIMH DSifaMH
OTHOCHTEJIBHO Xy, ..., X,, B OKDECTHOCTH Hauaja KOOpJHMHAT,

He COJlep*allUMH TIOCTOSIHHBIX uJeHoB. Torjga Teopema o6
YCTOHUYHUBOCTH TI'JIACHT:

Eciu cucrema (1) uMeeT He 3aBuCsmumii or BpeMmeHH
UHTETpaa g (x), KQTOph npu X =0 HMeeT OTHOCHTeJbHHIH
3KCTPEMYM B CTPOrOM CMBIC/e, TO DAaBHOBECHOE pelleHHe
x=0 OyfieT yCTOHUHBEIM. ,

3amensisi, ecqH NOHAAO00uTCHA, g(X) HA — g(X), MOXKHO
Or PAHHYHKTBCS] PACCMOTPEHHEM CJlyyasi MHHEMYMa, [IPH KOTOPOM
g(0) < g(x) s .

m
0< D xE=r2<p? .
k=1 .

M JIOCTaTOYHO Masioro p > 0. OGosHauum onsiTh uepes x (¢, £)
peiuerue  cucreMsl (l), KOTOpoe MMeeT HauaJbHble YCJOBHS
x(0, &) =§&; nycts S, o6o3nayaer oroGpaxenue & Ha x(f, &).
Ilycte panee 0<e<p H myctb p(s)=p ecTh MHHHMYM
g(x) Ha chepe r=s, crefoBaresbho, g(0) < p. IMycts g8
OyAET MHOXKECTBOM TOYeK BHYTPH C(ephl r < &, B KOTOPhIX
g(x) < p. OTO MHOXECTBO SIBJISETCS OTKPHITBIM H COZIEPXKHUT
x=0, cresoBaTesbHO, OHO SIBJSETCS OKPECTHOCTbIO X = 0.
Ecmm tenepe &' maxomurcs B B, 10 st x = x (¢, &) cnpaBej-
JHBO HEPaBEHCTBO g(x) <P, TaK KaK g(X) ecTb MHTerpaJ.
Ho, xpoMe 310ro, x Jexur TaKxe BHYTPH cepbl 7 < s, Tak
KaK HHaue B CHJY HENPEPbIBHOCTH HAIIOCh Gbl N0 Mewblue
Mepe OJiHO TaKoe f, 4TO r=2, U TOrja ObLIO Gbl g (x)>p.
Crenosarenbho, Touka X (f, &) Takxke npuHajexur I, u,
C/le/loBaTe/bHO, 9§ OyJleT HHBApHAHTHO JJsi BceX { TipH
orobpaxenun S,. Ho orciona ciegyer ycToduuBocTs. '
IlpumenuM stor kpurepuil K cucreme I'amMusibTOHA

Xy=Hy, yo=—Hs, (k=1,...,n) 2
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M TOJIOXXHM, KaK M paHbllle, 2, =X, 2p.,= Y. LlycTb 2
o6o3HauaeT BeKTOP-cTo0e1 ¢ cocTaBasiomumuz, ([ =1, ..., 2n)
u nycrs ¢yukuus Tlamuabroma H(x,y)=(1/,) 2'Sz-+...
GyneT CXOASIMMCS B OKPeCTHOCTH z =0 CTEneHHbIM DsiJIOM,
npuyeM © Gyner cummerpuunofi Marpuueli. Torpa H Gyger
uHTerpajoM cucreMmbl (2) # 2=0 G6yzeT paBHOBeCHHIM pelie-
HueM. Echin Matpuna & nojoxurencHa, 10 ¢yHkuus H umeer
npu z2=0 wmusEMym B crporom cmeicie. Otcioga caepyer,
yro peuwenne z=0 Oyaer Torja ycrofiuuBniM. Bnpouem,
MOXeT ObiTb M Tak, 4To 2'Sz He OyJeTr 3HaKOONpe/e/eHHOH,
M BCe-TaKu OyJeT yCTOHYMBOCTb. DTO NOKA3biBA€T IPH N = 2
npuMep:
' OH = x4 4l — X — 4.

Hna paccmorpennbix § 12 pemenndt Jlarpanka, Xorophie
SIBJISIIOTCS BO Bpamlalomieiicss CHCTeMe KOOPJAWHAT pPaBHOBeC-
HbIMH, (yHKIHS [aMHJbTOHA HMeeT B TOYKAX DAaBHOBECHS
ceAnoBHRY, H Kpureph# JlHpHx/e He JaeT OTBeTa Ha BONPOC
06 YCTOHYHBOCTH. ‘

Yro6el yCTaHOBHTL CBA3b MeXJ1y TeopeMamu Jupuxie
u JlanyHOBa AJis' KAHOHMYECKOH CHCTeME! JH(pepeHIHabHEIX
ypaBHEHHH, BBefleM [/ CHCTeMBl (2) cOGCTBEHHbIE 3HAUYEHHS
A (k=1,...,2n). Ilocneasne, Kak 3To cjeayer u3 § 13,
6yayt KopusaMn ypaBHerHs [ I+ &|=0. Ilycts  Tenepsb
2+ 0 ecTh cOGCTBEHHbII BEKTOD, COOTBETCTBYIOMIHH A= 1,,
H caejoatesbio, (A3 +S)z=0. Toraa

2'Cz= —\2'Qz, (3)
rfie uepes z 0GO3HAYEH KOMILIEKCHO COTIPSIKEHHbH C 2 BEKTOP.

Tak kak MmaTpuua J'= — neficTBHTENbHAS M aJBTEPHHPO-
BaHHasi, TO 4 .
2Je=2'Je= -2'z,

TakKuM o0GpasoM, uucao 2’z Oymer umcro MHUMBIM. Ecau
tenepb Martpuua & mnoJoxkurenbHa, TOo M 2'&2 >0, crejo-
BaTeJbHO, B COOTBETCTBHMHM C paBeHCTBOM (3), coGCTBeHHOE
3Hauenue A GyjeT uyucTo MHMMBEIM. B cuay rteopemwbr Jlsmy-
HOBA 3TO OyJleT HEOOXOAHMBIM YCJNOBHEM JJii YCTOHUHMBOCTH.
[TpuBeneHHbIEl  BblLle DPOCTOH INpUMEDP IIOKAasbIBAET TaKkKe,
yTO ycjaopue JISnyHOBa MoOKeT OBITH BBINOJHEHHEIM, H, He-
CMOTps. Ha 3T0, 2z'Sz MOXKeT He ObIThb 3HAKOOIpe/lesIeHHO,
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§ 28. Hopmaabhas dopma cHctemnl MaMHIbTOHA -

" ByneM HCXOIMTL ONSTh_u3 KAHOHHYECKOH CHCTeMbl AHG-
(bepeHIHAJBHEIX YPaBHEHUH : o

o Wy=Ha, o= —Hy (k=1...m, ()
npnqu\ ¢yukuus Tamunbrona H npejcTaBieHa B OKpecCT-
HOCTH .TOYKH u, =0, v,=0.- (k=1,...,n) cxopsmumcs

CTENeHHbIM DSIOM, KOTOPhI HauHHAeTCs C YJIEHOB BTOPOrO
nopsizka H He 3aBHCHT ot !. Ecau noj w noHmmarb Bek-
TOpP-CTOJGEL, C 27 COCTABJSIOWHMH W, = Uy, Wy,, =Ty, TO
pasnoxenne H Hauunaetcs ¢ uwieHoB H = (/) w’'Gw+-.. .,
rie © — HeKOTOpasi CHMMeTpHYeCKasi MaTpHlua nopsiaka 2n.
Kopuu d,, .. ., A,, COOTBeTCTBYIOMIErO ypaBHEHHS [ AJ + & | =0
MOXKHO 3aHYMEPOBaTh TaK, 4TOOH Ay, = — A, (k=1, ..., n);
Mbl GygeM NpeanoJarath, 4YTO BCe OHHM Pa3JIMYHBI.

Ilens sT0r0 naparpaga COCTOHT B TOM, YTOGBI C NOMOIIbIO
KaHOHHYECKOrO Ipeo6pasoBaHHsi B BHJE CTENEHHHIX PSJOB
YCTaHOBHTh JJifl 3aJaHHOH cucTeMbl (1) HopMmasbHyio ¢opMy
[1]. Oas storo nepeseleM cHayajaa, kKak u B § 13, B HOp-
MajpHyio GOopMy JIHHeHiHble YJieHbl NIPaBLIX YacTell ypaBHEHHH
(1), cnenoBaresnbHO, KBajpaTuuHble 4jenbl ff. Hoeble nepe-
MeHHble 0G03JauHM Yepes X, Y, H NOJOKHM 2 = Xp, Zp,n = Yp

(k=1, ..., n); NyCTb Z — BEKTOP-CTOJIGEIl C COCTaBJISIIOUIHMH
z,(I=1, ..., 2n). Tlonxonsuei JuHeAHOH KaHOHHYECKOH NOA-
cTaHOBKOH w = €2z cucreme (1) npugazuM ¢opmy

xk=Hyk, yh=_Hxh (k=41,‘...,n), (2)
npHYeM

n

H=H2+Hs+..., H2=L§1)\hxkyh;
arecs H (1=2, 3, .. .)—ouﬁopouﬂmﬁ 'MHOTOWIEH cTeneHH [
OTHOCHTENBHO 2y, . - -5 23, I[1OfBEprHEM Jajiee cHcTeMy (2)

KaHOHHYECKOMY Npeo0pa3oBaHuIO BHAA

Xp =9 (& "l)=5h+§2?hu &
Ye="0p (E,m) =+ l§2 b (k=1,...,n),

17  3axaz Ne 1032
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Ie @p;s ‘Yp — ONHOPOAHbIE MHOTOYJEHB CTeneHu [ OTHOCH-
TeJbHO 2n HOBBIX mnepeMeHHblX &, 7. Ilpu stoM cucrema (2) -
nepexoAuT B HOBYIO cHcreMy ['ammabrona

éh=an, "’}h=“HEk (k=1,...,n), ~ (4)
rje .

H=2 Hlo 1), $& D=Hy@ D+.... ()

HanoxumM eme ofHO orpannuenue: 6yneM CuHMTaTh, 4TO JIH-
HeHHasi 3aBHCHMOCTb

M+ gt + 8.2 =0

C UeJBIMH gy, &, - -+, &, CYLIECTBYET TOBKO B TPHBHAJILHOM
cnyyae g,==gy=...=g,=0. Tenepb HyXHO noOKa3aTh,
YTO INPH NOAXOjdAileM Bbi6ope 2n GOPMabHLIX CTeleHHBIX
PANOB ¢y, ¢, NpaBast yacTb paBeHcTBa (5) OyzmeT (opmasb-
HbIM CTENEeHHBIM DsJIOM TOJIbKO OTHOCHTE/BHO £ TIPOHM3Beje-
HAR 0 = £, ‘

" [las okasatesbCTBA mpefCTABHM HCKOMOE KAHOHHUECKOE
npeoGpa3oBaHue (3) C NOMOUIBLIO NPOM3BOAAMER (yHKIHHK
v(%, M), KOTOpas BBOJWTCS KaK (POPMasbHbIA CTENeHHOH psij
BHJA

n
v(x, M) =0+ Vs+..., 02=h21xhnh.
3nech v, (I=3,4,.. .) — OZHODOJIHLI MHOT'OYJIEH CTemneHu [
OTHOCHTENIBHO  X; M, (k=1,...,n) ¢ HeonmpeneneHHBIME

kos(punuenramu. Torga asanormudo npeoGpasoanmio (3; 4)
3aMeHa

Eh=bn =X,+ 2. Vings
k 10—::3 ‘ | (6)
yk:Uxh:ﬂh_i_l%glek (k=1,..., n)

onpefiesisieT  (POpMaJbHOE KAHOHHYECKOE NpeoGpasoBaHue.
Ecau paspemnts 310 npeo6pasosanne oTHOCHTENBHO Xy, TO
OHO npuoGpeter (opMmy (3), a Torza paccyKpeHHsMH § 2
JErKO 10Kas3aTh, 4YTO 3TO mpeo0pa3oBaHHe (HOPMajbHO IIe-
peBozuT cucteMy (2) B cuctemy (4), HE3aBMCHMO OT CXOJIH-
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moctd pafoB. Ecam nopcraBute BMecTO X, Y, B GOpMyJisl
(6) psast @, b, onpeneJsieMble paBeHCTBaMH (3), TO us (6)
OyneT CleoBaThy 4TO aia [=2,3,... Kaxjapii Koaddu-
LHEHT MHOTOWICHOB @y + Uiyt (& M), Op— V41,5, (6, 1)
SIBIAETCS] MHOTOUJIEHOM OTHOCHTE/IBHO KO3(pHIHEHTOB MHOroO-
YJIEHOB Uy, ..., U; C IEJbIM{l PAIHOHANLHBIME KO3((HUIHEHTa-
mu. Ecum Tenepn r .

H= 2 K (&
Oygser pasnoxkenueM H 1o OlIHOPOZIHbIM MHOTOUJIEHAM OTHO-
CHTEJIBHO &, My, TO Ky=H, (&, 1) 1

K= 2 M [Ea0s, (6, 1) — i, (5, W14 ... (1=3,4,...),
h=A1

rje Ko3¢hhuIHeHThl HeBbIHCAHHBIX - YJIEHOB IPABOM YACTH SBJISA-
IOTCSl MHOTOUJIEHAMH OTHOCHTEJBHO KO3((HIMEHTOB MHOTOYJe-

HOB Uy, ..., U;; M JHHEHHHIMH (QYHKUHUAMH KO3(pdUIMEHTOB
MHOTOUJIEHOB 13, . .., H,. Ecin By, (£, 1) BXOquT npou3Bejiente
. cTeneHed

n
ay, 8
P=1] Eiyle
k:l
¢ K03((UIHEHTOM Y, TO BCJEACTBHE COOTHOIIEHHS

hgi )‘k (Ekpgh—' "]hpr,k) = P hzi )‘k (ah —ﬁk)

Koa(purenToM npu P B MHOrousleHe K, Oyzer

x=PA4 ..., )\—-27‘ (ap —Br)s

npuueM JanbHefllline cjaraeMble x SIBJSIOTCS ONSITb MHOTO-
YJIeHaMH - OTHOCHTENBHO  KO3(pHIMEHTOB  MHOTOUJIEHOB
Ugy - - »» U;_y U JHHEHHBIMH QYHKUUAMH KO3((UIHEHTOB MHOIO-
unenoB H,, ..., H;. Ilo cjenaHHOMy Bhillle NPeANOJIOXKEHUIO
O JIMHEHHOH He3aBHUCHMOCTH 14, ..., A,, A OTVIMYHO OT HYyJ4,
ecsu ay, + B, xoTa Obl AJs ozmoro k=1,...,n, 7. e. ecan
P He ABasieTCs NPOH3BEJEHHEM TOJBKO CTeleHeHd wj, = §,7,.
CJiel0BATENIbHO, B 3TOM CJyuae MOMKHO OJHO3HAYHO OmNpefe-
auTh Y, norpe6oBaB x=0. UroOwl 3adMKCUpOBAThL Y TaKXe
B OCTaJbHBIX cayyasx a,=8,(k=1,...,n), norpebyem Jo-

‘ 17+
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IIOJIHUT€JIbHO, 4TOOLl B BbIpazK€HHe

D= kz; (EnYn — MuXk) -+

He BXOJHJIH JIPOH3BEJCHHSl CTENeHEH TOJNBLKO ®,, €CJH OHO
npeicTaBjeno  psgoM no &, w, (k=1, ..., n). UYacts
pana, cocrosimas u3 ujeHoB [-od cremenn B @, Gygner
caepyolen:

2 [&utis, (& )+ mp0in, (8, W1+ =
h=1

=l N+... (=34, ...),

TaK 4TO (PaKTHUECKH OCTAIOI{MECSl Y TeNnepb TaKke oOnpefge-
asiioTcsl oAHO3HayHO. IlostoMy noKa3aHO, YTO TOYHO IS OX-
HOrO CTeNeHHOro psAjaa v (opManbHOe KaHOHWYECKOe Iipe-
o6pa3oBaHue, 3aJlaHHOe COOTHOMIeHHSIMH (6), nepeBoAHUT (yHK-
uuio lamusbToHa H B cTeneHHOR S OTHOCHTENBHO ®y, ..., ®,
H B TO Xe caMoe Bpemsi nepeBogur @ B psAj, KOTOpHIA
He COJIePKHT NPOH3BelleHHH cTeneHedl TOJbKO ®,. Koaddu-
IIMEHTH MHOTOWIEHAa ¥, OJHO3HAaYHO ONpefessioTcs uepes
Koa(p¢uuuenTsl MHOrouseHoB H,, ..., H,, u, cneoBarelbHo,
TO K€ caMoe CIPaBelJIHBO H AJs KO3(P(HUHEHTOB MHOro-
4/IeHOB

Pri=1» Y1 (R=1, ..., n; 1=3, 4, ...),

Jnst  paccMOTpeHHs YCJIOBHH BelECTBEHHOCTH IpPUMeM
BO BHHManue, uto H (z)=H (€'w) siBasiercss JeHCTBHTeJb-
HbIM CTENEHHbIM PSJOM OTHOCHTEJBHO Wy, ..., Wy,. Ianee,
Matpulpl €, € 1 T=E"'C sBAAIOTCA CHMNJIEKTHYECKHMH. '
Kanonnueckoe npeoGpasoBanue (3) MOXKHO COKpaiieHHO 3a-
nucatb B Buie 2z=¢({), rae { — Bekrtop-croiben, ¢ 2n
cocraBasiowuMA £y, w, (R=1,. ..., n).

Torza . : :

H@)=H(C'w)=H (§w)=H (T72).

Hanee, H (p (L)) sBaAsieTcss CTeNneHHHIM PSJOM OTHOCHTEJIbLHO
Wy ..., 0, U pagx P@C)=0'Jz2=C'Je(f) ne copepxur
npousBefiennfi creneHei o,. B coorserctBHM ' ¢ npe-
obpasoBanneM (14; 5) JnHeliHasi mojcraHoBKa 2= Iz* jaer
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ABHO 23 =pp2 (I=1l, k=1, ..., 2n), rhe pp= —i Aas

YHCTO MHHMBIX A, H p,=1 B ocTajbHbIX cjyuasx. Orciofa
WJH- TaKXe BCJAejACTBHe ypasHenuil (13;22) u (13; 23) (Ges
npeabiAyieli HOPMHPOBKH ph) nonyyaeM op = EinE = —wy

]IS UHCTO MHHMHX A, H O} =w, B NPOTHBHOM CJyuae.
Mostomy H [@ (T7L)] = H [T (TC)] Takke Oyaer crenen-
HHIM DPSZIOM OTHOCHTENBHO ®, ..., ®,, B TO BpeMs KaK

D (T)=(T) Jp (TN =0T (X))
He cojiepxue npoussesienuir Creneneil TonbKo o). Tak Kak noj-

craHoBKa z= Lo (T ) TakxKe KaHOHHUECKAn H HMeeT (OpMY
(3), TO H3 [OKa3aHHOH BbIllE TEOPEMbl O €JHHCTBEHHOCTH
crefyer, yto oHa coBnajgaer ¢ z=¢({). CnenoBaTeqbHO,

¢ Q)= (TX), Hlp@ ) =H[p ()] 7y
[lycts Temepb noxcTaHoBka z=¢ ({) Oymer cxoxsumedcs:-
B . okpectHoctd ( =0. qT06b1 w O6bJI0 JeHCTBHTEJbHBIM,

JOMKHO Obith 6z =w = w= €z, caenomatedibho, z= 3z, uro
B COOTBETCTBHH € NEPBBIM ypaBHeHneM (7) paBHOCHABHO yCJIO-

BHIO { = %¢. IMocJiepHee 03HAYAET, UTO nh—tck 1111;1 YHCTO MHH-

MBIX A,, @ B- NPOTHBHOM caydae & =£F,, w=1, ({=10,;
k=1, ...,n). Hororaaw, 6yser 4ncTo MHUMbIM JIJIS YHCTO MHH-
MOTO},, H W, = 0, B NIPOTHBHOM cJjy4ae. Tak xak H spisercs
CTENEHHbIM PSJIOM OTHOCHTEJBHO ®,, ..., ®, . TO cucreMa [a-
MHJLTOHA (4) -DePEeXOJUT B CHCTEMY o

.Ek=Hu>kth9>‘;1k= '—‘H“’hnk (k= 1’ ey n)’ E (8)
OTKyJa noJydaeM |
op = §Mp + & = 0.

CJefoBaTeNbHO, ©, SBJIAOTCA HHTerpaiami. Torja npous-
BoAHble M, TaKKe He 3aBHCHT OT f, H (8) MOKHO Herocpez-

CTBEHHO nponmerpnposa'rb _
~Hy t '
Ep=ae o, , m=e * (k=1 ..., n) (9)

C NOCTOSHHBIMH 0y, B, H ® =a,B,. TaK K&K a,, B, sBaA-
IOTC HavaJIbHBIMH 3HauYeHHAMH &, 7, DpH {=0, TO ycao-
BHSl  BEUWIECTBEHHOCTH JJIS  YHCTO  MHHMEIX A,  AaiQT.
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Br =ia,, mM mHAvE @ =a,, B =B, (/=1,); ananornuno w,
6yAyT TOrZa YHCTO MHHMBIMH U COOTBETCTBEHHO ®,=w,. B
- cuy Broporo ypasuenusi (7) He, Takxke OyAyT YMCTO MHH-

MBIMH H COOTBETCTBEHHO H‘”z=_ﬁwh’ TaK uyTo pelleHne (9) B

CaMOM Jiesle YAOBJETBOPSIET YCJOBHSM BELIECTBEHHOCTH JJIst
IIPOH3BOJILHOIO JIeHCTBHTEJ/IBHOTO {.

Takum o6pasoM, B cJjyyae CXOAHMOCTH pSifa JUIsi DOJ-
CTaHOBKH, NpeoOpasywouieii cacteMy (1) B HopMaabmywo ¢op-
My (4), UHTer pupOBaHHe JIAHHOH BhbIlle CHCTEMBl B OKPECTHOCTH
pemennss w.= 0, COOTBETCTBYIOILETO TIOJNOXKEHHIO paBHOBe-
CHsi, ocyliecTB/steTcst nosHocrtblo. Tak kak pan H., nauu-

HaeTca ¢ Ay, To, B YaCTHOCTH, AJSl HaWero cjyyas eie pas
nosyuaercss opmynaupoBka TeopeMn! JIsinyHoBa. Ho orciona
MOXHO, Hao60poT, HCCJIENOBaTh YCTOHYHBOCTL PaBHOBECHOTO
peluenHs, ecau BCe cOOCTBEHHble 3HaueHUs A, OyIyT YHCTO
MHHUMBIMH, H NOJIYYHTh TOACTAHOBKOH INOKa3aTe/bHBIX (YHK-
uad (9) B w= Q¢ ({) npencraBnenue oOILIEro pelleHus Uy,
Uy cucTeMbl (1) uepe3 TpuroHomerpHueckne psgsl [2— 5]

MoxHo BbICKa3aTh NPEANOJNOKEHHE, YTO YNOMSIHYTHil
B § 5 men3pecTHhIHi MeTop [lupuxJle, MOXKeT GbiTh, Gbl1 CBSI3aH
C TOJMILKO 4YTO BbICKa3aHHBIM YTBepxkjeHueM. Ho, K coxkane-
HHIO, 3TOT METOJ He JiaeT TOro, YTO OT HEro CHayaja MOX-
HO ObUIO OXWAaTh. Ilpekge BCEro MOXHO J1aTh TPHME,
noAoOHbiH, npuMepy § 23 B TeOpeTHKO-(YHKUHOHAJIBHOH
npoGjeMe HEHTpa, B KOTOPOM, XOTsl (pyHkuusi ['amuasrona H
H NpeJCTaBJeHa CXOASUIMUMCS PSIAOM O Uy, Uy, HO PSR AJS
v(X, M) He CXOAHTCS HHU B Kakod okpecTHOCTH x =0, 1=0.
Ilnst 3TOrO OCTATOYHO MONOKHT n=2H N\, =i, A, =ip, e
p — NeHCTBHTE/IbHOE HPPAlHOHAJIbHOE YHCJIO, KOTOPOE MOMKHO
JIOCTAaTOYHO . XOPOLIO aNNpPOKCHMHPOBATh PAlMGHAJbHBIME YHC-
JIaMH, TOrJla COOTBETCTBYIOUIHM BhIGOpOM /H MOXKHO JAOCTHYUb
JKeJjaeMoro pesyssTaTa. Mbl TMOCTpoUM B JaHHOM maparpade
TakoO# npuMep. MOXHO AyMaTh TaKXe, UYTO DPacXOAHMOCTb
PSIlOB, € MOMOWIBIO KOTOPHIX cHCTeMa ['amuabTOHa mnpeoGpa-
3yeTcsi B HOpMaJbHyIO (OpMy, TNpeACTaBJseT HCKJIOUEeHHe,
nogo0Ho ToMy, Kak 3To Gbuio B § 24 aas psigoB Llpénepa,
WIH, Kak 3T0 cJejyeT M3 3aMeyanuss B KoHue § 26,
Aas obmux cucrem (25; 1). Opnako HejaBHO ObLIO TOKa-
3aHO- [6], uTo yxXe Aas n=2 CXOAUMOCTb pSJOB JJs NOA-
CTAHOBOK,; II€PEBOASLIMX - CHCTEMB! ['aMH/IbTOHA B HOPMAJIBHYIO
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¢opmy, MOXKET HMETb MeCTO TOJbKO TOrja, Korja aJs
Ko3(duiyeHToB M  BhuIONHeHO GeCKOHEYHOE UHCJO Hesa-
BHCHMBIX  YCJIOBHH, BBIPaXE€HHBIX aHAJHTHYECKUMH YpaB-
nennsmu. TlosToMy B ofmeM ciyuyae uMeeT MecTo pacXoiu-
MOCTb, & TOTjJa, B YaCTHOCTH, OKa3biBAaeTCH HECOCTOSITEJbHBIM
JlaHHOE- B NpefbifylleM ab3alle JOKa3aTeJbCTBO YCTOHYMBOCTH.
C apyro#i cTOpOHBI, OOIIEH3BECTHO, YTO CYLLECTBYIOT CHCTE-
Mbl [ aMHJIBTOHA, KOTOpHE MOXKHO NEPEBECTH B HOPMAJBHYIO
GopMy  CXGQAAMKEMHCS DPAJAMH; HYKHO TOJbKO B3siTb H
B BHJIe CgOJSINIerocs CTENeHHOr0 pAJa  OTHOCHTEJBHO
w,;} H TNPOH3BeCTH 3aTeM KaKoe-HHOY/b KaHOHMUe-
ckoe npecOpasoBaHHe, BLIPAKEHHOE CXOJAIMUMUCA CTENeH-
HbIMH Ds/laMH. '
Xors, BooOue roBopst, paAbl AJAs  NpeoGpasoBaHHs
B HOpMaJibHyI0 (OpDMYy pacXOAsfTCs, HX BCE e MOXKHO IpH-
MEHATb [l HCCJAEJOBAHHS pelleHHd cHCTeMbl [ aMHJALTOHA
(1) e6/m3m paBHOBecHOro pelleHusi. Ecau nojoxuts o = GL,
TO B COOTBETCTBHH C NEPBbIM. ypaBHeHHeM (7) KaHOHHYeCKOe
npeoGpasopanre. w= B¢ (€ ls)=0 ~ ... OyeT HMETH TOJBKO
JedcTBUTENbHblE KO3(dUIHeHTE. D10 npeoGpasoBaHHe 3aja-
eTcs B CHJY ypaBHeHH# (3; 4) NPOHSBOAAIIEM CTENEHHBIM
pagoM v. Ecau ator crenenHoli psip v ofopBaTh Ha ujeHaX
co crenmenbio B> 1, TO mosnyynMm JeficTBUTENbHOE aHAJMTHYe-
CKOe KaHOHMYecKoe mpecOpasoBanHe w=g(c)=o+ ...,
KOTOpOE COBNajaeT C NpeAbAYIIMM JO0 WJIEHOB cTenedd [.
910 npeobpazoBaHue, CJeJOBaTeJbHO, NEPEBOAHT 3aJaHHYIO
¢yskumio amunpTona H B cXopsmuicss CTeneHHOH psj
C  JeHCTBHTeJbHBIMH KO(pHIHEHTaMH, uJeHb KOTOPOro
COBNAJIAIOT ¢ ujeHamu (opmanbHoro psaa H [¢(€%)] mo
MeHblUed Mepe 10 cTemeHH [ BkaouutesbHO. O16pocEM
teneps - B page H [€7'g(c)] Bce unens! Bhime [-ro nopsiaxa
U cliesiaeM OGDaTHYIO K ® = g(¢) HOACTaHOBKY, YTO MOXKET
JaTh CXOJAIHACA PAJ C JefiCTBUTENBHBIMH KO3((UIHEeHTaMU
H*, Torpa y cucremnl [amMuibTOHA '

O, ...,

y=HY, Oy=—H3 (=1, ..., n) .  (10)

UMeeTCst TO CBOHCTBO, 4YTO pPa3nOKeHHS NpaBBIX vacTeil
cucteM (10) u (1) 6yayT coBnajath i0 uAeHOB [-ro MopsijKa,
H, KpoMe Toro, cucteMy (10) mo NOCTPOEHHIO MOXKHO aHaJH-
THYECKHM KaHOHHYeCKHM npeoGpasoBanueM w = g (€{) nepe-
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BecTH B HOpMaJpHYIO ¢opmy. IlTostomy cucremy (10) MoxHO
B OKPEeCTHOCTH - PaBHOBECHOTO pelieHHs @ =10 IOJHOCTHLIO
IPOHHTErPHPOBATh B COOTBETCTBHH C dopMmyJiamu (9). ITpuse-
Kasi OObI4Hble OlleHKH H3 TeOpHH AuddepeHIHaIbHBIX Y PaBHEHHUI,
Mbl MOXKEM HCIIOJIb30BaTh 3TOT (aKT JJs annpoKCHMHPOBa-
HuSl' pelieHHH . JaHHOH cucTeMmbl (1). M3 ynomsiHyToro coo6-
wenns upuxae KpoHekepy Heapas YCTaHOBHTb, HMeeTCsl
JH 3]leChb CB3b C €ro METOJOM, KOTOpHIH, - [0-BHAHMOMY,
onpejesisieT NoOCJej0BaTesbHble TNPHUONHKEHHST & PelIeHHsIM
AupdepeHIHaIbHBIX YPABHEHHH  MEXaHHKH.

C noMoupbl0 CXOASIErocss KaHOHHYECKOro yéeoﬁpasoaa-
vua w =g (C€{) sanannas ¢yukuus Iamunsrona H npepa-
maercss B crenenHod pagx H=F+Gmnod(, ..., {,, npu-
yeM G HauMHaeTcsi ¢ uJeHOB crenenu [+ 1, a F sBasercs
MHOTOWJIEHOM CTeleHH [, KOTOphi 3aBHCHT TOJBKO OT

npousBefieHnit E,m, =, (R=1, ..., n). Ilyctb Bce co6-
CTBeHHble 3HAauYeHHS A, 4HCTO MHuMble. Torja jansa feficTBH-
TeNbHEIX petleHnd iE,m, =§,8,>0 (k= 1, ..., n). Ilonaras

(316" =g>0,
B CHJIy COOTHOLIeHHH
&= Hyy = Fo b+ Gry |
PR O T k=1, ..., n) { (11
11 = —Hy = — Fy,m,— Gz,

mo.uylmM nmpq)epenuna.nbﬂoe ypaBHeHHe

2igq = Z (nanh £.Ge,)-

Ecou Tenepb i= 3 lIOCTaTO'-IHO MaJioe TIOJIOKHTEAbHOE YHCJIO,
KOTOpOEe 3aBHCUT OT l TO HMEET MeCTO OHeHKa

IqI<Alq (0<q<o)

npuueM A, 1\ BBeieHHbIe nanee B, C, n D SBJSIIOTCA TI0JIO-
KHTEJbHHIMH  TIOCTOSIHHBIMH, . saancxmumn or I. Orciona
HHTErPUPOBAHUEM - TOJyUaeM : :

A gt < =DAL (=T <E<T), . (12)
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ecJH B HHTepBaJie ——T<t<T dynkuus g = g (f) ocraercs
Bce BpeMsl MeHblle & H g, = g (0) > 0 — HauasnbHOE 3HAYEHHE.
[Tycrs Teneps, Kpome Toro,

q0<ga, (l—l)A q"“T<— (13)

Torzaa us HepaBenctsa (12), ncuo.m;sya HenpepblBHOCTb q(t),
nosry yuM _

3¢10<q<2q.,<a Iq 9l < (21—-2)Aqoltl (It <T).
3ateM B cuay '
- (Epme) = MGy — EhGEk (k=1,:~. Cey n)

HMeeM
Ermr —~ Gam)o | < Bigittlt]  (|¢] < T).

Haxoneu, HHTer pupoBanue” ypasHenuil (11) nae'r

[&n— (B I<Cigilt]+ get2t?) (ltl<T)

uTo B CHJy HepaBeHCTB (13) moxer Gurtb mpu [ > 2 CBeJieHO
K rHepaBeHCTBy

(F Jot
[ — (Bt *

HepaBeHCTBO (14) naer oueHKy TOUHOCTH npnéﬂnmenna"
K pellleHHsIM 3aJaHHOH CHCTeMpl l'aMusibTOHa, BRIpaXKEHHBIM
TPHrOHOMETPHUECKHMH Dsiflamu [7]. BBugy wamuums mocro-
sHHbIX D, u  A), KOTOpble MOryT OueHb CHJBHO pPacTH
BMecTe C [, 3TW npHO/HKEHHS] IPH IOCTOSIHHOM ¢, TIpH
| — oo MeloT, BOOGUIE TOBOPSA, TOJBKO. XapaKTep MOJYCXO-
AHMOCTH, KaK S5TO HMeeT MeCTO, Hanpumep, AJs H3BECTHOTO
psipa Cmp.rmnra B qacmocm 61:1110 TNOKa3aHo, uro ’

(F u)h)ot

!<quo[t! (‘70<27‘tl<(21 2)A)(14

il :
_;gqo<:¢z<.2qo. (Itl<(21_2)A,>

3TO 4ABJAETCA JIHLIIB C.Ha6bIM peslebTa‘mM B HepemeHHOH
3ajaue yCTOH‘-IPIBOCTH ECJ'IPI nepeu-m K IlepBoHa4aJJbHbIM



266 Ta. 111. Ipo6aema ycmoiivusoctu

-

KOOpJHHATAM Uy, U, W NOJOXKHTD

on
2 (htoh)=p% p>0,
k=1
TO NOJYYHTCS CJEAYIOMHUH pe3yJbTat: |
"Ecmu pna momenra BpeMeru ! = () paccTosiHHe OT Hauana
KOOpJHMHAT p=p, MeHblle %, TO p<2p, Mo Kpafineil Mepe
AJsi WHTepBasa BpeMeHH JUHHBL' 8,pl~!; mpu sToMm ¢, H 3
(I=3, 4, ...) €ABISIOTCS NOJOKUTEJLHEIMH YHCJIAMH, 3aBH-
camumu ot [. UrobGbl DosyuynTh HauGosiee GaaronpHSTHYIO
OLEHKY, HYXHO NpH 3a/laHHOM p, HOJYYHTh HAHMEHBIIYIO
BEDPXHIOI0 TFpaHb BeJMYMH dpl~! nns 3Hauenuit [ ¢ s, > p,.
Ecsun npeoGpasoBanue cucremsl I'amusibToHa (2) B HOp-
MaJjbHYIO (opMy (4) OPOHUIBOAUTCH CXOJISILIMMCS CTENEHHBIM
pSIOM, TO

wk#Eh"lh=xhyk+'-- (k=1, .., n) (15)

6yAyT n He3aBHCHMBIMHM HHTerpajaMH CHCTeMbl (2), cxops-
IMUMHCST B HEKOTOPOH OKPECTHOCTH Hayaja KOOpJHHAT.
OG6o0mas 3To omnpezeseHue, Mbl OyheM HashiBaTh (HOpMalb-
Hbll creneHHOH psA g(x, y), Korophlil (popMaJbHO YAOBJE-
TBOpPSIET CNPaBelJMBOMY /11 MHTErPajioB yPaBHEHHIO

k§i (gthllk - gUthk) = O$ (16)

TakXke HHTerpajoM cucrteMel (2). Takum o6pasoM, B 3TOM
cMbicie cucTeMa ['amuabToHa (2) Becerja obJajaeT IpH che-
JIAHHBIX Bbllle NPEANOJIOKEHHAX O JIMHeHHOH He3aBHCHMOCTH

A, ..., X, Temun e n muTerpasamu o, (k=1, ..., n).,
[Nokaxkem Tenepb, uTo KaxAbIH MHTErpan g(x, y) MoxK-
HO 3anMcaTh B BHJe  (OPMANbHOIC psifa MO O, ..., o,.
JleficTBUTENILHO, TaK KaK pAa3JoKeHHe DasHOCTH ®) — XY
IO CTeneHsIM X;, ..., Y, Hau#HAeTCs C KYOHUYECKHX uJe-

HOB, TO PEKKYDEHTHBbIM IpOIECCOM MOXHO MOCTPOMTH Ta-
KOH -cTeneHHOH pag P (o) 0o o, 4YTO CTeneHHOH psij
h(x, yy=g (x, y)— P (®) OTHOCHTEJBHO  I€PEMEHHBbIX
Xy, ++., Y, HE CONEPKHT UJIEHOB BHJA

cA(xlyl)al' . '(xnyn)an'
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Tak xak h(x, y) TaKkxke sBJseTCS HHTErpajioM, TO yJOBJe-
TBOpsieTcsi (pOpMaNbHOE ypaBHEHHe

kzji (hayHy, — by, H,) = 0. (17

Eciu 6bl crenenHolt psax h(x, y) He ofpawancsi TOXJAECT-
BEHHO B HyJb, TO OH cojiepXkan Obl UJeH HaHWMeHblIek
cTemeHH Buja cxMyd ... xpmyln, rne ¢+ 0. M3 ypasue-
s (17) nyreM cpaBHeHHS KO3((HIMEHTOB NOJYYHM

Ckg (2, —Bp) M. =0,

c/efloBaTeNbHO, a, =B, (k=1, ..., n). Ho 3T0 HeBO3MOXKHO
TaK Kak A(X, y) He COZEpKHUT IO NOCTPOEHHIO UJEHOB 3TOTO
Bujia. CaepoBarensno, h(x, y)=0, g(x, y)=P(v), u
yTBEpPXK/IeHHe JI0Ka3aHo.

HanuM Tenepb mnpHMED TAaKOrO CXOJSILIETOCS CTENEHHOIO
pana ans M, 4ToOwl HHTErpand o; = Xy, -+ ... PacXORHJCH;
B YaCTHOCTH, TOrJa INOJYYHTCH, YTO CHCTeMY | aMu/IbTOHa,
o6pa3oBaHHYI0 C 3ToH (yHKuHeH H, Heslb3sl NepeBeCTH CXO-
JAAMCS KaHOHHYECKHM IIpeo0pa3oBaHHEM B HOPMAJbHYIO
¢opmy. Ilasi 3TOrO MONOXKHM n=2, X =i, Ay=ip C Jefi-
CTBHTEJIbHBIM HPPAllHOHAJILHBIM YHCJIOM p, TaK YTO YCJOBHE
JUHEHHOH HE3aBHCHMOCTH A, L, BoimoJjHeHo. [losoxum
3aTeM ‘

H =i (x,y,+ pxay,) + qu Gpy (PYI+X397),  (18)

rle @p,, MOryT NpHHHMaTb TOJBKO 3HaueHus O, + l.
B uacthocty, nycth a,,=0, eciu He ofa p H g fensitcs
Ha 4. Torga B CHJy BEUIECTBEHHOCTH y,=ix, (k=1, 2)
¥ H takxe pefictBuTenbHO. B kayectBe p BrIGepeM uppa-
IMOHaNbHOe uYHCI0 MHTepBana 0 << p <1, KoTOpoe MOXKHO
JIOCTaTOYHO XOpOLIO aNIpOKCHMHPOBATh  PalMOHAJbHBIMH
YHCJaMH; HMEHHO, HEpaBEHCTBO

0<Ip-s>qi<;l!- (19)

JOJKHO HMMeTh OeCKOHEYHO MHOrO pelleHHM B HaTypaJibHbiX
yucjax. p, ¢, Zensaumuxcs Ha 4. Jlerko BHJETH, YTO YHCJO a,
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nocTpoenHoe B § 23, mmeer ato cpoiictBo. Torpa nas HHTe-
rpana : :

0, =g (% y) =%y + 2 & (%, 9)
. 1=3

BbINOJIHSIeTCA ypaBHeHHe (16) m u3 cpaBHenus Koshduuuen-
TOB NPH UJeHaX [-ro Mopsilka CJefyeT COOTHOLIEHHE JJs
COCTaBHOH yacTH g, QyHKuuH g (X, y)

xlglxj — ylglyi + p (x 2gl:;t3 - y2g11‘l2) —*-
+i 2 pay, («hy—xqyB)=...,
p+a=l . ) )

rlle npaBas uYacTb OyfeT HEKOTOPbIM OJHODOJHBIM MHOrO-
uneHoM [-i- CTEeNeHW OTHOCHUTENLHO X, Yy, Xs Ya, KO-
(IHeHTE KOTOPOro BEIPAXKalOTCS TOJBKO Yepe3 KodpQuIueH-
Tbl MHOTOYJIEHOB &3, ..., §_; H 4epe3 a,, npu p+q<l.
Hans CaIaraeMbiX €, A%y GyHKIHH g, OTCIOfa cJlenyer

(p "-.PQ) cpq + ipapq = YP‘Z’ (20)

IPHYEM Y,,, BBIpaXKalOTCs yepes KO3(HIHUEHTE MHOrOUJIEHOB
gs» ...y 8,4 ¥ uepes a,, npH r+s<l. Bume yxe orme-
' 4anoch, YTO KO3(pHIMEeHTH YJIeHOB MeHee yeM [-ro nmopsjika
B KaHOHHMYeCKOH IMOJCTaHOBKe (3) onpejessiioTcst OJHO3HAYHO
yepe3 KodpduuuenTol uieHoB H o [-ro mopsjxka BKJIOYH-
tespHo. CuefloBaTenbHO, g3, ..., g,_; TaKXKe OIpeJeseHbi
B 3aBHCHMOCTH OT @, Npu r+s<![, u 3T0 Xe TOrAa
HMeeT MeCTo MW AJ1d Y,,. IlycTe Temepb p, ¢ GyayT moio-
KHTEJbHBIMH pelleHHsIMH HepaBeHcTBa (19), nensmumucs
Ha 4; BbiOepeM a,,= 4 | TaK, uTOGH |pa,,+itp,|>p>1;"
37O MOXHO CJIeJiaTh C TOMOIIBIO HEPaBEeHCTBA TPeyroJbHHKA. -
Torpa B cuay cootnowennit (19) u (20) -

|cm|’/>q!, E  -(21');4

¥ “TIDHTOM ' 3TO COOTHOIIEHHe BLINOJHSETCA AJs GecKOHeuyo'
MHorux ¢. Ias Bcex APYrux map p, ¢ NOJNOKHM @, =0.
Beaencrsue nepasencrs (19) u (21) paa g(x, y) He MoiKer
CXOMUTbCS HH B KaKOH OKPECTHOCTH Hayasia KOOPJAHHAT::
--CJejoBaTeIbHO, B 3TOM NpHMepe npeoGpasoBaHUE B HOP-
MaJIbHYI0 (OpMy IpeACTaB/SAETC DPaCXOAALIHMCS ~ PAJAOM.
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Ho, ¢ apyro# CTQpOHbI,‘ kaa}.lpamqnuir’l ujieH
L (XY + pXay,) = — (x1x1 + pxgX,)

¢bynkuun H aBnsercs onpeueneuﬂo OTPHIIATEJNIbHBIM, NIO3TOMY
o Teopehe Ilupuxne - pelieHHe x, =X, =y, =y, =0 Oyner
YCTOHYHBBIM. JTOT pe3y.IbTaT 3aMeuaTeJieH TeM, YTO B Teope-
THKO-QYHKIMOHAJIbHOH INpobJeMe LEHTpa B cJyyae . yCTOMH-
YHBOCTH Ipeo6pa3oBaHHe B HOpMaJbHyI0O ¢opMy Bcerjga
3ajaeTcd cxopsumuMcs psaoM. Jast 3ajaud 06 yCTOHYHBOCTH
cucTeMbl ['aMH7IBbTOHA aHAaJIOTHYHOH TeopeMhl He HMeeTCH.

INonoGueiM e o0pasoM, Kak H B TOJbKO 4TO NpHBe-
JIeHHOM TpUMepe, MOXKHO TaKxe InoKa3ate [8], uTo cyiue-
CTBYeT KaHOHWYeCKasi CHCTeMa JH(pgepeHIiHaIbHbIX ypaBHe-
HH# ¢ aHajuTHYecKoH ¢ynkiuued I'amuabTona H, ans Kotopoit
BOOOIIe HET HHKAaKHX CXOJNAIIHXCS HHTerpasoB g(x, y),
KpoMe caMoit H ¥ CXOJSIIIHXCSl CTENEeHHBIX PSJIOB OTHOCH-
TeJpHO H. B ciyyae n=2 pna nocrpoeHHs: Tako#l ¢yHKUMH
H MoxHO ucxoautb onsith M3 ¢opmyn (18) u (19), o npu
5ToM 1/g! HyXHO 3aMenuTh emie GoJee GHICTPO CTpeMseics
K Hymio ¢yskuuesi ot ¢. Tounee, yobyio ¢yHkuHio 'amuis-
TOHAa .C KBaJpaTHYHOH 4acTbiO t(x1y1+px2y2) TPOH3BOJILHO
MaJbiM H3MeHeHHeM KO3((dUUHEHTOB 4JI€HOB BBICIIHX NOPSA-
KOB MOXHO NpeBpaTHTb B TaKyio, KOTopasi yxe obsajaer
YKa3aHHLIM CBOHCTBOM, T. €. y KOTOPOH OTCYTCTBYIOT Jpyrue
CXOAsIMecs HHTerpasbl. B CBSI3H € 3THM MOXHO YNOMSIHYTb
teopeMy Ilyaukape [9]. B meii paccMaTpHBAIOTCS (YHKILHH
[amuabtona H (z, p), KoTOpHle, KpoMe 2;, ..., Z,,, 3aBHCAT
elle OT  flapaMeTpa {, OpPHYEM AaHAJHTHYECKH OKOJO TOY-
ki p=0. Toraa Teopema raacur, 4ro npu HEKOTOPBIX Mpefl-
TNOJOKEHHAX - OTHOCHTeNbHO H (2, 0) u mpousBogsoit H, (2, 0),
KOTOphle B OOILEM CJjlyYae BHINOJHEHHI, HE cymeCTByeT Apy-
FHX CXOISAMHMXCH CTeNeHHHX PSAOB [0 27+ | nepeMeHHbIM
24y vy 29, M p, SBIAIOWHXCA HHTErPANaMH CHCTEMb]
amuapTona, coorsercTBylomed oynkuun H (z, p), Kpome
CTeNeHHbIX pPsAfoB No camuM H wu p. OjpHako B Teopeme
Ilyanrape Huuero He roBOpHTCS O (UKCHPOBAHHBIX 3HAUE-
HHAX ;mapaMeTpa p. Mbl yXe ynoMHHANH Bhillle, YTO CHCTEMA
lFaMusbTona B ciyyae JHHEHHO HE3aBHCHMBIX COGCTBEHHBIX
3HaueHH# A, ..., M, MOKET NPHBOAMTHCS K HOPMAJbHO
¢opMe  TIOLCTAHOBKOH, 3a]1aBaeMOH PAaCXOJSIIUMCS CTelleH:
HHIM PAJIOM, €CJIH He CYLIeCTBYeT 7 He3aBHCHMBIX CXOJf-
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IMXCS MHTErpajioB; 3JeCh Mbl NOCTPOMJM TaKOH NpHMeEp.
Tenepp MOXHO Obl10 Obl JyMaTb, YTO MHOMKECTBO YHCTO
MHHMBIX Kopuedl N, (R=1, ..., n), aaa Kotopblx mpeoGpa-
30BaHHEe B HOPMaJbHYIO (bopmy APEJCTaBIeHO pPacXOAAIIHU-
MHCH psijlaMH, HMeeT n-MepHyio Mepy JleGera, paBHYIO HYJIIO,
Kak 3TO0 O0bl10 B TeopeTHKo-Q)yHKuHOHaJIbHoﬁ npobseme
nestpa. Ho 310 He Tak. MMenHo, GoJiee riyGOKMMH HcCJe-
JIOBaHHAMH MOXKHO NOKa3aTb, 4YTO IIPH [POM3BOJBLHOM [ H3
Kax7oi (yHKnuH I'aMM/IbTOHA, KOTOpasi HE CBOAUTCH K PALY
TONbKO No H,(C), NPOH3BOJILHO MaJsibiM H3MeHEeHHeM KO3()-
(MUMEHTOB NpPH YJeHaX NopsjKa Bellle [-r0o MOXHO cfesaTh
TaKylo, AJs KOTOPOH COOTBETCTBYIOLLAsi KaHOHMYeCKasi CHCTe-
Ma He HMeeT NpeoOpasoBaHUsi B HOPMaJbHYIO (popMy, Ipex-
CTaBJEHHOI'O CXONSMIMMHCS  CTENEHHBIMH pSlaMH.  ITO
yTBEPK/JEHHE, OYEBHJHO, HE 3aBHCHT OT COGCTBEHHBIX 3Ha-
yeHHH Ay, ..., A,

PesioMupyeM riaBHbBle  pe3yJdbTaThl IO  YCTOHYHBOCTH
cucteM amMuiibTOHA, npHueM OyjeM CUMTaTb A COGCTBEHHBIX
3HaweHHH A, ..., M\, Pa3NUYHbIMH W OTJIMYHBEIMH OT HYJIf.
Ecsn HeT HHM OJHOro YHCTO MHHUMOTO COGCTBEHHOT'O 3HAYEHHS,
To 1o Teopeme JlanyHoBa 3aBefioMO OyZHeT HMeTb MeCTO
HeycTodyuBocThb. IlycTh Tenmeps 1o KpaiHell . Mepe ojfHO
COOCTBEHHOE 3HAYEHHe YHCTO MHHMOE M INYCTb HMEHHO A,
u OyfeT 3TUM COOCTBEHHbIM 3HaYeHHEM, H HPHTOM HaubOJIb-
wuM 1o abcoJiioTHOH BesauuuHe. Torga HU ojiHO H3 7 — |
qucen‘;—': (k=2, ..., n) He OyHeT NeJbIM, M TeopeMma
cymectBoBanus § 14 naer opHOmapaMmeTpHueckoe ceMelCTBO
NePHOJHYECKHX PpEIleHHH B OKPECTHOCTH pPaBHOBECHOTO pe-
IIeHUS. OTcmAa ClleflyeT, ‘YTO NOJIOXKEHHE PABHOBECHH He
Gyner HeycroituuebiM. C ApYroil CTOPOHHL, AN YCTONYHBOGTH
no Teopeme JlanyHoBa HeOGXOZMMO, YTOOH! BCe COBCTBEHHbIE
3HaueHHs OblIM uHcTO MHUMbIMH. [lostomy 3pech Gyger
cMelllaHHBIA cJayyal, KOrja CyLIecTBYIOT COOCTBEeHHble 3Ha-
YeHHsl KaK YHCTO MHHMble, TAK M HE YHCTO Muumble. Hake-
Hell, oCTaercsi cJydyadf, Korja Bce COGCTBeHHble 3HAUEHHS
SIBJISIIOTCS YUCTO MHMMbIMH. Ecim nMeeTcsi muTerpas, Koro-
plfi Ha paBHOBECHOM peleHHH HMeeT 3KCTPeMyM B CTPOrOM
cMbicle, TO mo Teopeme Jlupuxie Oyaer yCTOHYHBOCTD;
B YAacTHOCTH, 3TO HMeeT MeCTO, €CJH KBaJpaTHuYHasl 4acTb
¢yuxkuun TaMusapTOHa 3HaKoomnpejeneHHa. Ecam coGCTBeH-
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Hple 3HaueHHs X, ..., N,, KpOMe TOro, euie JHHEHHO He-
3aBUCHMBI, TO YCTOHUMBOCTH OYJeT HMeTb MeCTO TOJIBKO
TOrjla, KOrja npeoGpasoBaHHe B HOpMaJibHylO (opMy 3a-
Jaetcs CXOJSILUMCSE CTeneHHbIM psaoM. Ho B 3ToM cilyuae
3aBe[IOMO CYILeCTBYeT MHTerpaJ, KOTOphIi HMeeT B Hayaje
KOOpD/AMHAT MHHHMYM, KakK, Hanpumep,

P04 o) =6E+ . 8L (=&

[Ipu 3TOM Bce Ke HEH3BECTHO HHKAKOrO KOHEYHOro IIpo-
necca, KOTODbIH MO3BOJMA Obl YCTAaHOBUTb, SIBJSETCH JIH
npeoOpa3oBaHHe K HOpPMaJIbHOH (popMe CXOJASIIMMCSH HJIH
pacxoasiuuMcs. Ecau kanHoHumueckoe npeoGpasoBaHHe pac-
XOJIUTCSl, M, KpoMe Toro, (yHxuus [ aMH/IbTOHA He ABJseTCA
3HAKOOIpeJie/IeHHOH, TO pacCMOTPEHHBIMH METOJAaMH HeJb3sl
YCTaHOBHTb, HMeeT JIi MECTO YCTOHYMBOCTb WIM CMeLlaHHbIH
cayuafi. [IpaBza, noka HeM3BECTHO ellle HU OJHOrO npHMepa ¢
JUHEHHO HE3aBHCHMBIMH YHCTO MHHMBIMH COGCTBEHHBIMH
3HAYEHUSIMH Ay, ..., A,, B KOTOpOM (paKTHYecKH HMesa Okl
MecCTO cMelliaHublll ciydyall. CiefoBaTeNbHO, MOMKHO JyMaTh,
YTO TaKOH cJyyali BOOOIIe He MOXKET BCTPETHUThCH.
[IpuMeHUM 3TH JOBOJIbHO CKPOMHbIE De3yJbTaTbl K ILIO-
ckoif 3ajjaye Tpex Tes. B KauecTBe HCXOJHBIX BhiOepeM pe-
menusi Jlarpamka, Korophle, coraacHo § 16, Bo Bpaaio-
weficss cucreMe KOODJMHAT SIBJSIOTCSI PaBHOBECHBIMH pellle-
HHsIMH. BospMeM B KauecTBe cHcTeMbi ['amuiibToHa 1eCThb
IuddepeHnnanbibix  ypaBhenuit (16; 27), KkoTopbie npef-
CTaBJSIIOT COGOH pe3ysbTaT HCKJIOUEHHS H3 ypaBHeHHl
JIBUKEHHS] MHTErpajioB LEHTPa MHEPUUH W HMHTeTpasioB IIO-
waneii. Torga ecau B ciy4yae paBHOCTOPOHHEroO TpeyrOJbHHUKA

27 (mymy + mymg + m3m1) < (my+my+my)?,  (22)

TO BCe COOCTBEHHble. 3HaueHHs1 -OyIAyT UYHCTO MHHMBIMH,
a ¢yukuus I'amuibToHa — He 6y AeT 3HaKoonpe/le/ieHHOH. B aTom
cllyyae HET MeTOZa, KOTOphIi N03BOJMHMJA Obl YCTaHOBHTD
YCTOHUYHMBOCTb, XOTS, BO BCSIKOM CJyyae, 3/1eChb HET HEyCTOH-
yuBoctH. Ecau, Hanporus,

27 (mymy + mymy + mamy) > (M, -+ my -+ mg)?,

TO He BCe cOOCTBehHble 3HAUeHUsi OyAYyT YHCTO MHUMBIMH, H,
caeioBaTenbHO, He Gyaer ycrodumBocTH. Jlast mpsMosuned-
HBIX pEIIeHHH Bcerja HMeeTcsl JeHCTBUTENbHOE COOCTBEHHOE
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3HayeHHe, CJIEJOBaTeNIbHO, 3J1eCh, TaKxkKe. He OyJeT yCTOHYM-
BOCTH.: [la ¥ (pakTHYECKH B COJHEYHOH CHCTEMe CYIEeCTBYIOT
MaJisle IJIaHeThl, KoTopeie o6pasyloT ¢ CosHueM u JOuurepom
NpHMEPHO PAaBHOCTOPOHHHH TPEYroNbHHK'), M A 3THX
NJIaHET BHIIOJHAIOTCA YCJOBHA (22), HO HeT MaJjkiX IUIaHeT,
ABHIKEHHE KOTOPHIX XOTsl Obi NPHOJH3UTEJILHO COOTBETCTBO-
BaJI0 NPSAMOJHHEHHBIM DelleHHSIM.

§ 29. Oro6paxenus, coXpaHsiOmue 06beMm

IlepeneceM Tenepb omnpejesienHe yCTOHYHBOCTH pPaBHO-
BECHOTO pelIeHHss Ha JuoOble Apyrue peLieHHsi CHCTeMbl

RutpepeHHaibHbX ypaBheHHE X, =f, (%) (k=1, ..., m).
[lycte m ¢ynkunii f,(x) ynosaerBopsior ycaosusiM Jlun-
mHoa B o6aaeth R m-mepHOro JeHCTBHTENBHOTO X-TIPO-
CTPaHCTBA H NYCTh X =X ({)— HEKOTOpPOe peLIeHue - Harled
'CHCTEMBI, KOTOpOE JUIsi BCEeX JeACTBHTEJbHBIX MOMEHTOB
BpeMeHH ocraercsi B R. Ilog okpecTHOCTHIO 3TOro pellenus
OyzieM TIOHMMAaThb OTKphITOoe NoAMHOXecTBO 11 MHOXecTBa R,
KOTOpOe COHepXHT BHYTPH cebsf BCIO pacCMaTPHBaeMylo
TPaeKTOPHIO X = x (f). MoxXer. CIyUHTBCS, YTO TpPAEKTOPHS
NPOXOAHT NIPOM3BOALHO GAU3KO K KaxJo#l Touke R, Tak uro
camo R OyjeT €IMHCTBEHHOM TaKOH OKpPECTHOCTHIO. UTOGHI
YCTPaHHTb 3Ty M JpyruHe mojoOHble ed TPYAHOCTH, ompeje-
JIHM YCTORYHBOCTH TOJBKO JJIsi MEPHOAHYECKHX pelleHui x (¢).
HasoBem Tagoe nepHognuyeckoe peleHHE YCTOHUHBLIM, €CJH
ANs Kaxaof oxpecTHocTM 1l €ro TPaeKTOPHM MOXHO HAHTH
TaKylo JpYryl0 OKpecTHOCTb B, UTO TPaeKTOpHs, HauHHAIO-
masicsi B IpPOH3BOJBHOH Touke B, Jexur noanoctbio B U;
npd 3toM oueBHAHO, uto B T U. COOTBETCTBEHHO MOMKHO
06o0wuTe JAaHHbe B § 23 onpejeneHHs  HeYCTOHYHBOCTH
H CMeLIaHHOTO cJyyas. B vacrHocTH, ecsiu nepHopuyecKoe
pellleHHe SIBJSIETCSI  PaBHOBECHBHIM  peLIEHHEM, TO HOBBIE
onpeJie/leHHsi COBMNAafaioT CO CTaphIMH. ~
Hast cucreMsl I'aMuabTona -

 xn=Ey, Yp=—Eq (k=1, ...,n) (1)

.. 1) Kak .pokasano B paGoTe 10. A. Psa6osa [Acmp. Xypn.,
XXXII, 1956, Ne 6 (1936)], oTH Manme NaHeTH — TPOTHIUL — UMEIOT
BeCbMa Majloe OTHONIEHHE K TPEYrOJbHBIM TOYKAM JIRGpPAIHH: —
fIpun. nepes. T s
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MOXHO Jafb Gosiee ' cJyaboe onpejeneHHe yCTOHYMBOCTH
nepHoguyeckoro peilenuss x=x(t), y=y(¢). Ilycrs ans
atoro ucxojsoro peiienuss E=v u nyctb R u U onpene-
JIeHbl TaK ke, KaK H Bbilie. [I0 OKPeCTHOCTSMH Mbl Tenephb
nounMaeM (2n — 1)-mepHole ceuenus W, MHOXKecTBa, I mno-
BepxHOCThI0O E =7. B cOOTBeTCTBHH € 3THM MOXHO TIOBO- .
PHTb - 06 H303HEPreTHYeCKO#H - yCTOHYHBOCTH, €CJH I8 Kax-
nofi okpectHoctdH I, 3ajaHHOH 3aMKHYTOH TpaeKTODHH
CyLIeCTBYeT  TaKas -OKPeCTHOCTb By, YUTO TPAEKTOPHS,
HauHHaowasacsd B Jo6oii Touke By, ocraetca B 1ly. CoBep-
IIEHHO SICHO, 4YTO H3 YCTOHUHBOCTH . C/leAyeT H303Hepre-
THYecKass ycToHuuBOCTb. COOTBETCTBEHHO MOXKHO omnpefie-
JIMTh. nsosueprewqecxyro HEYCTOHYHBOCTE M CMellaHHbIH
cnyyai. .

Bynem panee paccma’rpnaa'n; “cucremy amuawrona (1)
TONBKO JAd n =2 W NPeAnoJoXHM, u9To E OyleT -aHAJUTH-
tHyeckoii Ha R. Kak u B § 20, nans nepuojmyeckoro pelte-
HHSI CHCTEMbl MOMKHO ONpelleliTh COXpaHsomee o6beM aHa-
JHTHYECKOe oTo0paxkeHHe S, uMeloliee HayaJo KOOPAMHAT
cBoell HenoOJBHXKHOH Touko#. Bonpoc o nanmunu  M3o3HepreTH-
YeCcKO# . yCTOHYHBOCTH, HEYCTOHUHBOCTH HJH CMELIaHHOTO
cayyast [l HCXOJJHOTO DellieHHsl, QYeBHIHO, CBOJHMTCA K BO-
npocy o ToMm, GyaeT Ju oToOpakeHue S B Hadaje KOOPAHHAT
YCTOHYHBHIM, HEYCTOHYMBbLIM HJH cMellaHHeM. Hamnuwem
aHaJHTHIeCKOe o*roépax(elme S, coxpauixlomee o6beM B BHAE

—g(ry)=ax+by+ .. v

2
y1=h(x,y)=cx+dy+..., ( ).
rjle cTeneHHble paAan Aas g(x, y) u h(x, y) cXomaTCcd B He-.
KOTOPOH OKPECTHOCTH Hayaja KOOPAMHAT H HMeIT nencmn-
TeNbHBle Ko3(punuentsl. [las coGCTBeHHBIX -3HaYeHHH A\ H p
MaTpHLBl JIMHEAHOH 4YacTH omﬁpameuuﬂ (2) 6y11eM HMETH

A =1, nockoseky ad —be=1.

B runepGosinyeckoM -cayyae A\ H p 6y11yT lIEHCTBPITeJlb-
HbIMH H pasnuuHbiMH. [las sToro cjaydyas HeyCTOHYHBOCTH S
6bila yKe JiokasaHa B § 2]. OGoOfuieHHe 3TOro pesyJjbTaTta
Ha cjyyaHl yucsia u3MepeHuil, GoJiblliero ABYX, OblIO CleslaHO
Jleu-UuButa [1] M TnpexacraBasier coGoét  aHaJior nepson
yacTd TeopeMnl JIsnmyHoBa.

18 3axas M 1032
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B napaGommueckom ciysae A=p=4 1. Cuyuai
A=p= —1 MOXHO cBecTH K ciydalo A=p=1, ‘ecau pac-
cMatpuBaTh BMecTo- S mpeoGpasoBanue S2. JleBu-UuBuTa
TaKXKe HCCIeJ0BaJ 3TOT . CJIyyall H YCTaHOBMJI YCJOBHE JJisi
KO3(UIHEHTOB KBaJPaTHYHbIX UYAEHOB NpPeoGpasoBaHUs S,
KOTOpO€ sIBJIsieTCs1 HeOOXOAMMBIM AJist YCTOMYMBOCTH.

B sasunruueckom cayuae |A|=1, A2 |. PaccMorpum
NpexJe BCero TOT YaCTHbIH cayualt, KOrja A sijsiercss Kop-
HeM UeJIOH cTemeHH. H3 efuHHUB. -[lyets A¢=1 u A* s |
(k=1, ..., g-1), crenoBatesbio, A 6yfeT NPUMHTHBHHIM
g-bIM KOpHEM H3 eJuHHUbl- H ¢ > 2. Ecam Mbl paccMoTpum
S? BMecTo S, TO npuieM ONATH K NapaGONHUECKOMY cJayyaio
A=p=1. Ho mnpocroe paccyxkieHue nokasbiBaeT, YTo AJsi
npeoGpasosanusi S? BbINAJAIOT BCE WIEHHI CTeNeHell OT BTOPOM
210 (g — 2)-0i H B COOTBETCTBHH C 3THM TOJILKO YTO - YIIOMSHY ThIN
pesyabrar Jlesu-Uusuta faer jis ¢ > 3 JMmb TPHBHATbHOE
cneicTBHe. MHave OGCTOMT fesio Aasi ¢ =3; 1S 5TOro cay-
yast JleBu-UuBuTa TakKe paccMoTpen orpanHueHHylo sajauy
Tpex Tenr. "OToGpaxenne, coxpaHsiomee oGBEM, KOTOpOe
ClefyeT IPH '3TOM pPacCMaTpHBaTh, OLIJIO BBEEHO elie
B Koume B°§ 22. Ecin 0603HaunTh NEPHOJ HCXOJHOTO pe-
weHnss yepe3 t=12=|w|, TO OyjAeM mHMeTb A=g¢i® m,
B YaCTHOCTH, JJs @ =3 TOJy4yHM Takxke ¢ = 3. JleBu-Un-
BUTA' ONpeJieJI/l KBajJpaTHyHble 4YJjeHbl mnpecGpasopanus S*

.DPpH ®=3 M YCTAaHOBWJ, YTO COOTHOILEHHE, BbIpakaiolilee
YCJIOBHE .yCTOHYHBOCTH, He BHIUIOJHAETCH, H, CJEJOBATe/ibHO,
YCTOHYHMBOCTH 3/iech He GyJleT. ' A ‘

MoxHo pnaxe foKasaTh, YTO AJs cayyas §=3 HMeer
MECTO HeyCTOHUMBOCTb S, €ClH He BHIIOJHEHO HEKOTOpOoe
NpOCTOe ycJOBHE I KOS(D(MHIMEHTOB KBajIPATHYHBLIX YJIEHOB.
SanuiieM oroGpaxenHe S B KOMIIEKCHOH ¢opme p

2y =M+a? 4 bz +c2+ .. v 2=x-tiy, zy=x+iy,, (3)
A€ CTeNeHHOH pHAJ OTHOCUTENBHO Z ¥ 2 CXOJUTCS  MpH
AOCTaTOYHO MaJsbiX 3HayeHHAX r®=x2+4 y® =2z, U JOKaxkeM,
4ro npu ¢ =0 Oyzer HeycTolyuBocTh: [lpH 3TOM JAaxe He
Hajo npeanoJaraTh, 4YTO S coxpansieT o6beM. B cuay
cooTHomwerHss M +A+41=0 aast urepauuii S nonyuum
2,=M24+ (W24 N a2+ (A4 1) bzz+ De2+ ...,
2,=2+3c2?4 ..., =254 % (z2)2+. ..,
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H, 3aMeHss 2,2, Ha pz, pz,, Te pp 2=ON, ‘6y11eM HMeThb
B=4 (2224 .. =24 (222 (1 + ), (4)

rie [n[r<% AS JIOCTATOUHO MANBIX 7 < 7, IloONKHM

emme . L A
S'z=2z,, 2 =Z,=X,+iY,,

|23 =|Zu| =R,y (=0, £1,"...),

W NycTh AJsi z=2, Npu Bcex n Oyier [2,|<r,. Torxa,
corjacro (4), nonyynm .

Xon>Xo+5RP>X,, (5)

YTO O3HAYaeT ‘MOHOTOHHOCTb nocjefoBaTenbHOCTH X,. Tak
KaK  3Ta  INOCJAeJOBaTeNbHOCTh . B CHJAY  HepaBeHCTBa
| Xa|<|Z,|'<r} orpanuyena, 1o, B YACTHOCTH, PasHOCTb
ns1— X, CTPEMHTCSI K HYJIO, KaK JUIsi 1 —> 00, TaK H AJIs
n— — oo, cJjaefoBatenbHo, B cuay (5) R, — 0, a nostomy
X,— 0, cnenosatensho, X, =0 1Jst Bcex.n  BMecTe C TeM
R, =0 ana Bcex n. ITosToMy o6ssatesshHo z=0, uto H Jo-
KasblBaeT HEYCTOWUMBOCTb. BrpoueM, Jierko BHAeTb, uTO A5
CoXpamsiiomero o6vem oTo6paxenuss S, BooGule TroBops,
¢+ 0. ' o
Iono6ubimM e 06pa3oM Jisi MPOM3BOJILHOLO ¢ > 0 MOXKHO
paccMoTpeTh NpHMEpD HeyCTOHYMBOIrO - oTOOpaKeHusi, COXpa-
usioero o6vem [2], npu KoTOpoM A GyJeT NPHMHTHBHBIM
KOpHeM ¢-0ff cTeneHW H3 - efHHHUb. KakK GbLl0 NOKA3aHO
B § 21, nBymepHoe oTOGpaxeHHe, coxpausiomee 0ObeM,
MOXHO TIPEACTaBHTb C TNOMOLILIO NPOU3BOAAMEH (DYHKIUH

w=w(x,n) B BHJe
y=w, &= Wy, ‘ " (6)

€CIH Wxy # 0. Mbl npuMeM cuauana, uro ¢ # 4, crefosa-
TeNbHO, A% % — |, W NONOKUM- :

p=% 2=A4p#0, ou=x+iky, ov=x— i,
Gw=g @t )+ o). ()

[lycte npu 3toM f(u, v) Gyjaer MHOTOUIEHOM OT 4 H U,
HAYHHAIOIMHMCS C YJIEHOB TPeTbEH CTeNeHH M Y/OBJETBOPHAIO-

18*
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wuM ycaoBuio f(v, u)= —f(u, v). Toraa w G6yjaer MHoro-
YJIEHOM OT X H . C JAeHCTBHTEJbHHIMH KO3(pHIUHEeHTaMH
H W= 1-...; CIeROBaTeNbHO, Wiy % 0 npH x =0, 7=0.
- C nomompio NpoH3BOAsiLIeH QyHKUHH W, corsacHo (6), poay-
yaeM (opMyJibl ‘

fiy=pu—2o+a (f 1), W=utovto (M, —pf),

, Ranee, 2im=u—v, 2x=pu-+hv. Tlonaras z=x+iy,

=§ + in, Hanuuem npeo6pasoBanHe B KOMILIEKCHOH ¢QopMe
o 1 - . 1 '

C=ttgr Oy b)), T=0+ o (M= pf),
. C= )\Z — fv. (9)

[TosTomy M u p GyAyT COGCTBEHHBLIMH 3HAYEHHAMH paccMartpu-
BaeMoro oroGpaxennsi. PaccMOTpHM uacTHuil cayuait

f(u, v)=quv(u?— 09,

H
g

®

KOTOpbIH K JjaeT (HKIHIO C HyXHHIMH cBoOficTBamud. Ecan
obo3HauuTh uepes A, H B, cxopsuiHecst cCTeneHHble pabl

OTHOCHTEJbHO Z M 2, KOTOpble HAaYHHAIOTCS C YJICHOB CTENeHH
I, 1o, obpamasi popmy.i (8), nonyuum

u=N+A4,, U;p§+Bq*l7
Tak kak =1, To , o
fe=qulu® — (g+ D =gz [22— (¢ + 1) 2714 Aggas

H cooTHomenue (9) Aa€T TOrAd B SIBHOM BHAe npeoGpa-
30BaHHe

C=de (42 [+ D)F — Y — Ay (10)

HyxHo nokasaTh, uto S ‘Heycroituupo B Touke z =0.
Hs dopmysm (10) caenyet

C=29[1 4 (g4 1) — 29+ Ay, (1)
OTKYJ3, HCTOJb3Ys COKpalleHHbie 0GO3HAYEHHs! '
2,=8"%, #n=2,=X,+iv¥,,
R,=|Z,|=]z,]" (n=0, +1,...),
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npH AOCTaTO"[HO MaJioM 9 > 0 nony‘lHM ‘OLEHKY
Xn+1>X +(q+1)Rn Rn‘_lAsq(zn, zn)l>x + Rﬂ,l

ecau R, < 8. OTCIofa MOXKHO 3aKJIOYHTh, KaK M H3 Hepa-
BeHcTBa (B), uTO0 mpeobpasoBanue (10) HeycroiunBo.

[pu samene (7) cymecTBenHo, 9robbl ObIO ¢ =+ 4, Tak
kak uHaue e=0. Ho ecim npempiaymee orc6pa)KeHue S
NOCTPOHTH i ¢ =8, TO coGCTBEHHBIE 3HaUeHHs Aas S? GyayT
IPUMHTHBHBLIMH = KODHSMH 4ETBEPTOH ~CTENEHH U3 EHHHIM,
u o6a npeofpasoBanusi OyIyT, OYEBHAHO, OAHHAKOBO BECTH
ce6s B CMhichie  yCTORUMBOCTH. TakuM 006pasoM, -II0KasaHo,
YTO S KaXJOro coGCTBEHHOrO SHAYEHHS )\, SBJSIOLIErocs
KOPHEM H3 - eHHHHIb, CYHIeCTBYeT coxpansifoliee  06beM
oToOpaKeHHe ¢ COOCTBEHHHIMH 3HAUEHHSMH \, A, KOoTOpOe
OyAeT HeyCTOHUHBHIM. JlanHog oTOGpaMKeHHe HMeeT H: AONOJ-
HHTEJIbHOE CBOACTBO, 8 HMEHHO OHO SBJISIETCS aJareGpanuecKuM.

Ocraercst paccMoOTpers caydalt, koraa |M|=1, #o X He
SIBASIETCS] KOPHEM U3 eluHMibl. Kak nokaszawo B § 21, B sTOM
caydae orobpaxenue (2) ¢ NOMOILBIO - coxpaﬂmomeﬁ ‘o6beM
noActaHoBKH C, BhipaKeHHOR ‘GOpMANBHEIME-  CTENEHHBIMH
PANAMH, MOMXHO NPHBECTH K HOpMa.anOH topme

‘U=CSC, El-ué, T=u0 (12)

Mpu stoMm u=\+ . oy U=p 4 ... Oyayr q)opMaJlbuuMﬂf_
CTeNeHHLIMH' PsiflaMH no o==%n; nanee, uv=1, H yCloBHE
BEUECTBEHHOCTH U= 4 BHINOJHEHO. B cayuae CXOAHMOCTH
pana anst C NeHCTBHTENbHRIM  SHAUEHHSM - NePBOHAYAJBHEIX
NepPeMEHHBX X, y COOTBETCTBYIOT KOMIVIEKCHO COMpSiINKEHHbIE-
sHauennsi. £, m=E&, u TOrja ¢opMyanl (12) mokasniBaioT, uTO
|&,]=1&|. CnenoBarenbHo, 1IPH_STOM OTOOPAKEHHH COXpaHsi-
I0TC BCe KOHIEHTPHYECKHE OKPYXKHOCTH B IMIOCKOCTH &
c neutpoM B Touke: & =0. Orciofa BHAHO, YTO B c.nyqae cxo-
AMMOCTH. Psiia AJisi NpeoGpasoBanusi K HOPMAJbHON: Gopme U
otoGpaxenne S GyAeT 0653aTeNbHO YCTONIHBO B. TOUKe X =0,
y=0. Ho OTHOCHTE/ILHO CXOAMMOCTH pPsija A/ifl MOJCTAaHOBKH
C HMeeT- MeCTO TOJOMXEHHe, -dHAJOTHYHQE PACCMOTPEHHOMY.
B §28 B cBN3M C BONpPOCOM O CYLIECTBOBAHHH HOPMAJILHON
tdopmst cucTeMbl I'aMuibTOHA. IMEHHO, MOXHO JaTh TIPHUMEpH!
COXPaHAIOMHX O0BEM. S/IBNTHYECKHX omdpa;xeﬁuﬁ, Aas.
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'KoToprix C PAacXOAHTCS,, H MOXKHO Ja)Ke YCTAaHOBHTb He0GXo-
IuMoe ycJoBHe Jus cxopguMoctH C B BHJe GECKOHEYHOTO
YMCJia HEe3aBHCHMBIX aHAJHTHYECKHX YpaBHEHHH Ias Kod¢ipu-
uxenToB pasyioxenudi (2) ¢ynkuuii g(x, y) u h(x, y). Ito
IOKa3kIBaeT, YTO, KaK NPaBHJIO, BCTPeYaeTcs CJayyad pacxXofu-
MOCTH, a CJiyyall CXORHUMOCTH SIBJSIETCS HCKJioueHWeM. I[lpu
H3YUeHHH TEOPETHKO-(QYHKIIHOHAILHOH Npo6eMbl eHTpa OblIO
NOKa3aHO, YTO H3 YCTOHYHBOCTH BBITEK3eT CXOAHMOCThH psjia
Hlpénepa, ciiefoBaTeNbHO, CXQAUMOCTH PAAA A4S npe06paao-
BaHHA KOH(OPMHOIO OTOGpaXKeHHs K HOPMasibhOil _topme.
Ho merop joxasaresbCTBa § 23 uesb3s MEepEeHECTH Ha paccMa-
TpHBaeMblit CJyyaH, TaK Kak JJs COXDAHSIOMHX o0beM
oToOpaKeHHH HeT TeOpeMbl, aHAJOTHYHOH Teopeme PliMana
B TEOPHH Kou(bopMme oToGpaxkeHui. Ilmbq)epeuuua.nbﬂoe
ypaBHEHHE .9, — @ b, = = | He HMeeT CTOAb XOpOIIO pa3BH-
TOH TeopuH; KaK cuctema @, =¢,, 9, = — .. Hyxno eme
3aMeTHTb, 4TO HeH3BeCTeH NPHMep 3IJIHNTHYECKOro npeobpa-
oBanust S ¢ A"+~ 1(n=3,4,...), B KOTOpOM HE Gbma 6bt
JIOKa3aHa yCTOHYHBOCTD.

l'Ipezmo.nome Tenepb, 4TO GOPMANBHEIA CTeNeHHOH ps,
yyacTByloiiHii B- HopMmajbHOH ¢opme (12), He cBoaurca
K IIOCTOSIHHOM, T. €. 4TO. He. ToxAecTBeHHo 4 =\. Toraa
TeopeMa Bbupkroda o HenoABHKHOH TOUKe, JIOKasaHHas B § 22,
rJIacuT, 4YTo B KaxJaod okpectHocTH 1l Hayaja KOODAMHAT -
H AN KaXKJOTo A0CTaTOYHO GOJbLIOro HaTypaJdbHoro n > no(11)
'MOXHO HAHTH OT/IHYHblE OT Hayajia KOODJAHHAT HENOJBHK-
Hble TOYKH TpeoGpasoBaHHsi S", Bce 006pasnl KOTOPHIX IIDH
S*(k=1,'2, ...,n) takxke gexar B . Ho OTCI0ja, B.YaCT-
HOCTH, cJefiyeT, uto S He aBJsieTcs HeycToAuHBbiM. Cuejo-
BaTeJbHO, BOOOMIE HE 6y11eT HeyCTOHUHBOCTH, €C/IH CTelNeHHOH
PSiA 4 He paBeH TOXJECTBEHHO NOCTOSHHOH. OcTaeTcst OTKpHI--
THIM BONPOC O TOM, HMEET JIH B ITOM CJyYae MeCTO:yCTOHYH-
BOCTh WJIH CMellaHHBIH caydail. Kak- yke O6blIO 3aMmeyeHO,
HE H3BEeCTHO NpHMepa JAf CMEILAHHOro CJydYasi, H He H3BeCTHO,
OyfeT M NpH 4=\ JeHCTBHTeJbHO HeycToiuHBOCTh. Ecun
Gbl 3TO yAaJoCh AOKa3aTh, TO Obll Obl NOJAYYeH NPHMEDP CO
CXOASIIIMMCA PAAOM # M pacxojsiiedcss NOjcTaHoBKo#k C;
He M3BECTHO TaKiKe, BOSMOXKHO JIH TaKOe COYeTaHHe.

Ecay Mbl BblpasuM IpoH3BefieHHe NepeMEHHbIX ® = §7, BXO-
RAIHX . B HOpManbHylo ¢opMy (12), uepes crapbie mepeme-
Hhle X H Y, 70 NOJyYuM (GOPMaJILHBIK CTENEHHOR P ® =@ (X, V),
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KOTOpBIH B CHIy TOXKAeCTBA §;7; =&Y OCTAeTCsi HHBApHaHT-
HbIM TIPH JaHHOM oTobpaxenud S. CuiiefoBatesibHO, ¢ (X, Y).
IBJISIETCSl aHAJOTOM HHTerpasa JH(ddepeHlIHaJNbHbIX YpaBHe-
Hui. AHajoruuso TeopeMe JlUpHXJie MOXHO JIErKO M0Ka3aTh,
410 S Beeria Gyfer yCTOHYHBBIM B OKDECTHOCTH HauaJia KoOp-
JMHAT, KOTAa CYLIECTBYeT CXOIALIHHACHA CTeneHHOoH psAx mo x
H Yy, HHBapMaHTHBIH npu S, KOTODHIH HMeeT B Hauajie KOOp-
AMHAT 3KCTpeMyM B CTporoM cmeicje. KoHeuHo, onfThb-TaKu
CYIIECTBYIOT NPHMEPH! SJJIHNTHYECKHX 0To6pax<emm LoxpaHs-
omHux 06beM ¢ A= 1 (n=3, 4,...), A1 KOTOpbIX BOO6IILE
HE CYHleCTBYeT TaKHX HHBAapHAHTHBIX CXOJSIUHXCS PpSJIOB.
" Takum obpasoM, paist caydast [N|=1, "1 (n=1,2,...)
elle OTCYTCTBYIOT YJOBJETBOPHTEJbHbIE METOJbI HCCJIEJOBAHUS
npo6JeMbl YCTOHYHBOCTH IIOCKOrO OTOOpaXKeHHs, COXpaHSIo-
wero o0bem. Ilporpecc B 3TOM HampaB/eHHH uMea Obl
. 3HaueHHe TaK¥kKe ]/ BONPOCOB YCTOHYMBOCTH CHCTeM ['aMHJIb-

TOHA C NPOH3BOJIBHBIM - YHCJOM cTeneHed cBoGojibl. Ciepyer
YIOMSIHYTh ellle O HEeCKOJBKHX NONBTKaX, KOTOpbie TaKke He
OblIH  YCHEIIHBIMH. :

CorsacHo  nopxony (I)epMH [3], MoxHO paccyxpaarhb
caepyomuM o6pasom. B cnygae ycToliymBOCTM B KaXJIoH
'OKPECTHOCTH Hayasa KOOpAMHAT 1 JIeXHT OJIHOCBSA3HAsT HHBA-
puaHTHasi OTHOCHTeNBbHO S oKpectHocTh B. Ilpumem Tenepn,
yto P HMeeT rpaHULy, KOTOPYIO MOMKHO MpeJCTaBHTh YpaB-
HenueM F(x, y)=0. Eciu nanucarb Takoe ypaBHeHHe s
ceMefictBa okpectHoctell U = 1, 3aBHCAmHUX OT nmapamerpa y,
TO TOJAyuYuTCs ceMeHcTBO ypaBhenuit F(x, y, 7)=0. Ecau
3TH ypaBHEHHS YAACTCS pPa3pelluTb OTHOCHTEJbHO Y H €ClH
ypaBHeHHe ¢ (X, y)="7, KpoMe TOro, OyJeT aHaJHUTHYECKHM
no. X H y, TO 3THM OyJeT J0Ka3aHO CYLIECTEOBAHHE CXOAs-
[[€roCsi HHBAPHAHTHOTO CTENIEHHOTO Psifia, TaK KaK IpH oTo6pa-
*Kenud S Kaxjgad rpaHmia ¢ (x, y)=7y NepexojuT B cebs.
Haxkonern, cjefoBano Gbl YCTAHOBHTb AHAJHTHUCCKHMH MeETO-
JaMH, yTo B ofuieM cJyyae coxpaHsiomee o6beM NpeoOpaso-
Banue S He HMeeT CXOJSINErocsi HHBapHaHTa. OTHM CaMbiM
Gbuio Gbl J0Ka3aHO yTBepKzeHHe, YTO B OOMIeM cydaé yCTOH-
upBocTH He OyjaeT. IlOmMBITKM TNpOBECTH CTPOroe A0Ka3aTelNib-
CTBO 3TOTO yTBEPXK/EHHS NPEJCTaBJSIOTCS HAaM JIOBOJILHO 6e3-
HajgexubiMA. [loKa jaxke He J0KasaHo, 4TO rpaHuued B ABJs-
ercsi KpuBasi, Bupkrod, Hcrmonb3yst npueMbl [10Ka3aTeJbCTBa
CBOeH TeopeMbl O HENOABMKHOH TOUKe, NBITAJICA TI0KAa3aTh,
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yto B 6y;(eT npH uocm’roqﬂo maJjiofi okpectrocTH U 3383}10-
06pa3Hoii, ecaH ~GopMasbHbfi CTENeHHOH PAJ 4, BXOAsUIMH
8 HOpMasibHyi0 dopmy (12), He cBOAMTCH TOJBKO K CBOGOA-
HOMY usieHy, M u4TO Torja rpanuna @ obaactu B Moxer
ObiTh NPefCTaBJIeHa B MOJAPHBIX Koopnuna'rax r, % ¢ nomMouibio
cxopsuerocs paja Pypobe

o
= 2 cnes'ni& E
n=-am )

Ecsu ucrnonb3oBaTh HHBapHanTHOCTh § npu oToGpaxenud S,

T0 Ans KosppunuentoB Pypbe ¢, NOMyYHTCS CHCTEMA H3

GECKOHEUHOr0 YHC/A AHANHTHUECKHX yPABHEHHH C GeCKOHey-

HbIM UHCJIOM HEH3BECTHBIX, H NPHTOM 3Ta CHCTeMa JIOJKHA

HMeTb GeCKOHEUHO MHOTO pellleHHi, TaK KaK MOXKHO BbiGHpaTh

npou3BOJLHO Manyio okpecthocth U. OfiHako YAOBJETBODH-

TEJbHOM TPaKTOBKH STOH CHGTEMbl yDABHCHHH He. HafiJIeHO.

Jajum naGpocok eie onﬂoﬁ Hey;latmon nonbITky. Ilyers

- 'Bce” mpomsBeennusi creneneil x*y' (k-1 > 0) .pacrnooxeHb
B KaKOM-jHG0 - (DHKCHDOBAHHOM TOpsi/IKe NO BO3PACTalOMIHM

CTeneHsIM M OObeMHEHbl B BEKTOp-ctonben 3§ ¢ OGeCKOHeYHO

MHOTHMH COCTABJIS IOLUHMH. [Tycts cOOTBETCTBEHEO 3, Oyner

cmnﬁuom '3 npousBesiennii - xfy!, KOTOpHie MNOJYYAIOTCH H3

. x*y* npeo6pasosanueM -S. Toraa 3; = M3, rae M — HEKoTOpast
‘GecKOHeYHas! MaTPHUA C NOCTOSTHHBIMH SJeMEHTAMH. B cnyyae
YCTORYABOCTH CylieCTBYeT GecKOHeuHasi NOCJEA0BATENBLHOCTD

cogepxauiuxest Apyr B Zpyre MHBAPHAHTHBIX 00JacTed HHTe-

rpupoBarus By (1=1, 2, ...),. KOTOpble CTATMBAIOTCH K Ha-
YaJy KOOpJHHAT. Ec:m NOJIOKHTh
85 dxdy = cT,
%T ’
TO. ’

er=MWey (1=1, 2,..:),

NOCKOJIBKY S coxpaHsier o6beM u Ry HHBapuanTHO. Takum

06pa3oM, 3ajjaua IPUBOAHTCS K HCCJEJOBAHHIO. COGCTBEHHBIX

BEKTOpOB Matpuubi IR, a 3jeck NOSIBASIOTCS HepemeHHble
BOTIPOCH. *

Haxkowell, c/ieflyeT npuBecTd eme ABa npocmx npuMepa

COXpAHAIOWHMX OOBEM SJIMITHYECKHX - OTOOpameHu#t, Gosee
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TIIATeJbHOE H3YYeHHE KOTOphIX, OBITb MOXET, NpPHBEJET
K HOBBIM TOYKaM 3peHusi Ha mnpoGJaemy ycroifiuuBoctH. Cocrta-
BuM S =TR u3 gByx orobpaxenui T u R, coxpaHsioumux
o6veM. Ilycte R Oyner BpallleHHeM, KOTOpoe 3anuluem
B KOMIJeKcHO# ¢opMe {=\z ¢ |M|=1; nycrs, nanee, T
MMeeT B efiCTBUTENIBHBIX KOOpANHaATaxX BuA E=x+f(y), n=y,
rae f(y) o6o3nayaeT CXOAAMMACSH CTENEHHOH Psii MO Yy C Aei-
CTBUTEJLHBIMH KOI((HIIHEHTAMH, HAYMHAIOWMACH C YJEeHOB
. BTOpOro nopszka. OueBujHO, 4T0 S HMeeT cOGCTBEHHbIE 3HayYe-

HHSL A M p=\ H GyJieT COXpaHATh 06beM, MockoJbky T u R
“TaKkKe ero cox paustior. Ecaiui BbiGpaTh, B YacTHOCTH, f(y) = —4y?, -

10 T MOXHO 3anucaTh B KOMMJeKcHO# ¢opme § =2z (z—2)2
[Ipu stom mas S nonyudaercss popmyaa

C=dzt(hz—p2), - (13)
a aas 87— dopmyaa l
‘ ‘ Me={—@C—0)"%

TaKEM 0Gpa3oM, peyb HJeT 06 OOPaTHMOM LEJOM pal{HOHaJib-
HOM coxpassioleM o6beM oToOpakeHMH S, W BCe CTeMeHH
S" (n=+41, +2,...) ABJAIOTCA MHOrOWIEHAMH IO 0GeHM
nepeMensbiM x M y. Ilpu A=1 Gynem umers S=T, TOrAa,
OYEeBHJHO, NOJyyaeTcsi cMelllanHwlfi cayuaih. Ilpp A= —1
oto6pakenue S? TOXKIECTBEHHO, H CTaNO GhiTb, S yCTOHYHBO.
Mpu A=1, := 1 mnpeoSpasosanue (13) umeer Buag (3)
¢ ¢=\=+0; caenopatenbHo, Gyaer HeycToHuHBOCTb. IlycTh
tenepp A2=£ 1, M= 1. [lojcumTbiBasi HOpMaJbHYIO (GOPMY
(21; 31) 10 KyGHUECKHX YJIEHOB, HaWieM ’

=212+ X+2) (A1) %0,

eCJiH JIONOJHUTEJBHO NPEANOJOKUTb, YTO D4 N+2£0;
C/iefoBaTeIbHO, 3/I6Ch, BO BCAKOM cayuae, He GyjeT HeycToi-
upBoctd. HO jaXke B 3TOM NPOCTOM NIpHMEpE HeJb3sl yCTaHO-
BHTb, HMEIOT JIH MECTO YCTOMUHBOCTb HJIH CMeLIaHHbH CJy-
yait. [lpyro#i mpocToii npumep
TR 7 zx2 N2
= )\ —in. .
3zech OTOOpaXKeHHe PallOHANLHO M COXPaHAET MJOLAfb, - HO
He ABJseTcs GHpPalHOHANbHEIM.
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§ 30. Teopema o BO3BpallEeHHH

ByzzeM HCXOZIUTh M3 CHCTEMSI AugdepernuabHBIX  ypaBHEHH

Ye=f(®) (k=1,...,m), (1)

B KOTopoﬁ ¢byuruuK f, He NROMKHBI GbITh 0GSI3aTEJNBHO pery-
ASIpHBIMM, OJIHAKO B PAcCMATPHBAEMOH JEHCTBHTENBHOH 0Gna-
CTH omnpeJieseHnss R OHH SBJAIOTCA HO MeHblllell Mepe-Hempe-
pblBHO an)(pepeHquyeMban. [Tycte Takxe Bciony B R

Zn%—o | ' 2

CR=1

YTO, ‘B YaCTHOCTH, BBLINOJHAETCA I/ cuctem TaMUJIBTOHA,
-Ecam o6o3nauuth onsTth- yepes x (f, &) pellenne cucremat (1),
aast koroporo x (0, &) =&, To, cornacHo § 19, oroGpaxenne
S, Toukn & B x (¢, &) Gyaer coxpausaTh ob6beM. B nanbheit-
mieM cJieJlyeT pacCMaTpHBATh TOJBKO T€ HadajbHble TOYKH £,
AJis KOTODBIX TpaekTopusi x = x(f, §) OyJeT LieKOM pacno-
JoxeHa B ofnacth R s Bcex JelicTBHTenbHBIX f. IlycTs
IN — KaKoe- HHOY/b MHOKECTBO, COCTOsIIIEE M3 TAKHX TPAeKTO-
puft x (¢, E) npuyeM ¢ npoGeraer sHaueHHs 0T — oo JI0 + oo,
toraa S, = I, caefoBarelbHO, I} ABJIsSETCS HHBapHaHTHblM.

B nanbuefitieM GyAyT HMCHOJIB3OBAHE! HEKOTODHIE. TEODPEMbI
u3 Teopun Mepwl JleGera. Jlist mpousBoJibHOro MHOXKecTBa )
B M-MepHOM npocTpaHcTBe 0G03HaYHM yepe3 V, (D) ero Breml-
w010 Mepy JleGera. Ecoiu O, namepumo 1o J]e6ery, 10V (Q)
GyneT o6osHayaTh mepy . Byjem B nambuefitem npexnosa-
rath, YTO PacCMaTPHBaeMOe MHOXKECTBO TPaeKTOpHH I} HMeeT
KOHEYHYIO BHelH©0OW Mepy V,(M). O6osunaunm uepes A
HEKOTODPOE H3MepHMOe T0IMHOKECTBO MHOXecTBa IR 1 NOJI0KUM
A, =8n:A(n=0, £ 1, ...); mpu 3TOM 't — KaKoe-HHOY b
¢HKCHPOBAHHOE TIOJIOKHTEIBHOE YHCJIO; JJIs KPAaTKOCTH Gyjem
nucate BMecTo S; mpocto S. Torma U, TakXKe H3MepHMbI,
n U, M. Hdas mHomects :

U, (=0, £1,...),

:] KOTOprX O6‘b€}lHHeHHe 6epe~rca no BceM LeJbIM - YHCJIaM
kén "OYEBHJHO, CNPABEAJUBO COOTHOIIEHHE

SB8,=98,.,=9, Ui DBy
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[Mockoabky B, sBasieTcst 0GbeIHHEHHEM CYETHOIO YHCJa
M3MEPHMBIX MHOJKECTB, OHO TaKXKe H3MEPHUMO H HMEeT, Kak
TIOAMHOXKECTBO 9}, KoHeyuyio Mmepy. [Hanmee, nockoabky S
coxpansier -066eM, 10 V (B,,,,) =V ($B,) = V (B,,), 1 nostomy
~ pasHocts B,,, — 58 HMeeT Mepy HyJib.. O603HauHM nepece-

yeHHe Bcex B, (n 0, +1,...) uepes B_,; B cuuy
SB CBp 6y11eM HMETb T

By~ Bow= ] (B - By),

H, cefoBaTeNbHo, B, — B_o TaKKe HMeET Mepy HyJb. Eciu
nosoxuth D = A ) B_, -To Beaexcrpue A = A C B, noay-
YHM COOTHOLIEHHE :

A=ANDB =D U (Yo (B, —B-c)). (3)

Ho rak kak nepeceuenne U [ (B, — B_w) 3dBEIOMO HMeET
Mepy HyJb, TO B CHJY cooTHoulenHs (3) u pastocTb A — D
GyLeT MHOXECTBOM Mepbl HYJb, T. €. :

V(%I D).=0 @:%{ﬂ%_m). - (4)

‘{Toﬁbl umepnpemposa'rb 3TOT - pesyanaT paccMOTpPHM
BCe- 06pasbl P, =S"p Toukw p u3 M.. [as Toro uroGwl p
Jexano B B,, HeOGXOAHMO H JOCTATOYHO, YTOOBI ~CYIIECTBO-
BaJO Takoe Lejoe uucao k< n, aas Koroporo pe€ U, cie-
noBateibHO, P_j € A. Takum oﬁpasom B YacTHOCTH, P TOrja
M TOJILKO Torja Haxoiurcs B B_o, €C]H CyUWecTBYeT noce-
JOBATeNbHOCTb kK —> — 0o C.TEM K€ CaMblM CBOMCTBOM; 3TO
03HayaeT, YTO' CYILECTBYET TaKas MOCJeLOBATeJIbHOCTD HeJblX
uucen [ =1, 1,, ..., cTpemsasics kK oo, uro p, € A. Us cooT-
HoWweHHs! (4) Teneph HMeeM:

B kaxkjoMm usMepumoM noxMuHoxkectBe U MHONKecTBa IN
. JIEXXHT PaBHOE €My 10 Mepe MHOXKeCTBO D, BCE TOUKH KOTOpOro
p HMEIOT 6ecK0Heqno MHOTO oGpaaon p =1, 12, LG
l—>o)B A - _

310 ¥ ecTh TeopeMa Hyam(ape o Boaspam;ennu [1, 2].
Has. caydast, korja I camo M3MepHMO, 3Ty ‘TeOpeMy MOXKHO
copMmyIHpOBaThL 1O-ApyroMy.. B - m-mepHOM x-npocTpaHcTBe
' MOXHO 3afiaTh cyeTnbifi Gasuc €, €,, ... OTKPHITBIX MHO-
3KeCTB, HampuMep, PaccMOTpeTh BCe TAPHl C PAllHOHAABLHBIMH
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KOOpAUHATAMH ueﬂ'rpoa H paunona.nbubmu panuycamu. Torpa
nepecevennss M) €, =A, (r="1, .} TaKxKe H3MEpPHMbI,
[TpumennuM Teopemy o Bosapamennn K A=A, # 3ameTnM,
yTO OObeAHHEHHE CYETHOIO YHCJI2a MHOMKECTB MEphbl HyJ/ib TaKKe
AIBJIAETCS, MHOXECTBOM - Mepnl HyJb. -Torna Bce Touku 9,
KPOME TOUGK HEKOTOPOro MHOXKECTBa Mepbl HYJb, SIBJSIOTCSH
npejieIbHEIME TOYKaMH HX 06pasoB p,(n=1, 2,...).

Ilpu npuMmeHeHHH TEOPEMbI O BO3BPAUICHHH HYXXHO HMETh
B BHAY, YTO N JO/KHC ObITh HHBAPHAHTHLIM MHOXKECTBOM
KOHEYHOH BHEIUHEH Mepbl, JexXauium B o6aacTd onpejienenus R.
Hanpumep, eciu fi=1, f,=0, m=2, To mHOXecTBoM R
GyzeT BCs IJIOCKOCTb, @ TPAaeKTOPHAMH GyAyT BCE NPSMBIE,
napaJJiesibHbie OCH a6cuncc' HO TOrja M3 KoneuHocTH V(M)
caelyer, 4To YN HMEET Mepy HyJb, TaK YTO TeOpeMa O BO3~
BpallleHHH CTAaHOBHTCH GeccoziepxaresbHoll. UTo6bl aas jaH- -
HOH cucTeMbl (1) ¢ momomBIO TeOpeMbl O BO3BpALEHHH MON1Y-
YHTb CYLECTBEHHHE DE3YJIbTAaThl, HYXHO CTOJb MHOIO 3HAaTh
O noBeficHHH TpaeKkTOpHH B LesoM (im Groflen), yro MoXHO
OyjeT 10Ka3aThb CYUIECTBOBAHHE H3MEPHMbIX nusapnam'ﬂmx'
MHOXECTB C MIOJIOJKHTeJIbHOH KOHeyHofi - Mepo#i. [lasi 3toro
HYXKHO HMETb HEKOTOpOE HHBAPHAHTHOE MHOXECTBO IR C Koney-
HOH BHellHedl Mepoi V, (M) H B HeM H3MEpHMOE MOJMHO-
xkectBo A ¢ V(%I)>O CTCIOAA JIETKO MOMYYHTb, YTO HHBa-
pHaHTHOE MHOKECTBO, 00Pa30BAaHHOE TPAEKTOPHSMH, UPOXOAS-
U{HMH 4Yepe3 TOYKH MHOxecTBa ¥, H3MEPHMO H HMEET . [IOJIo-
XKHTeJpHYIO KOHeUHYIO Mepy. B kauecTse mpuMepoB MOXHO GbLIO *
6bl pacCMOTpETh CTAllHOHAPHbIE HEeCXK HMAaeMble TIOTOKH B 3aMKHY-
TOM COCYJie, a TaKxKe TOT C/yYal, KOr/ia HMeeTCs yCTOAYHBOE
paBHOBecHOe pelueHHe cucTembl .(l); specnh ' B. KauectBe I
MOXHO BHIODATb HHBADHAHTHYIO OKPECTHOCTb 3TOTO pELIEHHS.

Bojiee rayGokoe npuMeHeHHe FaeT OrpaHHuYEHHAs 3aJay¥a
Tpex. Test. [lycTe, Kak H paHee, Macchl Tpex Touek P,, P,,
Py Oypyt my=p, My=1—p, my=0 npu 0 <p < 1. Toukm
P1 H P, BpalaloTCs OKOJO HX UEHTPA HHEPUHH C YTJIOBOH
CKOPOCTBIO, PaBHOR €MHHLE; NyCTb KOOPAHHATH TOYeK P,
P, u P, Bo Bpamammuxesd ocax 6ynyr (1—p, 0), (—p, )
H (X3, X;), Toraa paccrosnusi PgP;, PgP, H paccrosiuue -
MeXJy P; H HavyaaoM KOOpAHHaT P, onpepensiiores popMyaamu,

ry={(x+ p— 1) + 13,
ra={(x+ult+als,  r=(xta)h,
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Kak yxe J;e.na.nocxa B § 22, nonoxuM

1—
E——(y1+y:)+x2y1-—x1y2--—— =t (5

£

H HamnumeM ypaBHe}mﬂ msmxemm TOYKH Ps B KaHOHPI'-IeCKOH

tdopme

Xr =vEyk" Y= — Exk (k=1,2). (6)
Orcioa caenyer X = yl-, Xgy Xg=1Ys— %X, TO3TOMY mOCHE
HCKJIIOUCHHST 1y, Yy DYHKIHS FamsiabToRa TIPHHHMAET CJIefyio-
umi. BHA:

E=g®@+:)—-G, )
rae o
. G=rY (8)

Ha kaxpofi Tpaektopuu E NOCTOSIHHO; 3TO H €CThb HHTErpas
SIko6u.

Has cucremor (6) onmpenenuM, Kak H Bhillle, coxpansioliee
o6beM orobpaxkeHHe S; B NPOCTPAHCTBE YETHIPEX NEPEMEHHBIX .
X3, Xg, Yy H Y. O6sacTsb onpefiesienust R COCTOUT U3 BCEX TOHEK,
He JeXalHX HAa JIBYMEDHBIX IVIOCKOCTAX X;=1—p, x2-—0
U X,= —p, x,=0. Uepes £ 0603HAYAM - MHOKECTBO BCEX
TOYEK (X,, Xy, Yy, Y), AJS KOTOPBHIX OINpejieJIeHHasl Bbipaxke- -
HHeM (5) byHkuua E yaoBJIeTBOpsieT HEpaBeHCTBY .

6 < —E<cy; - (9)

npn ITOM c1 H C, €CTh-JIBe MOJOXHTE/bHbIE IOCTOAHHbIE, IS
KOTOPHIX € < €; <(C; NPH JOCTaTOYHO GOJIbIIOM HOJOXKHTEIb-
HoM c. Ilo sToMy onpefiesiennio £ OyJeT OTKPHITHIM IOJMHO-
xKecTBOM R, u npuroM & HHBAPHAHTHO, Tak Kak E sBJsgercs
uHTerpaioM. Torna Ha TpaeKTOpHSX, JieXallHXx B &, B CHJIY
cooTHowenHsi (7) u (9), BCIOAY BHINOJHAETCS HEPABEHCTBO

=R —E>q>e

PaccMoTpuM Teneph TIPH (PHKCHPOBAHHOM C KpHBYIO G =
B NJIOCKOCTH (X,, X,), npuueM G omnpefensieTcsl BbipaKeHHEM
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(8); aT0 Tak Ha3blBAEMast npefejbHas kKpusas. XuJJia. I[Jm
GOMLIUMX C OHAa COCTOMT M3 TPeX NPOCTHIX 3aMKHYTHIX ‘{aCTeH :
R, §, ¥ ®,, KOTOpble HMEIOT ypaBHEHHs BH/A

r=(2)240(c™*2), r=pc*+0(c?),

ro=(l—p)c*+ 0(c?) (c—> ),
H TNOTOMYy SIBJSIOTCS -NPUOJHIKEHHO OKPYXKHOCTSIMH € pa-
auycamu (2c)'’2, pc* u (1—p)c™! u uentpamu Py, P, u P,.
Torpa mBymeprasi obsactb G > ¢ pacmajaercsi Ha TpH Hene-
peceKaroniecs YacTH, a HMEHHO BHEIUHIOI N0 OTHOLIEHHIO
&, ¥ BHYTpeHHHE OTHOCHTeNbHO &, M ®,, KoTopble Mbl 060-
3HauMM Yepe3 o, &; H Ty AHAJOrHYHO uHeTHIpeXMepHas o0-
JacTe € pacnajiaeTcss Ha TPH HelepeceKalollHecsi 4actH, &,
,, &, KaxJasg H3 KOTOPhIX .OCTaeTcsi WHBAapHaHTHOH, Tak
KaK mpeoGpasoBaHHe S, HENpPEphBHO OTHOCHTeapHO f. JlJist
PHMEHEHHS TeOPeMbl O BO3BDAlleHHH HEOGXOJHMO, -B HaCT-
HOCTH, BBIOpaTh N = &,. :

Hpeﬂbmymee paccMoTpenHe TpeOyerT ‘ellie OJJHOIO oéoﬁme-
HHS, TAK KAaK MOTYT BCTPETUTHCS TPAEKTODHH, NPH KOTOPBIX
OyAyT NMPOHUCXONHTL CTOJKHOBEHHsi. CTonKHOBenusi P; U Py
MOKHO peryJisipusupoBaTh TaK ke, Kak 3TO cjesiaHo B § 8
Aasi 3ajadn tpex Tes. OTcioAa NOJTydaeTcs, YTO TPAKTOPHH
CTOJIKHOBEHHST 00Pa3yIoT B £; TOJIbKO MHOKECTBO MEPBI HYJIb, KO-
TOPOE .MOXKHO OCTaBHTb 11.715 HalHX Lesed Ge3 pacCMOTPEHHS.

KOOleHHaTbI Xy, X, TOYeK H3 &, TNpHHAJJIe)AT OrpPaHH-
YeHHOMY MHOXECTBY ;. B KaxioH (PHKCHPOBAHHOH TOUKe
(x5, %)% (1 —p, 0) 3 §; pynruus G KoHewHa, U JONYCTHMBIE
OPAHHATHL Y/, Y, ONPEAEJSIOTCS YCJIOBHEM

2(G—cy) < (th+ %)+ (g — 1) < 2(G—cy).

OTHM HEPaBEHCTBOM B INIOCKOCTH (Y, Yp) ONpejielifieTcst Kpy-
roBOe KOJIbIIO, IJIOLIaJb KOTOPOIrO He NPEBOCXOAHT 3HAYEHHS
2w (¢, —c,;), He 3aBHCHILEr0 OT X, X,. TaK Kak mjomaib &,
KoHeuHa, To Mepa V (¥;) Takxke KoHeuHa. B cuay Teopemmb
O BO3BpAllleHHH NOJNYYHM, YTO 'JAJs DOYTH BCeX HayaJbHbIX
3HaueHHHd u3 &, Touka P, IO NPOLIECTBHH NPOU3BOJLHO 6OJIb-
IIMX HHTEPBAJOB BPeMeHH onaTh OyJAeT 3aHMMaTh NPHMEPHO
nepBoHayaJbHOE NOJIOXKEHHe U HMeTb NPHOJH3UTENILHO NepBo-
. HauandbHYyio cKopocTb. To e camMoe MOXKHO cKasaTb 0 .
Jlerko Takxe BHJIETb, UTO COOTBETCTBYIOIEE YTBEepkKJeHHe
crlpaBe)mnBo TaKKe W s npobaembl Xuija..
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I/Inen, HCIOMb30OBAHHBIE JUIS1 JOKA3aTeJbCTBA TEOPEMBI O
BO3BpAllleHHH, OblJM yCOBEPIICHCTBOBAHDI Bupkrodom [3] u
APYTHMH aBTOpaMH AJs SProjuueckoii Teopun. Ho BOsMOX.
HOCTh TIPHMEHEHHsl STOH TEOPUH K 3aJaHHOMH cucreme fudde-
peHLHAJIBHBIX YPaBHEHHH OrpaHHuY@Ha TPYJAHOCTSMH, KOTOphle
eie Gosee 3HAYMTE/bHbl, YeM B npobJjeMe YCTOHUHBOCTH.
B 3TOii CBSI3M 3aMeuare/ibHbl Pe3yJbTathl, mNOJydeHHbie [lan-
Kya [4 - 6].

B 3akJOueHHe NIPHBELEM ellie OjHO, BocXozsimee K [IIsapue
wuAbRy [7— 9] sameuanne o 3afaue 1 TeJ, KOTOpOe TIPOHCTe-
KaeT M3 Kpyra mjieil Teopembl 0. Bo3BpallensH. B ocHoBy onsTh
kaajercsi cucreMa (l)s Ansi KOTOpO# BhiNONHEHO ycjoBHe (2).
Myctb. A — OTKPHITOE MHOXKECTBO B obnacTd onpepesesus R,
mepa kotoporo V (U) xoneuna. [las xaxporo t > 0 ‘oGosHa-
ynM uepes A* MHOXKeCTBO Beex Touek P u3 A, 15 KOTOPHIX
COOTBETCTBYIOILASl TPAEKTOPUS' BO BCEM HHTepBajie BpEeMEHH
0<t<s ocraercsi B A, 7. e. p'=SpeA (0<t<). Torna
ans 0 < vy < ©,, 0veBHAHO, A 2 = A", Tlepeceyenne A* (z > 0)
o6osnaunM uepes  B. IMockospky A° — OTKPBITOE  NIO/IMHO-
HeCTBO MHOXKeCTBA A, TO MHOXKECTBO

N =lmA =B

>0 T— 00
H3MEDHMO, H Mepa V (B) koneusa. Touku ¥ MHOXeCTBa B
XapaKTepHsylOTCsl TeM CBOHCTBOM, 4YTO TpaeKTopuu p' aus
BCEX NOJIOMHTeNbHEIX ¢ ocraioTcsi B A. Mol GyjieM TOBOPHUT,
YTO. MHOKECTBO B SIBJISIETCH MHOKECTBOM TOueK, ocTalolHXCs
B Gyxymem B A?).

Torpa ans Kaxjporo >0 -onpesesnsieTcsi MHOXECTBO
B* =SB u ansa ero Touek p umeeM p' € A (¢ > — ). [Noaromy
B° saBasercs HM3MEPHMBIM NOAMHOXKecTBOM B, H onaTh
B2 B™ npu 0 < 7y <=, CaefioBaTesbHO, MHOKECTBO

NB =limB"=D.

>0 T 00
TaKXKe SIBJSIETCS W3MEPUMBIM NOJIMHOXKeCTBOM MHOxkecTBa B.
Ho 3 coxpanennss o6beMa IpH 0TOOPaXKEHHH METO/IOM, HCIIOJb-

1) B opuruuafe TpyAHas Ajs nepesoia ¢pasa «Wir wollen sagen,
die Menge B ist U zukiinitig treus. O6opor <zukiinftig treu» nepe-
KAuKaetcsa ¢ ¢inhaltstreu» —coxpaunsiomee o6vem. — [Tpum. ped.
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SOBaHHLIM A/ JI0Ka3aTe/bCTBa coomomenuﬂ (4), noayuaem
V(B—D)= (10)
Touku p uz D XapaKTepHU3yloTCst TeM CBOﬁCTBOM 4TO TpaeK-
. TopuH p' a1 Bcex JeACTBHUTENBHHIX ¢ HEJHKOM ocraiorcsi B X.
UnbiMH  cJIOBaMH, MHOXecTBO D ocraerca B A Bce
Bpems !). Takum oépasom ¢opmyana  (10) yrBepaaaer, uro
MHOXKECTBO TOUEK, coXpaHsiomuxcs B Oyiaymem B U, npe-
BOCXOJIHT MHOXECTBO TOYeK, OCTAIOUMXCA B TeueHHe BCEro
BpeMmeHH B U, H2 MHOXeCTBO Mepnl HyJb. UTOGH 3TO yTBEpXK-
JleHHe He 6u.no 6ecc011ep)KaTeJlebIM HYKHO, KOHEYHO, B KaxkK-
JIOM OTJEJILHOM CJydae JoKasaTh, 4to V (B) > 0, a aT0 MOXKeET
SIBUTbCH CYILECTBEHHOA TPYAHOCTBIO.
[IpumenuM Bce 3TO K 3ajiaue n TeJ, HCHOJb3YS 0603Ha-
uyennsi § 5. UYepes ¢, (k=1, ... ; 3n) o6osHauuM mnpsMo-
yrosibHble KOODAHHATH 1 MaTepna.anux Touek P,, ..., P,, co
CKBO3HOH HyMepaiueil, yepes p) 0603HauuM coomercrsyromue
uMnyJbchl. 1o Teopeme o ABHXKEHHH LIEHTPA HHEPLHH MOXKHO
NPHHATH, YTO LEHTP HHEPHHH NOKOWTCS B Hayaje KOOpAHHAT.
B § 7 ansa sajgaun Tpex Ten ObIH BBEleHH! OTHOCHTEJbHblE
KOODJMHATE, H TeNeph MOXHO aHAJOTHYHO MOJIOXKHTb Xj =
=qp— Qan-3+uYp=Pr(k=1,...,3n—3), npuuem » = 1,2, 3
ecTh BblYeT £ mo Mopymo 3. _<Dyﬂxunﬂ I'aMuabTOHA €CThb H =
=T — U, rpe cunoBas ¢yukuus U 3ajiana BeipaxkenueM (5; 2),
a xuBdn cuaa T — suipaxkenueM (5; 10). TorpaB 6n—6
HOBHIX KOODJAMHATaX X, Yy, YpaBHeHHsl [BHXeHHA obpa-
_ 3yIOT COOTBETCTBYIOUYIO KAaHOHHYECKYIO CHCTEMY, /sl KOTO-
' polt BuinoJiHeHO ycsoBHe (2). Ecsu onsaTh 0603nauuTh yepes
ru(k l=1, , 1) B3aHMHbIE PACCTOSIHUS MEXKJY MaTepHalib-
HbIMH TOUKAMH Pk, P, (k 1), To H peryasipya OTHOCHTEJBHO
paccMaTpHBaeMbIX nepemenublx ecau Bce ry; > 0. Has mpo-
H3BOJIBHO GoJsibLioro umcJa s > | nocrpoum Muoxecrso, U (sk
cocTosillee H3 BCEX TOYEK X, Y -B IpocTpaHcTBe 61 — 6 H3Me-
peHHil, KOODJAMHATH KOTOPHIX YJOBJETBOPSIIOT HEPaBEHCTBAM

St<ry<s (ISk<i<n), —s<H<s (1)
S10 MHOXKecTBO OTKphIToe. [lanee, dynkuus U Ha A (s) orpa-

HHYEHA, a 3HAUMT, orpaiuyeHa u T, TaK Kak T#H+U.
C.nen9BaTeano, A(s) nMeeT KOHEUHYIO Mepy M NpeAbAylas

l) B opurunaze o6opor, ananomqauﬁ OTMEUeHHOMY B CHOCKe Ha
cTp. 287; «® ist A dauernd treus. — Tpum. ped.
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TeopeMa oOKasblBaeTcs mnpumeHumoli. Takum o06pasoM, MHO-
xKecTBO B (s) Bcex Touek, KoTopble B GyaylleM OCTalOTCS
B A(s), TONLKO HA MHOXECTBO Mepbl HYJb IPEBOCXOJHT MHO-
xKecTBO D (S) Touek, Kotopwie ocraiorcs Bce Bpemsi B A (s).
Hanee, nas s, <s, Gyner A(s,)A(s,), %(sl)c%(sz),
D(s)) TD(sy), TaKk yTO MOKHO -06pasoarh lim A (sy=A

8—>0Co

1im®B (s) = B, hm D(s)=D u noayuutsb coomeTc'rBylomee

o0
yTBepKJeHHe OTHOCHTENbHO A, B, D. B s10M cayuae B ecTh
MHOXKECTBO TeX TOYeK P, A8 KOTOPHIX CyIleCTBYeT TaKoe
s> 1, He saBucsuuee OT f, u4TO TpaekTopusi p' DpH BCex
t >0 ocraercsi B o6sacTu (1]) nprYeM S JIONKHO ellle 3aBH-
ceTh OT P, a Ja Touek U3 D HepasencTBO (11) cnpamreanuso
npy Bcex JeficTBuTeabHbX f. Tak Kak H siB/aseTcs HHTErpa-
JIOM, BhICKA3aHHOE YTBepXK/eHHe FOBOPHT O TOM, YTO Jjs B
BCe PaCCTOSHMS Iy, AN BceX OYAyIIHX MOMEHTOB BpEMeHH,
a s D s Bcex OyAyIIHX H NPOIIEAIIMX MOMEHTOB BpeMeHH
OCTAIOTCS MEXKJY ABYMS TMOJIONKHTEJLHBIMH I PaHKHAMH, HO STH
. TPaHHLbI JIO/IKHEI ellle 3aBUCETh OT HavyasbHOH TOUKH P. Tpaek-
TOpHH, HAuMHAIOMIMECS B TOUKAaX MHOXKecTBa B, MOXKHO Ha-
3BaTh €Jab0 YCTOHUMBBLIMH B OyaylieM, H 1jsi D — aGcoJIOTHO
cnabo ycToiunBbiMH. TakuM o6pa3oM nosiyyaeM, YTO TIOUTH
Bce pellleHUs 3ajaud 7 TeJs, caab0 yCTOHuMBHIE B OyAyLIEM,
JIO/KHBL ObITh a6COMOTHO CJ1a6o YCTOHYHMBLIMH, T. €. cJabo
yCTOHYHBLIMA UM B Oy/ylleM H B NpollefuleM.
Ecau ocHoBbiBaTECSI Ha HENOKa3aHHOM NPEANOJIOKEHHH,

YTO IJaHeTHas CHcreMa a6CcoJOTHO ¢nabo yCToHYMBa, TO
MOXHO Cc/leslaTh caejylolee 3akiaoyeHue. Ecau nianeTHas
CHCTeMa 3aXBaThlBaeT MaTePHaJIbHYI0 TOUKY, NPHUXOASLLYIO
H3 GEeCKOHEYHOCTH, Hanpumep YaCTHIy TbUH, TQ CHCTEMa,
o0pa3oBanHas J0GaBJIeHHEM STOf YaCTHIl, He 6yﬁ1‘ GoJiee
abcosoTHO cago yerofiumBod. Otciona cliegyer, 4to Hosasd
cHcTeMa He 6y11eT TaKKe cJiabo ycTofiunpoil B OyAyieM, eciu
HCKJIIOYHTb HEKOTOPOe MHOXKECTBO HauaJbHLIX 3HAYeHud,
HMeioliee Mepy HyJb. CJefoBaTe/ibHO, TOI/a NblIeBas YacTH-
1a— HJH naaneTa, uau CoJgie, — JOMKHb ObIThb ONSTh BbI-
OpolieHbl, HAH XKe TpPOM30oHjeT . cTojJKHOBeHwe. Ho s
OOCYXK/IeHHsl BAXKHOCTH 3TOrO PE3yJbTaTa HYXKHO BCe e 3a-
AYMaTbCsl, JIACTBHTEJILHO JIH QGPA3YIOT a6COMOTHO €J1A00
YCTOfUHBbIE pellleHHsl 3ajaul f Ted NpH n > 2 MHOXeCTBO
TIOJIOKHTEJILHOH MepH.

19 3akas Mo 1032
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